18.600 Midterm 2, Spring 2021: 50 minutes, 100 points

1. Carefully and clearly show your work on each problem (without writing anything
that is technically not true). In particular, if you use any known facts (or facts
proved in lecture) you should state clearly what fact you are using and why it
applies.

2. No calculators, books, notes or other resources may be used except for the story
sheet at http://math.mit.edu/~sheffield/2018600/storysheet.pdf

3. Simplify your answers as much as possible (but answers may include factorials and

(Z) expressions — no need to multiply them out).


http://math.mit.edu/~sheffield/2018600/storysheet.pdf

1. (10 points) Suppose 300 students want to book vaccine appointments during a high demand
period. Each student succeeds in booking an appointment with probability % independently of all
others. Let X be the number who book appointments.

(a) Compute E[X] and Var[X].

(b) Use the de Moivre-Laplace limit theorem to approximate P(217.5 < X < 247.5) (i.e., the
probability that the percentage of students obtaining appointments is between 72.5 and 82.5).
Give a numerical value. (You may use the approximations ®(—1) ~ .16 and ®(—2) ~ .023
and ®(—3) ~ .0013 where ®(a) := [*_ e *"/2dz.)
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2. (20 points) At time zero, Alice, Bob, and Carol are (respectively) first, second and third in line
at a taxi stand. At this stand, taxis arrive at times (measured in minutes) corresponding to a
Poisson point process with parameter A = .5. Alice will take the first taxi that arrives, Bob the
second and Carol the third. Let A, B and C be (respectively) the times at which Alice’s, Bob’s
and Carol’s taxis arrive. (These are the first, second and third points in the Poisson point process.)

(a) Compute E[C] and give a probability density function for C.

(b) Compute E[B?]. Hint: Try writing X := B — A and work with B = A + X.

(¢c) Compute the probability that Bob ends up waiting at least twice as long (overall) as Alice
does — i.e., compute P(B > 2A).

(d) Compute the conditional expectations E[B|C| and E[C|B].



3. (10 points) Alice sees a carnival game that requires her to knock over a bottle by throwing a
ball. Alice knows that each time she attempts to knock over the bottle, she will succeed with
probability p (independently of everything else). But a priori Alice does not know what p is. (That
is, she does not know how difficult the game will be for her.) She believes a priori that p is a
uniform random variable on [0, 1]. She buys a ticket that allows her to make three attempts.

(a) Given that Alice fails on her first two attempts to knock over the bottle, what is her
conditional probability density function for p?

(b) Given that Alice fails on her first two attempts to knock over the bottle, what is the
conditional probability that she also fails on her third attempt?



4. (15 points) George wants to inoculate his army against smallpox by deliberately injecting
smallpox pus into the arms of 40,000 soldiers. Of the 40,000 people deliberately infected in this
way, each one dies independently with probability .02. Let X be the total number of deaths.

(a) Compute E[X] and SD(X).

(b) Use de Moivre-Laplace to estimate P(772 < X < 828). (This corresponds to the death rate
being between 1.93 and 2.07 percent.) You may use the approximations ®(—1) ~ .16 and

®(—2) ~.023 and ®(—3) ~.0013 where ®(a) := [*_ \/%76*9”2/2@6.

(¢) Suppose that 100 of the 40,000 people are high-level officers. Use a Poisson approximation to
estimate the probability that exactly 3 high-level officers die from the smallpox injection.

(*) After the exam, you can read the story here. The death risk for people infected by smallpox
naturally (throughly ordinary contagious contact) was much higher than 2 percent (a range of 15
to 50 percent is given). Deliberate injection (called variolation) was considered dangerous, but still

safer than allowing the disease to spread naturally.


https://www.realclearscience.com/blog/2016/09/how_vaccination_helped_win_the_revolutionary_war.html

5. (15 points) Carol is taking four exams for a class. Her scores on those exams, denoted

X1, X9, X3, Xy are i.i.d. standard normal random variables. (The scores on these exams can be
both positive and negative.) So each X; has probability density function given by

f(z) = ﬁe‘xz/? Write S = X7 + X + X3 + X4 for Carol’s total exam score.

(a) Compute the probability density function fg.

(b) Let Z = X{. Compute the moment generating function My(¢) as an integral. (You don’t
have to evaluate the integral explicitly.)

(¢) Carol wants to know how correlated her first exam score is with her overall score. Compute
the correlation coefficient p(X7, S).



6. (15 points) Suppose that the pair (X,Y) is uniformly distributed on the diamond
D ={(z,y) : |x| + |y| < 1}. That is, the joint density function is given by

I (zy)eD

P (,3) = {0 (z,y) €D

(a) Compute the marginal density function fx.

(b) Compute the probability P(3X < 7Y).

(c) Compute the conditional density function fxy—5(z).



7. (15 points) Suppose that X and Y are independent Cauchy random variables, so both have
density function f(z) = m Write Z = X7.

(a) Compute the cumulative distribution function Fz(a) in terms of a.

(b) Compute P(XY < 1) as a double integral. (You don’t have to evaluate the integral
explicitly.)

(c) Compute the probability P(X +Y > 2). Give an explicit number.



