18.965: HOMEWORK 4

DUE: TUESDAY, NOVEMBER 5

1. THE LEARNING PART

In this section we will discuss the notion of curvature for general vector
bundles, and some applications. This is going to combine our discussions
from the last two homeworks on vector bundles, and Lie groups in a way
which I hope you find interesting. A good reference for this material is
Taubes’ book “Differential geometry: Bundles, Connections, Metrics and
Curvature”. Roughly, we will discuss Chapters 12 and 14 from Taubes’ book,
though some material from earlier chapters may also be useful. However,
everything we’re going to use (and indeed, essentially all the basic theory of
vector bundles) boils down more or less to linear algebra. If you get stuck,
write things out in a trivialization! Or look at a book! If you feel really
stuck, send me an email.

First, recall that in Homework 2 we discussed the notion of a real vector
bundle. In this homework we will use the notion of a complex vector bundle.

Definition 1.1. A smooth complex vector bundle E of complex rank k over
M is a manifold E with a surjective, continuous map m : E — M with the
following properties

(i) For each p € M the set 7~ 1(p) has the structure of a k-dimensional
vector space over C.

(ii) For each p € M there is an open neighborhood U C M and a map
oy Y U) = U x C*, called a local trivialization, such that

(¢ (z,v) =2

and, for each x € U the map ¢~ *(x,-) : C¥ — 7=(x) is a C-linear
isomorphism of vector spaces.

(iii) For open sets U,V C M, with UNV # 0, if py,pv are local trivi-
alizations, then

ngogp‘_/l :UNV = GL(k,C)
is a smooth map.

Definition 1.2. Let E — M be a real vector bundle. An almost complex
structure on E is a section J € End(E) such that J*> = —Ip where Ip €
End(F) denotes the identity map.
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(1) Show that a complex vector bundle of complex rank k£ can be re-
garded as a real vector bundle of rank 2k together with an almost
complex structure. Prove conversely that any real complex vector
bundle with an almost complex structure has even rank 2k and can
be given the structure of a complex vector bundle of complex rank

k.

Note that if J is an almost complex structure then so is —J. If F is the
complex vector bundle with almost complex structure J we denote by E the
complex vector bundle with almost complex structure —J. Equivalently, E
is the vector bundle constructed from E by taking the complex conjugate of
the trivializations; @y : 7~ 1(U) — C.

Let F denote either R or C. Let G C GL(k,F) be a Lie group. We
introduce the notion of a structure group;

Definition 1.3. We say that a F-vector bundle E of rank k over M (where
F =R, or C) has structure group G C GL(k,F) if M admits a cover by open
sets Uy, such that for each U, there is a local trivialization ¢, : 71'_1(U) —
U x F* with the following property: if Us N Ug # 0 then the transition
functions are valued in G; ie.

(1) a0y : UsNUg = G C GL(k,F)
For simplicity, a bundle E with structure group G is always equipped with a
mazximal atlas of local trivializations satisfying (1). A local frame {o1,...,0L}

of E induced by an element of this atlas is called a G-frame.
Here is an easy way to reduce the structure group.

Definition 1.4. (a) Let E be a real vector bundle over M. A metric on
FE is a smooth section H € E* @ E* which, over each point p € M
induces an inner product on the fiber E, = 7w~ 1(p).

(b) Let E be a complex vector bundle over M. A hermitian metric on
E is a smooth section H € E* ® E* which, over each point p € M
induces a non-degenerate hermitian inner product on the fiber £, =

71 (p)

Using local trivializations and a partition of unity it is not hard to show that
any real (resp. complex) vector bundle admits a metric (resp. hermitian
metric).

(2) Prove that if E is a real (respectively complex) vector bundle of rank

k which admits a metric (resp. hermitian metric) then the structure
group reduces to O(k) (resp. U(k)).

Definition 1.5. Suppose E is a vector bundle with structure group G. We
say that a connection V = d+ A is compatible with the G structure if parallel
transportation along any curve takes a G-frame to a G-frame.

(3) Here is a simpler way to view the compatibility of d + A with the
G structure. Let {o1,...,0%} get a local G-frame for F near p, and
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(z',...,2") be local coordinates for M centered at p. Write the

connect as V = d + A where A is now a endomorphism values 1
form, which we can write in the general form

A= A% pgda' ® 0, @ (0p)*

where 1 < «, 8 < k. Let v(¢) be a smooth curve, v(0) = p and P(v)
denote parallel transportation along «y from ~(0) to y(¢). Since V is
compatible with the G structure, to ¢t € (—¢,¢) sufficiently small we
have

P(y)hoa = (9(t))a0s
where (g(t))g is a k x k matrix in G. Using this, prove that for each
i we have A g € g, where g denotes the Lie algebra of G.

(4) Consider the vector bundle TM — M. Let g be a Riemannian
metric on M. The choice of a Riemannian metric gives TM the
structure of an O(n)-bundle. Show that the Levi-Civita connection
V is compatible with the O(n) structure.

We now define the curvature of a connection V as the failure of covariant
derivatives to commute.

Definition 1.6. Let E — M be a vector bundle (over R or C), and V =
d+ A a connection. We define the curvature in local coordinates (x!,. .. x™)
as

Fij = [Vi,Vj]de' @ d2? € End(E) @ T*M @ T*M
Note that the curvature is anti-symmetric since Fj; = —F};, thus we may

(and will) view F' as a section of End(E) @ A2T*M.

In homework 3 we defined the de Rham differential as a map d : A*T*M —
ARHLT* M1 Given a choice of connection there is a natural extension of this
operator to a map

da: E@ A*T*M — E @ AMP T M
defined in the following way: for a section ¢ of E and a 1-form [ we define
da(c @) =daoc AB+o®dS

We can therefore compose the operators dg : £ — E ® T*M and dy :
E®T*M — E® A’T*M.

(5) Show that the curvature Fy € End(FE) ® A2T*M satsifies
d4o=FsAo

In particular, derive the formula F4 = dA+ A A A. Show that if £
has structure group G, then in a G-frame we have

FAcg® NT*M
That is, F4 is valued in the Lie algebra of G.
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Recall that in homework 3 we saw that the de Rham differential gave rise
to the de Rham cohomology

HY(OMLR) = {Kerd : A’iT*M — AFHLT MY
{Imd : AF=1T*M — A*T*M}

and we saw (at least in a simple example) that these groups encode some

topological information. For bundle valued forms, the previous exercise

shows that there is no natural extension of this theory unless E admits a

connection with /4 = 0. Such a bundle is called a flat bundle. Nevertheless,

we can get interesting topological data about our manifold from non-flat
vector bundles.

(6) Let E be a vector bundle and d4 be a connection on E. Recall
that d4 induces a natural connection on End(F) and hence using
the above construction we have natural operators

dy : End(E) @ A*T*M — End(E) @ AM 7M.

locally, a section of 7 of End(FE) can be written as a matrix. Show
that, in this notation the covariant derivative on End(E) can be
written as

daT =dr + A7 —TA
where A7 denotes left matrix multiplication by A, while 7A denotes
right matrix multiplication by A. Conclude that if 7 € End(F) ®
AFT* M then

dat =di + ANT — 7 ANA€End(E) @ AT M
Here we make use of the natural composition (ie. matrix multipli-

cation) on endomorphism valued forms. If we have endomorphism
70,71 € End(F), and oy is a p-form, and «; is a g-form, then

(TO o2y 050) A (Tl X 041) =T707T1 ® (Ot() VAN 041)
where 7y denotes the composition.

(7) Using the previous problem, show that d4 F4 = 0. This is the second
Bianchi identity. You proved a special case of this on Homework 3,
(do Carmo, chapter 4, problem 7), when E' = T'M, and d4 is the
Levi-Civita connection on (M, g).

(8) Let E be a vector bundle (over R or C). Show that if VO = d + Ay
and V! = d + A; are two connections on E, then

VY- v =4, -4,

is a globally defined section of End(FE) ® T*M. In particular, while
the connection coefficient is not a globally defined section of End(E)®
T* M, the difference of any two connection coefficients is globally de-
fined, and transforms as a section of End(E) ® T*M. In particular,
the space of connections on F is an affine space modeled on the
global sections I'(M,End(E) @ T*M)
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Recall that there is a well-defined trace map Tr : End(E) — C*°(M) given
explicitly in a local frame by

Tr (T§0a ® (05)*) = Z T
[0

This is well defined since under a change of frame T — g~ 'T'g, and Tr(g~'Tg)
Tr(Tgg~') = Tr(T). It also extends in the obvious way to a map

Tr: End(E) @ A*¥T*M — A*T*M.

(9) Let E be a vector bundle with a connection d4. Show that, for any
endomorphism 7 € End(E) we have

dTr(1) = Tr(daT)

Hint: The point here is that if A, B are nxn matrices then Tr([4, B])
0.

(10) Let E be a vector bundle with a connection d4, and let F4 be the
curvature 2-form. Define

chi(A) = V/—127Tr(Fy) € A*°T*M

Using the previous problems show that dchi(A) = 0. Hence ¢;(A)
defines a cohomology class [chi(A)] € H?(M,C)- in fact, it turns
out [chi(A)] € H*(M,R) as we will see below. Furthermore, show
that if d + Ag,d + A; are two connections on E, then

Chl(Al) =chy (A()) + dTI‘(Al — Ao).

Since A; — Ay is a globally defined endomorphism, Tr(A; — Ag) is
a smooth function and so [chi(Ag)] = [ch1(A1)]. Thus, the bundle
E gives rise to a cohomology class chi(F) € H?(M,R) which is
independent of the choice of connection. This is called the first
Chern class.

A few remarks are in order. First of all, this construction is not interesting
for real vector bundles. The reason is that we can always find a metric H
on E, and a connection d4 compatible with the resulting O(n) structure.
Therefore the curvature F4q € o(n) ® A2T*M. But on the other hand, any
matrix in B € o(n) has Tr(B) = 0. Thus, for a real vector bundle chi(E) =
0. However, this construction applied to complex vector bundles produces
interesting non-trivial cohomology classes. Note that if £ is complex with a
hermitian metric then the curvature is valued in u(n) ® A2T*M where u(n)
is the Lie algebra of U(n). Since u(n) consists of skew-hermitian matrices, it
follows that for any B € u(n) the diagonal entries of B are pure imaginary,
and hence we have Tr(B) € /—1R. This explains why, for any complex
vector bundle E, we introduced the factor of v/—1 in the definition of ch; (E);
it is necessary to have chi(FE) a real 2-form and hence [chi(A)] € H?(M,R).
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Secondly, there is a more general version of this construction, by defining

) = (5

where we wedge F4 with itself k-times. It is not too hard to show that
chi(A) are also close 2k-forms whose cohomology class is independent of
the choice of connection.

k
) Te(FaA---AFy) € AT M

2. THE PRACTICING PART

(1) do Carmo, Chapter 5, problem 3
(2) do Carmo, Chapter 7, problems 1, 2, 6, 8, 12



