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Abstract

Let p be an odd prime and let EO = E;ff be the C, fixed points of height p — 1
Morava E theory. We say that a spectrum X has algebraic FO theory if the splitting
of K,(X) as an K,[C,]-module lifts to a topological splitting of EO A X. We develop
criteria to show that a spectrum has algebraic £O theory, in particular showing that
any connective spectrum with mod p homology concentrated in degrees 2k(p — 1)
has algebraic FO theory. As an application, we answer a question posed by Hovey
and Ravenel [10] by producing a unital orientation MWy, 4 — EO analogous to
the MSU orientation of KO at p = 2 where MW 4,_4 is the Thom spectrum of the
(4p — 4)-connective Wilson space.
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1 Introduction

Let E be a spectrum equipped with a unit map S° — E. A sphere bundle V: Z —
BGL;(S) has a Thom spectrum Th(V') which comes with a unit map S° — Th(V).
An FE-orientation of the bundle V' is a choice of unital map Th(V) — E. If V can be
written as a pullback of a sphere bundle W: Y — BGL;(S), then there is a natural
unital map Th(V) — Th(W) so an E-orientation of W restricts to an E-orientation
of V.

One strategy to understand FE-orientations of bundles is to find an FE-orientable
bundle that is as universal as possible. We can then show that some other bun-
dle is F-orientable by expressing it as the pullback of this “universal” orientable
bundle. For instance, the map BSU — BGL;(S) is KO-orientable, so any bundle
V. Z — BGLy(S) that factors through the map BSU — BGL;(S) is orientable.
This means that any sphere bundle that comes from a complex vector bundle with
vanishing first Chern class is KO-orientable. Similarly, the map BU[6] — BGL;(S) is
TMF-orientable so any sphere bundle that comes from a complex vector bundle with
vanishing first two Chern classes is TMF-orientable. The localizations Ly 1)KO and
L) TMF are the p = 2 and p = 3 cases of a family of cohomology theories called
higher real E-theories FO,_;. Since BSU = BU[4] is the 4-connective cover of BU
and BU[6] is the 6-connective cover of BU, it is natural to guess that there might
be an EO-orientation of BU[2p]. However, the standard map BU[2p] — BGL;(S) is
not EO-orientable when p > 3 according to an observation of Hovey [9, Proposition
2.3.2].

We prove that the canonical bundle over the Wilson space Wy,_4 is EO-orientable.
The Wilson space Wy, is obtained by starting with a p-local even dimensional sphere
and attaching even cells to kill odd homotopy classes [17]. The resulting spaces
have even homotopy groups and torsion free even integral homology groups. Each
Wilson space is an infinite loop space of BP{n) for some appropriate n, for instance
Wip—s = BP(2),, , is the (4p — 4)th loop space of BP(2) [17]. The space BU|[2p]
has an Adams splitting

BU[2p] ~ BP{1),, X --- x BP{1),, ,
= Wy X Wapro X BP(1)g, 4 X -+ X BP(1),

p—4

BU[2p] does not have even cohomology because BP(1),, doesn’t have even cohomol-
ogy when k > p + 1. We think of the Wilson space Wy, 4 = BP(2),, , as an even
replacement for BP(1),, ,. Hovey and Ravenel [10] computed the Adams Novikov
spectral sequence for the Thom spectrum MWy, _4 of the standard map Wy,_4 — BU
through a range and observed that it looked like several copies of the homotopy fixed
point spectral sequence for EO. Because of this, they asked whether there could be
a unital orientation map MW,,_4 — EO. We answer their question by showing that
such a map exists:

Theorem 1.1. Let f: Wy,_y — BGLy(S) be any map. There is an equivalence
EO NMf ~ EO NWp—sy+ of EO-modules, so there is a map of spectra Mf — EO
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which factors the unit map S° — EO.

As a replacement for an orientation map MU[2p] — EO we obtain an orientation
map MMU ,, — EO (Theorem 1.4).

Our goal is to prove that certain bundles are £O-orientable. Characteristic classes
determine an easily computed obstruction to orientability. Given a cohomology theory
E and a space Z we say that E-orientability of complex bundles over Z is Chern
determined if the condition that V' is an E-orientable bundle over Z is equivalent to
some algebraic congruences on the Chern classes ¢;(V) € H?(Z). If E-orientability
of bundles over Z is Chern determined we can easily determine which bundles over
Z are F-orientable.

Consider the case E = KO. The mod 2 reduction of the first Chern class ¢; (V') €
H?(Z) determines the 1 attaching map into the zero cell in Th(V). Since the zero
cell is split in X°Z and 7 is detected in KO,, a necessary condition for a bundle
V to be KO-orientable is that ¢;(V) = 0 (mod 2). This is the only obstruction to
KO orientability visible to Chern classes so a space Z has Chern-determined KO-
orientability if every bundle V over Z such that ¢; (V) =0 (mod 2) is KO-orientable.
An application of a theorem of Bousfield (Theorem 1.8) implies that any even space
has Chern-determined KQ-orientability. The space BSU is even and 4-connected,
so this implies that every complex vector bundle over BSU is KO-orientable. This
proves Theorem 1.1 in the case that p = 2 and f factors through BU.

In the odd prime case we have analogously that a; € ma,_3(EO) is nonzero.
The o, attaching maps in a space Z are detected by the P! action on the mod p
cohomology. This implies that if a bundle V' over Z is EO-orientable, we must have
P(u) = 0 where u is the Thom class of V in HF,.(Z). In the case of the universal
bundle over BU, P*(u) = v,_ju where 1,_; is the (p — 1)st power sum characteristic
class reduced mod p. Therefore, if V' is orientable then 1, (V) € H*2(BU) must
be divisible by p. Analogously to the case when p = 2, this is the only obstruction
to orientability visibile to Chern classes so a space Z has Chern-determined EO-
orientability if every bundle V' over Z with v¢,_1(V) = 0 (mod p) is EO-orientable.
We show that every space with cohomology concentrated in degrees divisible by 2p—2
has Chern-determined EQO-orientability. In particular, Wy, 4 satisfies this sparsity
condition and is sufficiently connective that 1, ; lives in a zero group. This implies
the odd prime case of Theorem 1.1 when f factors through BU. The case when
f is a general sphere bundle requires a bit of extra care with terminology but is
fundamentally the same.

Background

Fix an odd prime p. All spectra are implicitly p-completed. Let £ = E,_; be the
Morava E theory corresponding to the Honda formal group law of height p — 1 over
F,»-1. Let m be the maximal ideal of E, and let K, = E,/m = F-1[u*]. The Morava
stabilizer group at height p—1 contains elements of order p. Let G be a maximal finite

subgroup of G,, containing some element of order p. Such a subgroup is unique up to
conjugacy. Let EO = E"“. For an EO-module M write EFC(M) = 7,(E Ago M).
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A more detailed review of the facts that we need about the Morava stabilizer group
appears at the beginning of Section 3. Bujard [5] has completely classified finite
subgroups of the Morava stabilizer group.

Hopkins and Miller computed the homotopy fixed point spectral sequence

H!(E,) = EO,

up to some permanent cycles on the zero line. The homotopy of EO, for p = 3 and
p = b is illustrated in Figure 0-1. We review the facts we need about this spectral
sequence in Section 5.2. A more detailed description appears in section 2 of [13].

Let oy € map_3(S°) be the first nontrivial element of p-primary stable homotopy.
The Toda bracket of oy with itself p times is

<Oél,...,Oél> :51-
—_———

p

This Toda bracket is the obstruction to building a (p + 1)-cell complex with a single
cell in dimension 2k(p — 1) for k € {0,...,p} where all attaching maps are given by
aj. The Toda brackets (aq,...,aq) of length [ — 1 < p vanish so there is an [-cell
complex with a cell in each dimension k(p —1) where k € {0,...,l— 1} and attaching
maps «; when 1 <[ < p. Call this complex X;. The complex X,, is central to the
study of £O theory because £O A X, has a natural complex orientable ring spectrum
structure (Corollary 3.5). We show in Lemma 2.2 that X is uniquely determined by
its HIF, homology.

Results about Orientations

Say that a spectrum is k-sparse if it only has cells in dimensions in a single congruence
class modulo k. In this section we apply our results to show that certain complex
vector bundles are FO-orientable. We are working at an odd prime so the p-local
map BO — BU is a retract and all of these results apply equally well to real vector
bundles. The only fact from the rest of the paper used here is the following mild
generalization of Theorem 1.1:

Proposition 5.19. Let Z be a (2p — 2)-sparse 2p-connective space. Then every map
Z — BGLy(S) is EO-orientable.

hC,

The space MU, 2 18 (2p—2)-sparse and 2p-connective so Proposition 5.19 implies
Cp1

that any map MU"";' — BGL.(S) is EO-orientable. The space MUpr4 oceurs
as the Adams summand of MU ,,. We will now use the Adams conjecture to deduce
that the standard vector bundle on MU ,, is EO-orientable.

Theorem 1.2 (Adams Conjecture). Let | € Z, be a primitive (p — 1)st root of unity.
Let ' be the corresponding Adams operation. The composite

BU —Y“s BU — BGL,(S)

10
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Figure 0-1: The homotopy of FO at the primes 3 and 5. The y-axis is the homotopy
fixed point filtration. Most classes in filtration 0 are omitted. The lines indicate «
and # multiplications, the dashes lines when p = 5 indicate Toda brackets (o, aq, —)
or (o, a1, a1, —). The periodicity for p = 3 is 72 and for p = 5 is 800. The Hurewicz
image classes are solid, the remaining classes are open.
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18 null.

Since 9! acts as an equivalence on all of the summands of BU other than the
Adams summand Wy, » = BP(l),, 5, we get the following form of the Adams con-
jecture which is how we will apply it:

Corollary 1.3. A map X — BU — BGLi(EO) is null if and only if the map
X — BU — Wy, 9 — BU — BGL,(EO) is null.

The complex orientation map MU — ku gives a map MU ,, — ku,, and BPtis
a map ku,, — ku, = BU. Composing these gives us a standard map MU ,, — BU.

Theorem 1.4. Let f be the standard map MU,, — BU. There is a unital map
Mf — EO.

Proof. By Wilson’s thesis [17], there is a splitting MU, ~ [[, Wa,. Let A =
HkﬁéO (mod p—1) Way, and B = sziEO (mod p—1) Wor, so that MU,, ~ A x B. The
map B — MU,, — BU — W, 5 is null. The map A — W,_» factors through
Wip—4, so that the composite A — BGL;(£O) is null by Theorem 1.1. O

Corollary 1.5. Let Vi, ..., V,: Z — BU be p zero dimensional virtual complex vector
bundles on a space Z. Let V.= @Q'_, V;. The structure map V: Z — BU factors
through MMU 5, and so V' is EO-orientable.

Proof. Let 0: MU — ku be the complex orientation. This gives a map MU 4 — ku,.
The MU Chern class ¢}V € MU?BU corresponds to a map ¢}V € [ku,, MU,]. By
naturality of Chern classes, 0(cMY) = c}* € [ku,, ku,], which is the identity map.

Thus, ¢}V is a section of 0:

MU
551
MU, % ku

Given a vector bundle V; € [Z, ku,| we get an element ¢}V (V) € [X, MU ,]. Multiply-
ing these together gives [IMY = []cMY(V)) € [Z, MU op)- This gives a factorization
of the structure map V': Z — BU through MU,, and by Theorem 1.4, V' is EO-
orientable. O]

Corollary 1.6. Let V: Z — BU x Z. Then pV is EO-orientable.

Proof. It suffices to check this on the universal example BU x Z = Hf:_g BP(1),;.
The spaces BP(1),, are all even so there is a Kunneth isomorphism

p—2
&) KU°(BP),,;) = KU°(BU)
=0
where the map sends a collection of bundles Vj,...,V,_5 to their external tensor

product VoX---XV,_5. Thus pV =p(VuX---KV,—2) = pVo)RVIK---KV,_2. To
check that the external tensor product is orientable, it suffices to show that each of
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the bundles is individually orientable. For ¢ # 0, the composite BP(1),, = BU —
Wap—o X Z is null so the bundles V; are spherically orientable. The remaining case we
need to check is that pVj is FO-orientable.

The space Wa,_9 X Z is (2p—2)-sparse so EO orientations of bundles over Wy, o xZ
are Chern determined. To show that pVj is EO-orientable, we need to check that
Yp—1(pVy) is divisible by p. Power sum polynomials are additive, so ¢,_1(pVy) =
p,lvz)p—l(vb) O

Corollary 1.7. Let V: Z — BU x Z. Then V®P is EQ-orientable.

Proof. Let d = dim(V) and V =V —d. By Corollary 1.5, V* is EO-orientable.
Then V& = (V 4 d)®? = V4 Zf:_ll (?)V@ + d”. Since (P) is divisible by p, every
term in this sum is orientable. [

We can similarly combine Corollary 1.5 and Corollary 1.6 to see that if V;, ...,
V, are complex vector bundles with dimension divisible by p then V; @ --- ® V,, is
EO-orientable.

Outline

Given an FO-module M we get an associated K, [Cy]-module EF?(M)/m = 7,.(EAgo
M)/m. This decomposes into a sum of indecomposable K, [C,] representations. We
are interested in showing that certain FO-modules M have a splitting that lifts the
decomposition of EF9(M)/m. Bousfield [4] showed at the prime 2 that many KO-
modules M have such splittings. The following theorem is a much simplified special
case (see also [12, Theorem 1.1]).

Theorem 1.8. Let V; be the trivial representation of Fo[Cs] and let Vy be the reqular
representation. Say that a KO-module M 1is even if KUfO(M) is even and free. If
M is an even KO-module and KUKO(M)/2 = VP @ VP then M ~ \/*_ 2% KO V
\/2:1 KU where s; € 2787 are appropriate shifts.

Meier [12] partially extended the results of Bousfield to the case of TMF 3y, but
TMF 3)-modules are very messy and it is impossible to classify their behavior as com-
pletely as Bousfield classified KO-modules. If M is an EO-module then EZ9(M)/m
is naturally a K,[C,]-module. If we let V; be the length [ indecomposible K,[C,]
representation, then we have a splitting EZO(M)/m = @_ V,*™. We show in
Proposition 3.1 that E,(X;)/m =V, as K,[C)]-modules, so we might attempt to gen-
eralize Theorem 1.8 to odd primes by saying that if X is an even FO-module and
EFO(M)/m ~ @, 4 Vi, then EO A X ~ EO A \/%_, ©% X, . For most spectra this is
far from being true — the case when p = 2 works because the only odd dimensional
homotopy class in KO, is nv® where v is the periodicity element. By contrast, there
are plenty of odd dimensional classes in £O,. We call an FO-module algebraic in the
case where such a splitting holds:

Definition 5.2. An EO-module M is algebraic if M ~ EO N\ £%X;,. A spectrum
Z has algebraic EO theory if EO N\ Z is algebraic.

13



This is closely related to Meier’s notion of a standard vector bundle, see the
discussion on page 25.

As a replacement for the evenness assumption, we consider stronger “sparsity”
conditions on the cell structure of spectra. Inspired by the Adams splitting of CP>,
we consider (2p— 2)-sparse spectra. The homotopy of FO, has p—1 different nonzero
stems in degrees 2(p—1)k—1, but the only such stem with a nontrivial Hurewicz image
is my,_3 which contains oy (see Figure 0-1). As a consequence, every (2p — 2)-sparse
connective spectrum has algebraic FO theory:

Theorem 5.13. Let Z be a connective (2p—2)-sparse spectrum. Then Z has algebraic
EO theory.

Theorem 5.13 applies to show that X; A X has algebraic FO theory. As a con-
sequence, smash products of algebraic FO-modules are algebraic. Theorem 5.13 can
also be used to show that several naturally occurring spectra have algebraic FO
theory, for instance CP> stably splits into a sum of p — 1 spectra which are each
(2p — 2)-sparse, so CP* has algebraic EO theory.

The groups EQsqy;_1 are zero for all k, so we get a simpler result for 2p-sparse
spectra:

Theorem 5.14. Suppose that M is a 2p-sparse cellular EO-module. Then M is
algebraic. In fact, M ~ \| % EO. If Z is a 2p-sparse connective spectrum, then Z
has algebraic EO theory.

We observe that K, [C)]-free summands of E,(Z)/m lift to spectrum level splittings
because the E, page of the homotopy fixed point spectral sequence for £O A X, is
concentrated on the zero line:

Proposition 5.20. If M is a finite EO-module and 7.(E Ago M)/m = X°F @V
where F' is a free K.[Cy]-module on one generator and V is some complement then
M ~ EO ANX*X,V M’ for some EO-module M' with EF°(M') = V",

For many important spectra, E.(Z)/m has a large K.[Cp|-free summand, so
Proposition 5.20 is useful. Unlike the other results in this paper, Proposition 5.20
directly generalizes to Eg(i 1y We intend to explore the consequences of this higher
height generalization in future work.

As a consequence of our splitting theory, we deduce some closure properties of the
category of algebraic FO-modules. It is clear from the definition that the category of
algebraic FO-modules is closed under sums and retracts. Proposition 5.8 shows that
algebraic £O-modules are closed under “unions”. Corollary 5.24 says that algebraic
EO-modules are closed under smash products. Proposition 5.25 says that algebraic
EO-modules are closed under ith symmetric powers for ¢ < p. Algebraic FO-modules
are not closed under cofiber sequences, though if a map M — N of algebraic FO-
modules induces an injection or a surjection EF?(M) — EFP(N) then the cofiber is
algebraic.

If a spectrum X has algebraic FO theory, it is easy to compute the homotopy type
of EONX. Let P(1)* C A* be the sub Hopf algebra of the Steenrod algebra generated
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by P'. Explicitly, P(1)* = F,[P']/(P')? with P! primitive. Let P(1). = F,[&]/(&})
be the dual quotient Hopf algebra of A,. If a spectrum X has algebraic FO theory,
the homotopy type of EO A X is determined by the P(1),-coaction on HF,,(X). The

indecomposable representations of P(1). are cyclic modules of length at most p. Let
W, = HF,..(X;) be the P(1).-comodule of length .

Theorem 5.6. Let Z be a spectrum with algebraic EO theory. Decompose HF . (Z)
into indecomposable P(1).-comodules, say HF,.(Z) = @,.p X5W,, where T is some
index set. Then EO NZ ~ FEO N\/ £%X,.

We also use our determination of the C, action on E.(X,) to prove that the
map E"» — E is Galois. This is a special case of the result due to Devinatz
[6] that EY — Ej, is Galois for any finite subgroup G of any height Morava E
theory. See [16, Theorem 5.4.4(b)]. We then show that for any FO-module there is
a strongly convergent Adams spectral sequence Hf(m.(E Apo M)) = m.(M). This
is also originally due to Devinatz [6, Corollary 3.4]. Our proof is more explicit and
less technical than the proof of Devinatz but relies on having the spectrum X, as a
“witness” to the equivalence.

In Section 2, we prove that the spectra X; are determined by their F,-homology.
In Section 3, we compute the C, action on E,(X;)/m. In Section 4, we prove that
the map FO — F is Galois. We also show that the relative Adams spectral sequence
based on FO — FE is strongly convergent for all £FO-modules and has F5 page given
by group cohomology H(EFOM). In Section 5, we prove a collection of technical
splitting results that can be used to deduce that a spectrum is algebraic based on
its IF, homology. In Section 6, we prove that W5, has algebraic £O theory and that
every sphere bundle over W5, is FO-orientable. In the appendix, we present the facts
about symmetric powers of P(1).-comodules that we need for Section 6. None of the
material after Section 5.4 is necessary to prove the results quoted in the introduction.

2 Uniqueness of X
We prove that the spectra X; are uniquely determined by their [F,, cohomology.

Lemma 2.1. Let Z = BP?* be a skeleton of BP. Suppose thatY is some other finite
p-complete spectrum such that HF,.(Y) = HIF,.(Z) as Steenrod comodules. Then
Y ~ 7.

Proof. There is a map Z — BP including the skeleton of BP which gives a per-
manent cycle § in the Adams spectral sequence Ext’ (F,, HF,.(DZ A BP)). Be-

cause HF,.(Y) = HF,.(Z) there is an isomorphism of E, pages Ext? (F,, HF,.(DZ A
BP)) = Ext% (F,, HF,.(DY A BP)) using the Kunneth isomorphism. We wish to
show that the element § € Ey"ASS(DY A BP) is a permanent cycle. Because Z
is even, DZ N BP splits as a wedge of copies of BP and F;ASS(DZ N BP) =
E,ASS(BP)®HF,.(DZ). Both E;ASS(BP) and HF,,.(DZ) are even, so E3ASS(DZA
BP) is even. Thus, the spectral sequence collapses at Es and 6 is a permanent cycle.
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We deduce that there is a map Y — BP. Since Y has no homology above degree
2k, the map Y — BP factors through BP®* = Z. The factored map ¥ — Z is an
isomorphism on homology so Y ~ Z. O]

A spectrum Z with the cohomology of X can be obtained as the 2(p — 1)(l — 1)-
skeleton of BP, so as a special case we deduce:

Lemma 2.2. A spectrum Y is equivalent to X; if and only if HF,.(Y) = W, where
W, = HF,.(X)) is the Steenrod comodule Fp{xo, ..., 11} with |zvx| = 2k(p — 1) and
Steenrod coaction given by V(xy) =& @ xp_1 + -+ fork > 1.

3 The C, action on E.(X))

Set n = p — 1 for the rest of the paper. We begin this section with a brief review of
the facts we need about the Morava stabilizer group. We then compute the K, [C,)
action on F,(X;)/m and show that E,(X,) is a free E,[C},]-module. We will deduce
that EO A X, =~ E"®=*. Since n? is relatively prime to p, E"“»* is complex orientable.

Let FmlGrps be the category of pairs (k,I") where k is a perfect characteristic
p field and I' is a formal group over k. The morphisms (k,I') — (K/,I") are pairs
consisting of a field homomorphism f: k — k&’ and an isomorphism of formal groups
f*T" = I". The Hopkins-Miller theorem says there is a functor FmlGrps — F..-Rings
which sends a pair (k,T') to the corresponding Morava E theory E(k,T"). This implies
that there is an action of the automorphism group Aut(I') on E(k,I') by E. ring
maps. The group G,, = Aut(I') is called the Morava stabilizer group. See section 2
of [2] for a nice overview of the Morava stabilizer group.

The Morava stabilizer group of a height n Morava E theory contains elements of
order d if and only if the degree of Q,((4) over Q, divides n where (4 is a primitive dth
root of unity. In particular, Q,((,) has degree p — 1, so there are p-torsion elements
in G, if and only if p — 1 divides n. In this paper we study the simplest such case,
when n =p — 1. Let E = E(F,»,I',)) where I',, is the height n Honda formal group
over F,» and let G,, = Aut(I',)) be the corresponding Morava stabilizer group. There
is a Gp-action on F,(Z) = m.(Lgm)E N Z) for any spectrum Z by letting G,, act in
the standard way on E and trivially on Z.

There is an isomorphism E, = W(F,»)[u1,. .., up—1]. Let m = (p,u1, ..., up—1)
be the maximal ideal of E, and let K, = E,/m = Fyu[u®]. For Z a torsion free
spectrum, F,(Z)/m = K,(Z) where K is any Morava K theory corresponding to F.
Let E,E = m.(LgwmyE A E). There is an isomorphism E,E =~ Hom®*(G,, E,) where
for g € G,, the evaluation map

E.E — Hom™(G,, E,) —~ E,
is the image of the map
gNid

ENE — EANE 25 F
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under the functor m,(Lg ) (—))-

Let G be a maximal finite subgroup of G, containing an element of order p.
According to Corollary 1.30 and Theorem 1.31 of [5], any two such subgroups G are
conjugate in G,, and G is abstractly isomorphic to the semidirect product C, x C2
where the action is given by the surjection C,2 — C,, = Aut(C,). Let EO = E"C.
For an EO-module M we write EX9(M) = 7,(E Ago M). There is an action of G
on E by EO-automorphisms so this gives a G action on EF9(M) for any M. We
will show in the next section that for any FO-module is a relative Adams spectral
sequence H(EFO(M)) = m.(M). Our plan is to use this Adams spectral sequence to
understand M so we will need to compute the E,[G]-module structure on EF9(M).
To allow explicit calculation, we compute the K, [G]-module structure on EZY(M)/m
and then use Nakayama’s lemma to make the conclusions we need about EZ9(M).

Let ¢ € C, be a generator. There is an isomorphism K, [C,] = K,[(]/(¢? — 1) =
K.[s]/(s?) where the map sends ¢ +— s+ 1. The coproduct is given by d(s) =
s®14+1®s+s®s. Let V; be the cyclic module over K,[s]/(s?) of length .

Proposition 3.1. E.(X;)/m =V, as K,[C,]-modules.

To prove this, we are going to pass from information about the Steenrod coaction
on HF,,(Z) to information about the Morava stabilizer group action on E,(Z) through
the BP,BP-coaction on BP,(Z) by considering the maps BP,.(Z) — HF,.(Z) and
BP.(Z) — E.(2).

If Z is a torsion free connective spectrum then BP,(Z) is BP,-free so HF,.(Z) =
F, ®pp, BP.(Z) and E.(Z) = E, ®pp, BP.(Z). Let ¢: BP — E and n: BP — HF,
be the maps induced by the complex orientations of £ and HIF,.

BP — HF, BP,BP —" HF,, HF,
Lﬁ l¢>
E E.F = HomCts(Gn, E,)

If BP.(Z) = BP{zP"}ics, we write 2F = ¢(2PF) and 2" = 7(2P") so then
E.(7) 2 E{2F}ics and HF,.(Z) = F,{z"*}ics. For E some cohomology theory,
let I5(Z) = ker(E.(Z) — E.(Z@))) where Zy is the cofiber of the inclusion of the
(d — 1)-skeleton of Z.

Consider the map BP,BP — A,. This sends t; — —&;. If Z is torsion free and
2" € HF,.(Z) has a nontrivial P! action P}(z,"") = 2,3 then

V(™) =1@2"" +& @20, (mod A, @5, [[73 (2)).
In this case there are lifts 22”7, 227, € BP,(Z) and
V(") =10 2" —ti@ 2, (mod BP.BP @pp, I, (Z)).

For g € G, and 6§ € BP,BP we can evaluate 6(g) € E, using the map BP.BP —
E.E = Hom“(G,, E,). A strict automorphism g of a p-typical formal group I'
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corresponds to a certain power series, namely g(s) = s +5 ZF a;s? € E, [s]. Then
ti(g) = a;.

Lemma 3.2. If g € G, and 2" € BPk(Z) has coaction W (zPT) =3 0; @ 2PT where
0; € BP.BP, then g.(2F) = Z 0;(g)zF

Proof. Recall that F,E = Hom(G,, E,) where for each g € G,, there is a commutative
diagram:

7 (Lic(ny(E A E)) == Hom(G,, E.)

T« (g/\'idE)l levg

T Lim(EAE) —=" B,

Consider the maps

EANZ —m= EANEMNZ
mAidy
where U: EAZ = EAS°ANZ — EANE A Z is the unit map in the middle. If we
let G,, act by the standard action on the leftmost E' factor and trivially on the other
factors, these maps are G,-equivariant. Because the left unit map F, — E,F is flat,
there is an isomorphism m.(EANE AN Z) = E.E ®p, E.(Z). Thus, the action of g on
E.(Z) factors as:

E.(2) o s B, (2)

v| [

E.E®p. E.(2) 2~ BE.E@p, E.(2)
Since m. o (¢. ® 1) = ev, under the isomorphism E,E = Hom(G,, E.), we see that

9+(2) = (ev, @ 1) o U(z).
We have a commutative diagram:

BP.(Z) —— BP.BP ®pp, BP.(Z)

l |

E.(Z) —Y— E.E®pp, E.(Z

\ levg®1

We deduce that g.(zF) = (ev, ® ¢)(V(2PF)) as desired. O

Recall that ¢ € C,, is a generator. Let v = t1(¢) € Esy,. It is well known that v
is a unit (see for instance [14, bottom of page 438]). Specializing Lemma 3.2 to the
case we care about, if
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then
Glzg) =z + vz, (mod I 5, (Z)).

Proof of Proposition 3.1. The spectrum X is torsion free so the above discussion
applies. Recall that
HFP* Xp = Fp{l'o, N ,l‘p_l}

where |z = 2kn. For 0 <k <p—1,
() = 1@ 4+ ¢ @2 (mod A, @, Ig{(l“,;p_ ()
This implies that in BP, X,
V(B =1®2Pf” —t, @22, (mod BP,BP ®pp, Iﬁf,l)n(Z))
and the action of ¢ on E,(X,) is given by
Gla) = @ = wly (mod Iy y),(2)).

In matrix form when p = [ = 5 this looks like:

1 v % *x %
01 v % %
0 0 1 v x
0001 w
00 0 01

This matrix is conjugate to a length [ Jordan block, so E.(X;)/m does not split and
hence it is a length [ indecomposable K, [C}] representation. O

In particular, ¢ acts trivially on K, = K.(X;) =V} and K,(X,) =V, is a free
K.|Cp]-module. By Nakayama’s lemma, we deduce that E.(X,) is a free E.[C)]-
module.

Corollary 3.3. E.(X,) is a free E.[Cy]-module.
Lemma 3.4. If M is a finite EO-module then M ~ (E Ago M)"¢.

Proof. Let G act on 2 Agp M by E automorphisms over FO. There is a natural
equivariant map M = EO Ago M — E ANgo M where G acts trivially on M, so we get
a natural transformation M — (E Ago M )hG. When M = FO this is an equivalence
by definition. The functor M + 7.(E Apo M)"“ is exact, so it follows that this
natural transformation is an equivalence on all finite FO-modules. n

Corollary 3.5. EO A X, ~ EhCw

Since n? is relatively prime to p, E"“»* is complex orientable.
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Proof. EO A X, ~ (E A X,)". Now E A X, ~ V, E and since E.(X,) is a free
E.[C},]-module, this equivalence can be chosen to be C,, equivariant, where the action
of C}, on \/p FE is given by permuting the p factors. It follows that

(E A X,)hC% ~ <\/E> p ~E

P

and so
hC, .

BONX, = (EAX,)'" = (B X)) " = B, -~

4 The map FO — FE is Galois and the FE-based
Adams spectral sequence for £O-modules

Here we present a proof that the maps EO — E"“» is a Galois extension. This
is a special case of [16, Theorem 5.4.4(b)] which Rognes attributes to Devinatz [6].
We wanted to prove that FO — FE is Galois, but failed to do so. We cite Dev-
inatz for this. We then conclude that the E-based Adams spectral sequence is
strongly convergent for FO-modules and has E5 page given by group cohomology
H (*}p(EfO(M )) = m.(M). The E, page and convergence of this spectral sequence are
also due to Devinatz [6, Corollary 3.4]. Recall that n =p — 1.

Definition 4.1 (Rognes [16, Definition 4.1.3]). A map R — S of E, ring spectra is
an F-local G-Galois extension for a discrete group G if:

1. G acts on S via R-algebra maps.
2. The natural map i: R — S"“ is an F-equivalence.

3. The map h: S Ag S — F(G4,S) adjoint to
Gy AS AR S —2thid y gAp S — 2ty g

is an E-equivalence.

If we let G act on the left S factor on S Ag S and by precomposition on F(G ., S),
the map h is an S[G]-algebra map. If h is an equivalence of spectra, it is automatically
also an equivalence of S[G]-modules.

Definition 4.2 ([16, Definition 4.3.1]). Let R be an E, ring spectrum. An R-module
N is faithful if any R-module M such that NAg M ~ 0 is already zero. A map R — S
of E, rings is faithful if S is faithful as an R-module.

Definition 4.3 ([3, Definition 3.7]). Let R — S be a map of homotopy associative
ring spectra. The category of S-nilpotent R modules is the smallest subcategory N
of R-modules such that
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1. SeN
2. If X € N and Y is a spectrum then X AY € N.

3. f X - Y — Zis a cofiber sequence in R-modules and two of X, Y, and Z are
in NV then so is the third.

4. If X € N and Y is a retract of X then Y € V.
R is S-nilpotent if R is an S-nilpotent R-module.

Lemma 4.4. Let R — S be a map of homotopy associative ring spectra and suppose
that f: 4R — R is a nilpotent self map of R. Then C(f)Ar M is S-nilpotent if and
only if M 1is.

Proof. If M is S-nilpotent, then X¢M — M — C(f) Ar M is a cofiber sequence, and
since both M and XM are S-nilpotent, so is C'(f) Ag M. Conversely, suppose that
C(f) Ar M is S-nilpotent. We show by induction that C(f") Agx M is S-nilpotent for
all i by induction. Suppose that C'(f7) Ag M is S-nilpotent for j < i. The octahedral
axiom gives us the following diagram, where the straight lines are all cofiber sequences:

C(fYyANg M
. (i+1) . T
servdy Ty T oY A M

Z“if\ sid )\ f ! {

T

YUC(f) A M

Since C(f*) Ag M and C(f) Ag M are S-nilpotent, C'(f**1) Ax M is S-nilpotent too.
Because f is nilpotent, f* is null for large enough 7. Thus, M is a retract of an
S-nilpotent spectrum C(f*) Ag M ~ M V M and so M is S-nilpotent. ]

Lemma 4.5. Let R — S be a map of Ey ring spectra and suppose that R is S-
nilpotent. Then the map R — S is faithful.

Proof. Let M be an R-module such that S Ag M =~ 0. Let C be the category of
R-modules N such that N Ag M ~ 0. C is closed under retracts because if N’ is
a retract of N then N’ Ap M is a retract of N Ap M and retracts of zero are zero.
C is closed under cofiber sequences because if Ny — Ny — N3 is a cofiber sequence
and Ny, Ny € C, then the cofiber sequence Ny AR M — Ny Ap M — N3 Ag M shows
that N3 Ag M € C. Lastly, if N € C then (N Ag N') Ag M ~0so N AgN' € C.
This implies that C contains the category of S-nilpotent R-modules, so R € C and
M=RAr M ~0. m

Proposition 4.6. EO is E-nilpotent and E"“» -nilpotent. As a consequence, the
maps EO — E"» and EO — E are faithful.
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This is a special case of [6, Theorem 3.3]. Compare [16, Proposition 5.4.5]. In
order to prove this we need the following lemma:

Lemma 4.7. There is a cofiber sequence X*" X, — C(8;) — X,.

Proof. Let F be the fiber of the inclusion of the bottom cell S® — X,. There is a
homology isomorphism HF,, F' = HF,, 3**" ' X, ; so by Lemma 2.2 we deduce that
F~YX, .

Let @;: S>~' — X,_; be the attaching map for X, and let @, : ¥>*1X,_; — S°
be the fiber of the the inclusion of the bottom cell S — X,. The composition
@, o (¥ 'q;) is the Toda bracket {(ay,...,a1) = 3. The octahedral axiom gives us
the following diagram, where the straight lines are all cofiber sequences:

XP
5 T
522 » 50 T O(By)
EZn—l&l\ /El
EanlXp_l
EQn—lXp

]

Proof of Proposition 4.6. E"C»* is a retract of E so E"“»* is E-nilpotent. Lemma 4.7
says there is a cofiber sequence:

SX, = C(Br) — X,
Smashing this with FO gives a cofiber sequence
B — EO N C(fy) — BN

so that EO A C(f;) is E-nilpotent. Since (3 is nilpotent, FO is E-nilpotent too. [

C,

Theorem 4.8. The map EO — EN s a faithful C,-Galois extension.

To prove this, we need the following lemma:

Lemma 4.9. Let k be a field of characteristic p, let T € k[C,] be the trace element
> gec, 9, and let f be a vector space map k[Cp] — k. Then the map k[Cy] — ] k
adjoint to the map C, X k[C,] — k given by (g,v) — f(gv) is an isomorphism if and
only if f(1) # 0.

Proof. If V' is a d-dimensional k-vector space, a collection of d maps f;: V — k have
product an isomorphism V' — [k if and only if the f; generate V*, so it suffices to
check that f generates (k[C,])¥ as a C,-representation. Let ( € C, be a generator.
Because f(7) # 0 and (( —1)7 = 0 we deduce that f is not in (¢ —1)k[C,]". However,
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(¢ — 1)(k[C,))Y is the unique maximal subrepresentation of (k[C,])¥, so f lies in no

proper subrepresentation of (k[C,])" and f generates (k[C,])" as a representation. [

Proof of Theorem 4.8. Let R = E"®»*  let n be the maximal ideal of R, and let
L, = R,/n. We defined EO — E as the inclusion of the G fixed points, so C,, acts on
R by EO-algebra maps and i: EO — R"» ~ E"& is an equivalence. So conditions
(1) and (2) are satisfied. The map EO — R is faithful by Proposition 4.6.

It remains to check condition (3). It suffices to show that h is an isomorphism
after taking homotopy. By Nakayama’s lemma we can check that h is a surjection
by checking that it is a surjection after quotienting by the maximal ideal of R. Since

T«(RApo R) and , (Hcp R) are free R,-modules of the same dimension, it will follow

that h is an equivalence.
The map h: R Ago R — Hcp R has g component given by the composite

RAgo B -2 RAgo R —" R

so we need to show that the sum of the g-conjugates of m: L, ®,, m.(RAgo R) = L,
is an isomorphism. Since R ~ EO A X,,, we have an equivalence of left R-modules
RApo R ~ RAX,. If welet C,, act trivially on X, this isomorphism is C}, equivariant.
Consider the following diagram:

All maps are R-module maps where R acts on R Ago R on the left. The map 7 is
C)p-equivariant, but m is not equivariant for the action of C), on the left factor. Now
taking homotopy and quotienting by n gives:

id

L. = L.[C,)] L.

m

where all maps are of L.-modules and e is C}, equivariant. Let 7 = ) gec, 9 be the
trace element. Since e is an equivariant map from the trivial representation, it must
be some nonzero multiple of the map 1 — 7. We deduce that m(7) is a unit. By the
lemma, we are done. O

We wish the following were a corollary:

Not A Corollary 4.10 (Devinatz [6]). The map EO — E is a faithful Galois
extension.

Proposition 4.11. For any EO-module M there is a spectral sequence
HFPSS(M): H}(EFO(M)) = m.(M)
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and for any connective spectrum X there is a map ANSS(X) — HFPSS(EO A X).

The convergence is [6, Theorem 3.3] and the identification of the Fy term is [6,
Theorem 3.1]. The map of spectral sequences is explained in section 11.3.3 on page
109 of [7].

Proof. The left unit map F, — EFOFE is flat, so given an FO-module M there is an
E-based Adams spectral sequence [1, Theorem 2.1]

Ext pgop(E., EZO(M)) = m, (E§0M> .

A map of FO-modules M — N is an F-equivalence if E Agop M — E Ago N is
an equivalence. By Proposition 4.6, this is true if and only if M — N is itself an
equivalence, so for any EO-module, LE° M ~ M. Proposition 4.6 implies that EO is
E-nilpotent and the canonical maps Id — LE® — Ego are equivalences. By Not A
Corollary 4.10 the Ext group that determines the Fs page of the spectral sequence is
group cohomology, so we can rewrite the Fs page as:

HE(B7C(M)) = m(M).

The map BP — FE induces a map from the Adams Novikov spectral sequence to
the F-based Adams spectral sequence. The E-based Adams spectral sequence for a
spectrum X corresponds to a cosimplicial object with ith term E” 0+ A X where the
face maps are unit maps and the degeneracy maps are multiplication. The map X —
EO A X induces a map of cosimplicial objects ENFDA X — EAe0(+) Apo (EO A X)
where B0+ Ao (EO A X) corresponds to the EO-based Adams spectral sequence
for EO A X. Thus, there is a corresponding map of spectral sequences ANSS(X) —
HFPSS(EO A X). m

There is a particularly convenient description of a minimal Adams resolution:

Proposition 4.12. Any FO-module M has an E-based Adams resolution:

M — MAX, — XM AX, — SPIMAX, — SleHBIMAX, — -

5 Splittings
Recall that n =p — 1.

Definition 5.1. A cellular EO-module is an FO-module M equipped with an Atiyah-
Hirzebruch filtration My — M; — -+ — M with M = hocolim M;, such that M, =
\/jes0 »% EQO and there are cofiber sequences VjeSi Y5 EO — M; — M. A cellular
EO-module is k-sparse for k a divisor of 2p?n? if all of the suspensions s; used in the
filtration have the same congruence class mod k. A connective spectrum is k-sparse
for £ an integer if it has a cell structure with only cells in a particular congruence
class mod k.
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If Z is a connective spectrum then EO A Z is cellular. A cellular FO-module has
an Atiyah-Hirzebruch spectral sequence. If a spectrum Z is k-sparse for k£ a divisor
of 2p?n?, then EO A Z is k-sparse. To show that a connective spectrum is k-sparse it
suffices to check that HF,.(Z) is concentrated in a single congruence class mod k.

Given an EO-module M, we get an associated K.[Cp]-module EF?(M)/m, which
has a decomposition into a sum of indecomposable K.[C,]-modules. We call the
EO-module “algebraic” if this splitting lifts to a splitting of M into the standard
EO-modules FO A X].

Definition 5.2. An EO-module M is algebraic if M ~ EO N\ X% X;,. A spectrum
Z has algebraic EO theory if EO N\ Z is algebraic.

An algebraic FO-module is evidently cellular. A cellular FO-module M is alge-
braic if and only if the only nontrivial differentials in the Atiyah-Hirzebruch spectral
sequence for M are the dy, differential and the dy,,2.

When p = 3, our definition of an algebraic £O-module is closely related to Meier’s
definition of a “standard vector bundle” [12, Definition 3.9]. In Meier’s nomenclature
a standard vector bundle is an F,[G]-module that is isomorphic to EZ9(M) for some
algebraic £O-module M.

In Section 5.1, we prove Corollary 5.4 that if M is an algebraic FO-module then
EFO(M)/m determines M up to lost information about shifts. We show in Theo-
rem 5.6 that if Z is a spectrum with algebraic EO theory, the P! action on HF,,.(Z)
determines the homotopy type of FO A Z. We also show in Proposition 5.8 that a
“union” of algebraic FO-modules is algebraic. In Section 5.3 we produce conditions
to check that £O-modules are algebraic. We show in Theorem 5.13 that a 2n-sparse
spectrum has algebraic FO theory and we show in Theorem 5.14 that a 2p-sparse
EO-module is algebraic. In Section 5.4 we prove the results quoted in the introduc-
tion. None of the material after Section 5.4 is necessary to prove the main results
quoted in the introduction.

In Section 5.5 we show that if M is an EO-module such that EF9(M) is a projec-
tive F,-module and EF9(M)/m has a free K,[C},] submodule then there is a splitting
M ~ EO AN X,V N. In Section 5.6 we prove a formula for the smash product of
algebraic FO-modules and show that algebraic FO-modules are closed under smash
product.

5.1 Determining the homotopy type of algebraic FO-modules

In this section we’ll show that if M is an algebraic FO-module, the splitting of M
can be deduced from the G-module decomposition of EX?(M)/m, up to some lost
information about shifts. We then show that if Z is a spectrum with algebraic FO
theory, the splitting of FO A Z can be deduced from the P(1),-comodule structure
of HF,.(Z).

If M is an algebraic FO-module then in particular it is torsion free so EFoAHSS(M)
is a free £O,-module.
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Lemma 5.3. Let g € G be an element of order n®. Let v € K,(S?*7¢) be a generator
for e € {0,1}. There is a primitive n® root of unity w independent of k and € such
that g.(v) = wkv.

Proof. Let I' be the Lubin Tate formal group associated to E,. Suppose that h € G,
has power series representation ags+" Ef’;‘l a;s?". Let BPP be periodic BP theory so
that BPP, BPP parameterizes not-necessarily-strict p-typical power series. Note that
BPP, BPP = Z,[vi, vy, .. J[ts,t1,...]. Let Z be a spectrum and let z € BPP,(Z).
Write 2% for the image of z in K,(Z). Suppose that ¥(z) =tk @2+ >".6; ® z; Then
ha(2%) = agz™ + 37,0, 0i(g)=.

In particular, the element g of order n? has power series expansion

Gn .
ws 48 g a;s?
i>1

where w is some primitive n? root of unity. The coaction on a generator v of
BPP, S%*¢ is given by ¥(v) = th @ v. It follows that g(v) = w*v. O

For s € Z/2n? write ¥°Vj for the K,[G]-module K,(¥°X;).

Corollary 5.4. Suppose that M is an algebraic EO-module and EFO(M)/m =
Dcr XV, as K,[G]-modules, where T is some index set and 5 € Z/2n*. Then
M~ EO AV, or Y2se X, where sy, is some particular lift of 5y to Z/2p*n®.

So we can use EF9(M) to determine an algebraic FO-module M up to loss of
information about shifts. We show now that the Atiyah-Hirzebruch spectral E,, page
recovers the full homotopy type of an FO-module.

Lemma 5.5. Suppose that M and N are two algebraic EO-modules, and suppose
there is an isomorphism of bigraded EO.-modules f: E;AHSS(M) — E;AHSS(IV).
Let E;AHSS(M) = EO.{[x;]}ies and suppose that da,(f([x:])) = f(dan([z4])) for all
1 €S. Then M and N are equivalent.

Proof. An algebraic EO-module M is of the form EO A \/, ¢ 3% X;, where s; €
Z/2p*n? and I; € {1,...,p}. The lengths and shifts are both determined by the
E>, AHSS(M) — a summand of the form FO A %X, corresponds to a summand of
E5, AHSS(M) which is an [;-dimensional EO,-module on generators {[x¢], ..., [z;—1]}
with differential da,([zx]) = afrg_1] for & > 0 and [z(] a permanent cycle in the
s; stem. A decomposition of M into summands of the form EO A ¥%X;, corre-

sponds exactly to a decomposition of Es, AHSS(M) into summands of the form
E2, AHSS(EO A X% X),). Tt follows that E,, AHSS(M) determines M. O

Theorem 5.6. Let Z be a spectrum with algebraic EO theory. Decompose HF,.(Z)
into indecomposable P(1).-comodules, say HF,,(Z) = @,.p X*W,, where T is some
index set. Then EO N Z ~ FO N\ % X],.
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Proof. Pick an integral lift of the map HF,,(Z) — @,., X*W,, to a map HZ,(Z) —
HZ. (\/ ¥**X;,). This map induces an isomorphism

f: E;AHSS(EO A Z) — E>AHSS (EO A (\/ ESiXh)) .

I claim that for {[x;]};cs a basis for HZ,(Z), we have da, (f([x;])) = f(dan(z;)).
Consider the map AHSS(Z) — AHSS(EO A Z). Because Z is torsion free, the
shortest possible Atiyah-Hirzebruch differential is a ds, which is detected by the
P! action on HF,.(Z). Let p be the reduction map HZ — HF,. Suppose that
v € HZ;(Z) and y € HZ;_2,(Z). If P'(p(z)) = cp(y) where ¢ € F,, is some constant,
then dy,([z]) = caly]. Since 1 and « have nontrivial image in FO, we deduce a dif-
ferential do,([z]) = caly] in By, AHSS(EO A Z). Because the map f: HZ.(Z) —
HZ. (\/ 2% X;,) was a lift of a map that commutes with P! we have also that

Plp(f(x))) = p(f(y)). We deduce that f(dan([2])) = caf([y]) = dan(f([2])). The
hypotheses of Lemma 5.5 are met and we conclude that FEOANZ ~ EOA\ ¥%X,;,. O

Corollary 5.7. If X and Y are connective spectra with algebraic EO theory and
HF,.(X) =2 HF,.(Y) as P(1).-comodules, then EO N X ~ EO \NY.

Now we show that algebraic £O-modules are closed under “unions.”

Proposition 5.8. Suppose that My — My — --- is a diagram of algebraic FO-
modules such that each map M; — M, induces an injection

EFO(M;)/m — EFC (M) /m.

Then hocolim M; is an algebraic EO-module.

Proof. Write EF(M)/m = @, 4Vi, as K,[Cy]-modules. To show that M is al-
gebraic, we need to show that this splitting lifts to a splitting of M. Pick some
summand V, of EF?(M)/m. Because V, is finite dimensional, for some i suffi-
ciently large, EF?(M;)/m — EF?(M)/m — V;, is a surjection. Since the map
EEO(M;)/m — EFO(M)/m is an injection, we deduce that there is a splitting
EFO(M;) = Vi, @W and because M; is algebraic, this lifts to a splitting M; ~
EO A X% X, for some s; € Z/2p*n®. This gives a map ¢;: EO N ¥%X,, — M
which induces the inclusion V;, — EF?(M)/m. Summing the maps ¢; as j € S
varies gives a map from EO A \/jES 3% X;, — M which induces an isomorphism

E, <\/j€S ZSJ'XZJ.) /m — EFO(M)/m. By Nakayama’s lemma, this also induces an
isomorphism F, (\/ jes ESJ'XZJ) — EFO(M) which implies that there is an isomor-

phism of Ey pages HFPSS <EO AVies Zstlj> — HFPSS(M). It follows that the
map FO A\/ jes 29Xy, — M is an equivalence, and hence M is algebraic. O
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5.2 A brief review of the homotopy fixed point spectral se-
quence for FO

There is a map ANSS(S?) — HFPSS(EO) from the Adams Novikov spectral sequence
for the sphere to the homotopy fixed point spectral sequence H}(FE,.) = EO,. Hop-
kins and Miller computed the homotopy fixed point spectral sequence for £O up to
some permanent cycles on the zero line. The Fy page is isomorphic to F,[a, 8, u*] in
positive filtration, where a@ € (2n — 1,1) and 5 € (2pn — 2,2) are the images of ay
and (; in ANSS(SY) and u € (2pn?,0) is a norm class. There are two differentials
dopi1(u) = af™ and dop2yq(ou™) = f7°+1 in HFPSS(EO). All other differentials are
generated by these two using the Leibniz rule. The F., page has a horizontal vanish-
ing line at filtration 2n? + 2. The element w? is a permanent cycle, which gives FO
theory a 2p*n? periodicity. The homotopy of EO, for p = 3 and p = 5 is illustrated
in Figure 0-1. See the account of this spectral sequence in [13, section 2| for more
details.

5.3 Conditions for an FO-module to be algebraic

For Z a connective spectrum, we use the cellular filtration of Z to get filtrations of
BP.(Z) and E,(Z) which gives algebraic Atiyah-Hirzebruch spectral sequences. If Z
is torsion free, this has the following form:

algAHSS(Z) . EXth*Bp(BP*, BP*) X HZ*(Z) = EXth*Bp(BP*, BP*(Z>>
algAHSS(EO A Z): HL(E,) ® HZ,(Z) = HL(E.(Z))

The map ANSS(Z) — HFPSS(EOAZ) induces a map algAHSS(Z) — algAHSS(EFOA
Z). The homology of X; is HZ.(X;) = Z{zo,...,x;_1} with z; in degree 2in, so the
E, page of algAHSS(EO A X)) is isomorphic to

]Fp[a,ﬁ,ui]{[xo], o]}

modulo trace classes.
For a connective spectrum Z, denote by HI;(Z) the Hurewicz image of m4(Z) —

E04(2).

Proposition 5.9. Let 1 <1 < p and let oV € EOq,_1(X;) be the Hurewicz image
of the attaching map for the top cell of X;11. Then oY is nonzero and spans the
Hurewicz image in EOop—1(X;). If k # | then the Hurewicz image in EOqp,—1(X))
is zero. If | < p, projection onto the top cell X; — S*™ =Y induces an isomorphism
HIgnk_l(Xl) — HIan—1<S2n(Z—1))'

Proof. Consider the map of spectral sequences ANSS(X;) — HFPSS(EO A X;). In
the degree we are considering, HFPSS(FO A X;) only contains elements in filtration
one and in the degree we're considering ANSS(X;) contains no elements in filtration
zero, so no filtration jumping can happen and it suffices to understand the image of

the map ANSS(X;) — HFPSS(EO A X;). We will first handle the case when [ = 1
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and X; = S°, and then we will use algebraic Atiyah-Hirzebruch spectral sequences to
deduce the case for larger [.

Suppose that [ = 1. We have that my,_1(FO) = F,{a1}. We want to show that
if & # 1 then Hly,;_1(FO) = 0. We will show that this is true on the Fy,.; page
of ANSS(SY) — HFPSS(EOQ). Refer to Figure 0-1 on page 11 for the F,, page of
HFPSS(EO) for p = 3 and p = 5. Because the only element of the 0-line of ANSS(S?)
is 1 € mp, nothing else in the zero line of HFPSS(EO) is in the Hurewicz image, so
we need only study positive filtration. The Ey page of HFPSS(FO) is isomorphic in
positive filtration to Fy|a, 8, v] where a € (2n—1,1), 8 € (2pn—2,2) and v € (2pn?,0).
So |a| = —1, |f| = -2 and |v] =0 (mod 2n). The elements of the E; page in degree
—1 (mod 2n) are a™v’. There is a differential do,(v) = ", so all elements on the
E. page in degree —1 (mod 2n) are of the form av’/ and hence are in the 1-line. I
claim that if j # 0 then av’ is not in the image of the map on F5 pages. The only
element of the Novikov 1-line in the degree of av’ is Onpi+1- There is a Massey product
in the Novikov Ey page appri1 = (Qnpk, P, 1) with indeterminacy in filtration greater
than 1. Because the homotopy fixed point spectral sequence contains no elements in
the same stem as av’ in filtration greater than 1, the indeterminacy of this Massey
product maps to zero in the E5 page of the homotopy fixed point spectral sequence.
By sparsity ay,, — 0. Tt follows that aypr1 — 0 too, and av? is not in the Hurewicz
image. This settles the [ =1 case.

Now we use the algebraic Atiyah Hirzebruch spectral sequence to reduce the case
[ > 1to the case [ = 1. Figure 0-2 on the next page is an illustration of algAHSS(FO A
X3). Because the cells of X; are in degrees congruent to 0 (mod 2n), and because
af™ =0 € FEO,, the only elements of algAHSS(EO A X;) in degrees congruent to —1
(mod 2n) are those of the form av’[x;]. By the [ = 1 case, the only such elements that
are hit in the Ey page of the map algAHSS(X;) — algAHSS(EO A X)) are afx;]. Since
each attaching map in X; is given by an «, there are Atiyah-Hirzebruch differentials
don([zi+1]) = afx;] so all of these elements are zero in homotopy except for ofz;]. If
| < p, this is a permanent cycle which detects a®). O

Lemma 5.10. Suppose that'Y is a connective 2n-sparse spectrum with cells in degrees
0 (mod 2n). Then the map Y — Wiauky induces an injection

HIQn(k—‘,—l)—l(Y) — HIQn(k+1)—1(W(2nk))-

The map W((;::)) — Wiank) induces a surjection

Hop (1)1 (W((;::))) — Hlonger1)-1(Wiznk))-

Thus Hlopq1y-1(Y") is a subquotient of Hlay (k1)1 (W((22::))>'

Proof. Consider AHSS(EO AY'). The Hurewicz image Hlp(41)n—1(SY) is zero unless
k =0 and Hly, ;(S°) = F,{a} so the classes in Hly;, 1Y are exactly those detected
by an element of the form afz] for z € HZ, Y. Since the degree of « is 2n — 1, the
degree of afz] is 2n — 1 4 |z|. For afz] to be in degree 2n(k + 1) — 1, the homology
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Figure 0-2: The algebraic AHSS for FO, X3 at p =3

class « should be in degree 2nk. We deduce that every class in Hlo,pq1)-1(Y) is
detected in Atiyah-Hirzebruch filtration 2nk so that Hlg,p11)-1(Y) is a subquotient

of Hlop(ry1)-1 <W((22£’f))> ’ )

Lemma 5.11. Let M = EO A\/,. 2% X5, be an algebraic EO-module. Suppose that
f: VgE¥EO — M is some EO module map such that the homotopy class of each
component Y% EO — M is contained in F,{2%a"},ciy C (M) where U C T is the
subset of i € T such that l; < p and s; + 2n(l; — 1) = s. Then C(f) is an algebraic
EO-module.

Proof. First suppose we are only attaching one cell along a map >*FO — M. By
assumption, f, € FO,M is some linear combination )., a;X%al) . If all a; are zero,
then C(f) ~ M Vv X*"1 EO is algebraic. Otherwise, suppose that a; # 0 and that for
all ¢ € U such that a; # 0, l; > [;. By Lemma 5.12 there is an automorphism ¢ of M
such that ¢;'(a®™) = f, and ¢;' (o)) = o) for i > 1. Then ¢ o f = X?1a(1) 50
that

C(f)~C(¢pof) =EONL" X0V \/ T"X,.

i€T\{1}

We conclude that C(f) is an algebraic £O-module.

Now consider the case where we are attaching multiple cells, say f: \/¢X*EO —
M. Filter C(f) by picking a total order on S and letting f; be the restriction of f
to V,; 2% EO. Then let N; = C(f;). Note that NV; is the cofiber of the composite
YUEO — VX% FEO — M — N;_4, and this composite satisfies the hypotheses of
the lemma so NN; is an algebraic EO-module for each i. Since C(f) = hocolim; N;, by
Proposition 5.8 C'(f) is algebraic. O
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To finish the proof of Lemma 5.11 we need the following lemma:
Lemma 5.12. Fiz d an integer and let

X = \/ 2d—2nlini

€S

where I; < p for all i € S. Let U = EOq1(X) = F{aW},cqr. Filter U by
Uy =F,{a" | 1l; <1} and suppose that f: EO41(X) — EO41(X) is a filtered endo-
morphism. Then there is an endomorphism f: X — X that induces f on EOq_1(X).

Proof. The collapse map p: X; — £**X,_; sends a¥) — o'~ This follows from the
commutativity of the following diagram, where the columns are cofiber sequences:

g2n(l+1)-1

ay X(l—l)

X, — 2 vy,

l |

X1 ——— 22X,

The multiplication by ¢ map ¢: X; — X; sends o) — ca®. If

-1
X = p\/ 2d72nl \/ Xl7
=1 S

any block upper triangular matrix of integers represents an endomorphism of X,
and this endomorphism of X induces the corresponding filtered endomorphism of
FO41(X). m

Theorem 5.13. Let Z be a connective (2p—2)-sparse spectrum. Then Z has algebraic
EO theory.

Proof. By Proposition 5.8 we may argue by cellular induction on Z. If Z has one cell,
the statement is immediate. Suppose that Y is a connective 2n-sparse spectrum with
cells in dimension less than or equal to 2nk. Suppose also that Y has algebraic FO
theory, say EONY ~ EOA\/,.; 5% X), and that Z is the cofiber of f: \/ 4 S*" ! = Y.
It follows that EO A Z is the cofiber of EO A f.

By Lemma 5.10, Hly,;—1(Y") is a subspace of Hlyn,1(Wap—1)) = Bp Fp[E?*a]
where 7" C T is the subset of 7 € T such that s; +2nl; = 2nk. Under the isomorphism
m(EONY) &2 7, <EO A \/f:1 EsinZ), the module Hly,;_1(Y') is the subspace of

classes of F,{Z%a"},.g where s; + 2nl; = 2nk, and such that the element o;[z] €
AHSS(Y) that maps to the element of AHSS(EOAY') that detects a() is a permanent
cycle. By Lemma 5.11, it follows that C'(f) has algebraic EO theory. O
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Theorem 5.14. Suppose that M is a 2p-sparse cellular EO-module. Then M s
algebraic. In fact, M ~ \/ X% EO. If Z is a 2p-sparse connective spectrum, then Z
has algebraic EO theory.

Proof. 1t suffices to show that EOqy—; = 0 for all k. The 0-line of HFPSS(EO)
consists of the fixed points of the action of G on FE,. Since E, is even, so is the zero
line. We need to show that there are no elements in positive filtration in the 2pk — 1
stem on the E, page of HFPSS(EFO). Recall that the E, page of HFPSS(EO) is
isomorphic to F,[a, 5, vP™] in positive filtration and that the elements of the Ey page
representing nonzero odd degree homotopy elements are all of the form a/3'v/ where
i < p—1. These are in degrees |a| = 2p — 3 = —3 (mod 2p), |B] = 2pn — 2 = =2

(mod 2p) and |u| = 2pn? = 0 (mod 2p). Now |afB'| = —3 — 2i (mod 2p) so if
laf’] = —1 (mod 2p) then —3 — 2i = —1 (mod 2p) implies that 2i = —2 (mod 2p)
so i = (p— 1) + pk but then a8’ = 0 € EO,. O

Proposition 5.15. Let X be a torsion free connective spectrum with cells in degrees
between k and k + 2pn — 2. Suppose that M is a retract of EO AN X. Then M has
algebraic EO theory.

In order to prove this, we use the following lemma, which has messier hypotheses:

Lemma 5.16. Suppose that M is a cellular EO-module, say M = hocolim M; and
M. 1s the cone of some map f;: \/jesi Y5 O — M; where s;; € Z./2p*n®. Suppose
that E Ngo f ~ 0. Suppose also that there are integral lifts s;; such that for some
k € Z and for all i, j € S; we have k < s;; < k+ 2pn — 2. Then M is an algebraic
EO-module.

Proof. We argue by cellular induction. Suppose that M; is an algebraic FO-module,
say M; ~ EON\/,.p X% X;,. We need to show that the cone of f;: Vjesi 3% BO — M;
is algebraic. It suffices by Lemma 5.11 to show that the homotopy of each component
map fi;: 3% EO — M; lies in the subgroup of 7, (M) generated by F {2 a0}, cp
where 7" C T is the subset of t € T" such that s, + 2n(l; — 1) = s;; and [, < p. By
assumption, f;; is detected in AHSS(M,;) by some element 6[z] where § € EO, and
x is some cell of M; such that the image of § under FO — E is zero. We also know
that |z| + 0] = s;; and that k& < |z|,s;; < 2pn — 2. It follows that 0 < |0] < 2pn — 2.
The only element of the kernel of FO, — E, in these degrees is a. We deduce that
fi; is detected in the necessary subspace. By Lemma 5.11, M, is algebraic. O

Proof of Proposition 5.15. There is a cellular filtration of FO A X where each cell is
in dimension between k and k + 2pn — 2. Thus FO A X satisfies the hypotheses of
Lemma 5.16. Because X is torsion free, E A X splits as a sum of E-theories, so
cach attaching map f;: \/g ¥ 'EO — EO A X — EO A X must be zero on E
theory.

Now let M be a retract of EO A X and let M; be the corresponding retract of
EO A X®. Since E A X splits as a sum of E-theories, and E Ago M; is a retract of
E A X@ it follows that E Ago M, does too. Thus, the attaching maps to form M;
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from M;_; must be in the kernel of m,(M;_;) — EFC(M;_;). The dimensions of the
cells of M are still in the range from k to k + 2pn — 2, so M satisfies the hypotheses
of Lemma 5.16 as well and M is an algebraic FO-module. O

5.4 Orientations

Here we give proofs of the theorems quoted from this section in the introduction. At
this point these arguments are straightforward.

Lemma 5.17. Let Z be a space and suppose that every spectrum Y with HF,.(Y)
isomorphic to HF,.(Z) as P(1).-comodules has algebraic EO theory. Then EO-
orientability of complex bundles over Z is Chern determined.

Proof. Suppose that V is a complex bundle over Z with ¥?~1(V) = 0 (mod p). We
need to show that V' is EO-orientable. Since ¥?~1(V) =0 (mod p), HF,.(Th(V)) =
HF,.(Z) as P(1),-comodules. By hypothesis, this implies that both Th(V) and Z
have algebraic EO theory and by Corollary 5.7 EOAZ and FOA Th(V') are homotopy
equivalent so V' is orientable. O

Theorem 5.18. Let Z be a (2p — 2)-sparse space. Then EO-orientability of complex
bundles over Z is Chern determined. In particular, let 1,_1 be the (p — 1)st power
sum polynomial over Z. Then a complex vector bundle & over Z is EO-orientable if
and only if 1,—1 =0 (mod p).

Proof. Theorem 5.13 says that the hypothesis of Lemma 5.17 is satisfied. [

Proposition 5.19. Let Z be a (2p — 2)-sparse 2p-connective space. Then every map
Z — BGLy(S) is EO-orientable.

Proof. Wy,_4 is (2p — 2)-sparse so both Th(f) and 35°Wy,_4 are (2p — 2)-sparse. By
Theorem 5.13 we deduce that they have algebraic £O theory. If u is the Thom class
in HF;(Th(f)) then for connectivity reasons, P'(u) = 0 so the Thom isomorphism
respects the P(1)*-module structure. The theorem follows by Corollary 5.7. [

We immediately deduce:

Theorem 1.1. Let f: Wy,_y — BGL(S) be any map. There is an equivalence
EO N Mf ~ EO NW4,_4y+ of EO-modules, so there is a map of spectra Mf — EO
which factors the unit map S° — EO.

5.5 Free E,[C,] summands of EF9(M) lift to summands of M

We can split off copies of O A X, from an FO-module M without assuming that M
is sparse or induced:

Proposition 5.20. Suppose that M is an EO-module. The map
7o EO-Mod(E, M) — Hompgrox(EF°E, EF?(M))
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given by f — mo(E Ngo f) is an isomorphism, natural in M. If M is a finite module,
the map
o EO-Mod(M, E) — Hompgro(EFC (M), EFPE)

given by f — mo(E Ago f) is an isomorphism, natural in M. If M is a cellular EO-
module and EFC (M) = EEOSCE @ V! where V' is some E,|G]-module and € € {0,1},
then M ~YEN M’ for some EO-module M' with EFC(M) =V"'.

Both the statement and proof would apply if we replaced the map FO — E with
any Galois extension of rings.

Proof. There is a relative Adams spectral sequence
Extgrog(Ey, EF°(Dpo(E) Apo M)) = m.(Dpo(E) A M).
Because F is a finite FO-module, there is an equivalence
Dgo(E) AN M ~ EO-Mod(E, M)

and because EFO — E is Galois, Rognes 6.4.7 says that Dgo(F) ~ E.
Because EFOF is E,-free, there is a Kunneth isomorphism

EF°(E Apo M) = E°(E) ®p. E?(M).

The EFOE coaction on EFCE is free, so we see that EX?(EAgo M) has a free coaction
too. It follows that the spectral sequence is concentrated on the zero line and

m.EO(E, M) — Homgeog(E,, EF°E @5, EFC(M))
is an equivalence. Because EFOF is self dual,
Hompgrop(E,, EF°E ®p, EF?(M)) & Hompeo p(EFC(E), EF?(M)).

Since EFC(M) is projective as an E,-module, there is also a relative Adams spec-
tral sequence

Extgrog(EF?(M), EFC(E)) = . EO-Mod(M, E).

Because EPOF is a cofree comodule over itself, this is concentrated on the zero line.
It follows that the Adams spectral sequence collapses and the edge map

mo EO-Mod(M, E) — Homppop(EFC (M), EFCE)

is an isomorphism.

If M is cellular and EFO(M) = E,%°X, ® V' then there is a map f : E — M.
Since E is compact, f factors as a map f*): EO A X, — M® where M®*) is any
sufficiently large skeleton of M. Since skeleta of M are finite, each f*) splits which
implies that f splits. O
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Proposition 5.21. Suppose that Z is a spectrum with E.(Z) a free E.-module and
there is a splitting HF,,.(Z) = £*W,®U as P(1).-comodules. Then there is a splitting
FONZ ~Y¥EO NX,V M where M is some EO-module.

Proof. Consider the subquotient Z((j;r %) of Z. Because 2n? < 2pn — n, Propo-

sition 5.15 says that Z((SS)Jr %) has algebraic FO theory. Since HF,. (Z((j;r 2”2)) —

W, & U there is a splitting £O A Z(5"") ~ S¥EO A X,V EO A Z'. This implies
that
ENZEP™) = EApo EONZS™™ ~ S EANX, 0 EAZ,

so F, (Z((j;r%g)) = FE.(2°X,) ® E.(X) as E,[G]-modules. Thus E,(X°X,,) is a sub-
quotient of E.(Z) and E,(¥°X,) is a free E,[C,]-module so the quotient map is split.
It follows that E.(X°X,) is a submodule of E,(Z). By [8, Lemma 1] E,[C)] is injec-
tive over itself relative to F,. All of the modules involved are free F,-modules, so
the inclusion E,[C,] — E.(Z) is split as an E,-module. By definition of relatively
injective, it follows that E.[C,] — E.(Z) is also split as an E,[Cp,]-module. We de-
duce that E.(Z) = E.(X°X,) @& E.(Z'). By Proposition 5.20, there is a splitting
EOANZ ~ EOAY X,V M where s = s (mod 2n?) and EFO(M') = E.(Z'). By
comparing Atiyah-Hirzebruch spectral sequences as in the proof of Theorem 5.6 we
see that s’ = s (mod 2p*n?). O

5.6 A formula for the smash product of algebraic FO-modules

Recall that P(1). = F,[t]/(t?) with A(t) =t ® 1+ 1®¢, so that P(1), is dual to the
subalgebra of the Steenrod algebra generated by P!. Let W, be the indecomposable
P(1),-comodule of length [. The following lemma indicates how tensor products
decompose:

Lemma 5.22. Given 1 <r < s <p,

W’r ® Ws — é ZQT—QiWP oy é EzT_ziWs—r—l—%—l
=1

1=c+1

where

r ifr+s<p
c =
p—s ifr+s>p
and the first sum is empty if r + s < p.

Proof. According to [15, Theorem 1], if V] is the length [ representation of K,[C,],
replacing W, with V; everywhere in the formula gives the tensor decomposition for
V., ® V. By Lemma A.1, this suffices. O

In other words, to decompose W, ® Wy, first apply the corresponding sl, decom-
position rule for irreducible sly-modules of dimension r and s:

W’I‘ & Ws = WT—S+1 b---D Wr+s—1
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When [ is larger than p, there is no indecomposable P(1), comodule named W;. If
W41 shows up in the list for [ > 0, then replace W, & W,_; with Wﬁﬂ. This gives
the decomposition rule.

Corollary 5.23. Let 1 <r < s <p and let ¢ be as in Lemma 5.22. Then:
EOANX, NX,~ EO A ( \/ =X, v/ ZQT‘QZ'XS_H%_l) :
i=c+1 =1
Proof. X; N X; is 2n-sparse so by Theorem 5.13 X; A X; has algebraic £O theory.
Apply Theorem 5.6 to Lemma 5.22. O]

Corollary 5.24. If M and N are algebraic EO-modules, then so is M Ago N.

Proposition 5.25. Suppose that M is an algebraic EO-module and @ < p 1is an
integer. Let SymYy, (M) = MQZEZ_(” be the ith symmetric power of M relative to FO.
Then Sym‘(M) is algebraic and

BP9 (Symio (X)) /m = Sym' (EFC(X)/m)
where the right hand side is the symmetric power in K,[Cy|-modules.

It follows that the formula for symmetric powers of K,[C,]-modules determines
the symmetric powers of FO-module. Corollary 2.7 of [11] gives a generating function
for these symmetric powers which we quote as Theorem A.5.

Proof. Using the binomial formula for the symmetric powers of a sum, the theorem
reduces to the case of M = EO A X;. In this case Sym’,,(EO A X;) = EO ASym’(X;)
so we need to show that Sym‘’(X;) has algebraic FO theory. If E is a spectrum
with trivial G action and X has a G-action, then E'A X,¢ ~ (E A X)ug, so there
is a homotopy orbit spectral sequence HX(E.(X/\)) = E, (Sym'(X;)). Since i is
p-locally invertible and there is a Kiinneth formula, we deduce that FE,(Sym‘(X;)) =
Sym'(E.(X;)) and HF,. (Sym'(X;)) = Sym’ (HF,, X;). Because X; is 2n-sparse, so
is Sym’ (HF,, X;) and thus Sym’(X;) is 2n-sparse and has algebraic FO theory. []

6 W5, has Algebraic £O theory

As a fun application of our theory, we show that W5, has algebraic £O theory.

Theorem 6.1. Let Wy, = BP(1),,. Suppose Y is any space with
HIF:(Y) 22 HF; (Way).
Then Y has algebraic EO theory.

We deduce:

Corollary 6.2. EO orientability of bundles over Wy, is Chern determined.
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We first need to compute HIF; W5, as a P(1)*-module.

Lemma 6.3. As a P(1)*-module, HF;(Way,) = Fy[cp, Cpin, Cpron, - - | with the P(1)*-
module structure:
Pl(CZ’> = (Z + n)ci+n

This implies that
]FP{CIH Cp+n; Cp+2ns - - }

is a P(1)* submodule of HF;(Wy,) and so HF}(Wy,) = Sym(F,{cp, Cpin; Cpyon, - --})-
Furthermore F,{c,, Cptn, Cpron, - - .} is the free P(1)*-module on the generators ¢,y
for all k.

Proof. According to [17], the cohomology of W5, is as indicated as an FF,-algebra.
There is a map of spectra ¢: BP(1) — ku including an Adams summand. Call the
splitting map p. These induce maps between the loop spaces of BP(1) to the loop
spaces of ku. Because ¢(vy) = 77" we have a commutative diagram of infinite loop

Spaces:

L k_u2p

g b
! p

By [17, main theorem|, BP(1), >~ CP*™ x W5, so the map Y5, — BP(1), is a retract of
spaces and the vertical dashed map exists. Thus, the map Wy, — BU is a retract and
we get a surjection HF}(BU) — HIF;(Ws,). Since Wo, is 2p-connective, this factors
through HF;(BU)/(c1,. .., ¢,) where HF;(BU) = Fyl¢;]. In HF;(BU) we have the
formula:

Ple; = cithy — Cigathns + — -+ — Ciyn1th1 + (i 4+ n)citn
Because 9; € (ci,...,¢,) for i <n, we deduce that P'(¢;) = (i + n)ciin. O

The last input we need for this is Corollary A.8 which computes the following
symmetric powers formula:

w4 k
Symk(Wp) = r d pjf
W1 S¥ Wp p]k
If M = F,[C,{z1,..., 24} is a free Cp-module then the trivial summands in

Sym(M) are generated by (z* - - z54)P.

A Symmetric Powers of P(1)* Modules

In this appendix, we show that the representation rings of F,[C,] and P(1)* are
isomorphic, that the symmetric powers are the same for each, and discuss a formula
for the symmetric powers.
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For A a Hopf algebra, let Rep®(A) be the representation tensor category of A and
let R(A) be the representation ring.

Lemma A.1. Let V be the length | cyclic module over F,[C,] and let W, be the length
I cyclic module over P(1)*. The map ¢: R(F,[C,]) — R(P(1)*) sending Vi — W is
an isomorphism of representation rings.

There is no lift of ¢ to a functor because that would imply an isomorphism of
Hopf algebras F,[C,] = P(1)* by Tannakian reconstruction.

Proof. 1t is clear that ¢ is an isomorphism of the underlying graded abelian groups,
where the tensor product is forgotten. We need to show ¢ respects decompositions
of tensor products. By direct computation, it is not hard to show that V5, ® V; =
Vie1 @ Vg for 1 <1 < p so V; tensor generates the category of I, [C)]-modules (see
[15, Theorem 1]). This implies that V5 is a generator for R(F,[C,]). To check that
a map is a ring homomorphism, it suffices to check that f(zy) = f(x)f(y) for z and
y each pair of elements in a generating set. In this case, our generating set has one
element, so it suffices to show ¢([V5]?) = ¢([V2])?. The formula is given by

o([Va]*) = o([Vi] + [Va]) = &([Va]) + o([V3]) = [Wi] + (W] = [Wal* = o([Va])* O

Let A, be the Hopf algebra F,[q, t]/(t*) with the coaction A(t) = tR1+1@t+t®t.
Let Repyp,..(Ay) be the full subcategory of Rep®(A,) spanned by representations that
are free as F,[¢]-modules. Consider the following diagram of Hopf algebras:

Aq
FplCyl P(1)

The algebras A; and Aj are specializations of A,;: A; = A,/(¢ — 1) = F,[C,] and
Ay = A,/(q) = P(1)*. It is fun to note that this diagram is the kernel of Verschiebung
on the following diagram of formal groups:

*

ku ku™ (CP*)
VAN N
KU HF, KU*(CP>™) HEF (CP*)

Lemma A.2. The map 07: R,r(A,)(A,) — R(Ay) induced by tensoring down along
A, — Ay admits a section o such that 0y o oo = ¢.

Proof. We set «(V;) = U;. Since V, generates R(A;), it suffices to check that
a([Va]?) = [Us)?. Let {z1,75} be a basis for Uy so that the action is given by
t(zr1) = x9. Then Uy ® Uy has basis {x; @ 21,21 ® X9, T2 ® 1,79 ® 22}. The
vector 1 ® x9 — T ® x7 is fixed and generates a U;. On the other summand
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Hry ®@x) = a1 + 71 @ Ty + qra @ Ta. Also, t(xe @ 11 + 1 ® T2) = 229 ® x9. The
matrix representation on {71 ® x1,r2 ® 1 + 1 ® Ta, Ty ® X2} is given by:

1
1
u

o = O
_ o O

Basic linear algebra shows that this is conjugate to a length 3 Jordan block, so
{ZL’l & T1,T9 RKRxry +11 X To,T9 & [EQ} = U3. Thus, U2 (24 U2 = U1 D U3 and so
a([Va])? = [Ua)? = [U1] + [Us] = a([Vi] + [V3]) = a([V2]?). 0

Theorem A.3. Let F' be a not necessarily multiplicative, not necessarily additive
natural transformation from the identity functor on the category of tensor categories
to itself. For any tensor category C, F gives a map of sets R(F): R(C) — R(C).
Then the following diagram commutes:

R(A1) —* R(Ao)

lR(F ) lR(F )

R(A1) — R(Ao)

We are only going to apply this when F'is one of the functors Sym"”. In that case,
it says that ¢: R(A;) — R(Ap) is homomorphic for Sym”. T would like to say that ¢
is an isomorphism of A-rings, but neither the domain nor the codomain is actually a
A-ring.

Proof. Suppose that V' € Rep®(A;), that U € Rep®(4,) and W = ¢(V) € Rep®(Ap).
Suppose that F(U) has indecomposable decomposition €, a;U;. Then because F
is natural and ¢ commutes with &,

F(V)=F(.(U)) =0,(F(U)) = 0 (@ aiUi> = @ai%
and likewise
F(W) = F(0y(U)) = 0o(F(U)) = o (@ aiUi> = @%‘Wi

i=1 i=1

We see that ¢(F(V)) = F(¢(V)) so ¢ is homomorphic for F' as desired. O

We still have the issue of computing symmetric powers for I, [C},]-modules. Hughes
and Kemper [11] compute the symmetric powers for [F,[C},]-modules. They have the
following results:

Lemma A.4 ([11, Lemma 2.3 and Theorem 2.4]). Let K = F, and let Rgc, be
the representation ring of F,[C,]-modules. The ring Ric, is generated by Vi, ..., V.
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Define

Then i 1s invertible,

and R(F,[C,))[u] = Z{ul/ () where

_(r— 1)(z% —1)
x+1 '

Theorem A.5 ([11, Corollary 2.7]). Let o4(V) € R(K[C,))[ul[t] be the generating
function

Then

Theorem A.6 ([11, Theorem 2.11]).

Sym™?V, = Sym" V,, & V>

Together, we can use these to compute the case that we need:

Theorem A.7.
d k
VieVy plk

Proof. Let R = R(F,[C,])/(V,). In R we want to show that

SymkVp: 0 ptk
Vi plk

In R(F,[C,), V, = ’f—:}r’”—f and p is a unit, so it is equivalent to quotient by

%. This divides the polynomial f(u) = % so R = Zlul/g(n) where
g(x) = 22;__11 = U,, where WUy, is the cyclotomic polynomial. Thus p is a primitive

2pth root of unity in R and 9, (uP,...,u*?) = 0 for 1 < r < p. Theorem A.5 says

40



the generating function for Sym(V,) is given by

p—1

ou(Vy) = [J(1 — s#2it)" (mod #)
=0
p—1
= hi(p?, i)
=0

and some multiple of nh; is generated by the ;. We deduce that some multiple
nhi(pP, ..., u>"?) = 0 and because R is torsion free this implies h; = 0. Hence,
Sym(V,) =1 (mod p,V,). By Theorem A.6, we are done. O

Combining Theorem A.3 and Theorem A.7 gives:

Corollary A.8.
W;f ptk

Sym* W, =

41



42



Bibliography

1]

[12]
[13]

Andrew Baker and Andrey Lazarev. On the Adams spectral sequence for R—
modules. Algebraic & Geometric Topology, 1(1):173-199, 2001.

Prasit Bhattacharya and Philip Egger. Towards the K(2)-local homotopy groups
of Z. ArXiv preprint arXiv:1706.06170, 2017.

Aldridge K Bousfield. The localization of spectra with respect to homology.
Topology, 18(4):257-281, 1979.

Aldridge K Bousfield. A classification of K-local spectra. Journal of Pure and
Applied Algebra, 66(2):121-163, 1990.

C Bujard. Finite subgroups of extended Morava stabilizer groups. ArXiv e-prints
arXiv:1206.1951, 2012.

Ethan Devinatz. A Lyndon-Hochschild-Serre spectral sequence for certain ho-
motopy fixed point spectra. Transactions of the American Mathematical Society,
357(1):129-150, 2005.

Michael A Hill, Michael J Hopkins, and Douglas C Ravenel. On the nonexistence
of elements of Kervaire invariant one. Annals of Mathematics, 184(1):1-262, 2016.

Gerald Hochschild. Relative homological algebra. Transactions of the American
Mathematical Society, 82(1):246-269, 1956.

Mark A. Hovey. v,-elements in ring spectra and applications to bordism theory.
Duke Math. J., 88(2):327-356, 06 1997.

Mark A Hovey and Douglas C Ravenel. The 7-connected cobordism ring at
p = 3. Transactions of the American Mathematical Society, 347(9):3473-3502,
1995.

Ian Hughes and Gregor Kemper. Symmetric powers of modular representations,
Hilbert series and degree bounds. Communications in Algebra, 28(4):2059-2088,
2000.

Lennart Meier. Relatively free TMF-modules. 2012.

Lee S Nave. The Smith-Toda complex V((p 4+ 1)/2) does not exist. Annals of
Mathematics, pages 491-509, 2010.

43



[14] Douglas C Ravenel. The non-existence of odd primary Arf invariant elements in
stable homotopy. In Mathematical Proceedings of the Cambridge Philosophical
Society, volume 83, pages 429-443. Cambridge University Press, 1978.

[15] J-C Renaud. The decomposition of products in the modular representation ring
of a cyclic group of prime power order. Journal of Algebra, 58(1):1-11, 1979.

[16] John Rognes. Galois Extensions of Structured Ring Spectra / Stably Dualizable
Groups, volume 192. American Mathematical Soc., 2008.

[17) W Stephen Wilson. The Q-spectrum for Brown-Peterson cohomology part II.
American Journal of Mathematics, 97(1):101-123, 1975.

44



	Introduction
	Uniqueness of X_l
	The C_p action on E_*(X_l)
	The map EO –> E is Galois and the E-based Adams spectral sequence for EO-modules
	Splittings
	Determining the homotopy type of algebraic EO-modules
	A brief review of the homotopy fixed point spectral sequence for EO
	Conditions for an EO-module to be algebraic
	Orientations
	Free E_*[Cp] summands of E^EO_*(M) lift to summands of M
	A formula for the smash product of algebraic EO-modules

	W_2p has Algebraic EO theory
	Symmetric Powers of P(1)* Modules

