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a manifold
,
dim M=n

.

An m - dimensional (complex )
vectorbundk over M

.

is a collection of m- dimensional complex vector

spaces (G) ✗ em which "

depend smoothly
on ✗

"

.

More precisely ,
De A vector bundle is

an h -12m dimensional manifold E

and a projection up I :L →
M

which is onto
.

Each fiber

% : = IT
-1 (x) C E

,

XE M
,

should have the structure of

an M- dimensional complex vector

space



and we should have

Kirkus :

tho C- M F open set
UCM

,
xofu

and act diffeomorphism
y : I-40 ) → U ✗①

m

e
such that V- ✗ C- tf

q is
a linear isomorphism from

Ex onto the space
{ ( x ,vv ) / E em}

.

÷:÷::÷÷:trivialization 9 : it -4-0 ) → U ✗Em

4- ( x ,v)=(xÑÉ , ya.vkcx.int ⇒

⇒ ñ= A G) w



where A :(×) is an invertible

complex mxm matrix
which is 0 in ✗

,
i. e.

AEOC-oiGLCm.CI#Exawp6s:--
& The trivial bundles

E= M ✗ 1cm
,
I Cx

,
v) = ✗

&The tangent bundle Ccowpkxifed)

{ = To M ,
Ex = IM A

& The cotangent bundle TIM
Cwik stop writing the subscript

¢ from now on )

④ The bundle of densities :

1521
,

1- dimensional ;

I



for each ✗ EM
, ¥¥%

trh
,
is the space

of
maps

2.x : Tn Mx - - . ✗ Tam → E

TEs
which are multilinear and satisfy
for each nxn real matrix A = G-b)
and vectors v1

,
. . . in C- Tam

4Gt
,
.
. . in)= ldet At ✗✗ ( vii. in )

where Tj : = Éajkvk .

k=l

One can check thet this does

give a 1- D complex vector

bundkouerM.sectionsofvector-bundes.ve
say

that a map



✗ EM ↳ ulx) E Ex

is a Cd section of the vector bundle E

if it is 0 in each trivialization

4 :#µ ) → U ✗ Em :

for ☒C- 0
, y Culx

)) = (×
,

v( xD

for some 0 map
v :-O → em

.

Denote by CTM; E)
the space

of 0 sections
.

Similarly can define Lien CM ; E)

ecxawptes :

• CTM; TM)
= Couplexified)

vector fields
• CT (M ; C-

*

M ) = 1- forms
( more later )

• Any density u C- It CM ; Irl )
can be integrated :



UEL:(M ; Iri )→ Su c- e.

M

For MC 112
"

open ,
define

§ u to be futile , ,
.
. . .eu ) DX

where ei
,
. . . ,en is the canonical

basis of IR ?

For general M , can use local

trivializations & check that

He integral does not depend
on the trivialization

• If
g
is a Riemannian metric

then dvdg is a deadly :

dvdgcxlcv , ,
. .
. ,Vn)= FB

where D= ( bjw)
,
bjk = gC×)( Vj ,Vk )

I



• If u C- 0 ( M) is a function ¥
and v E CE CM ; Irl ) is

a

compactly supported density
then a-v E CE CM ; Irl ) .

Can define invariants ( no need to
fix a metric)

(un) : = Suv
M

So it is more natural to define

distributions as

D
'

(M) = dual space
to

CICM ; Irl)
• If E is a vector bundle

,

define Cm ; E)
= dual space

to

CICM ; thank;UD)
where th

,
Hom CE; Irl) ✗ is the space

of all linear naps Ex → Irl ✗

I



Indeed
,

if

UE CTM; E) , VEGTM; thank; Irl ))

we can define V- ✗ EM the pairing
Lu ,v > ✗

= Vxlux) C- Irl
,

And then define the pairing
(un) = flu ,v > where

M

<up> c- CICM; Irl )
• Can define Sobolev spaces
Hseoc CM ; E) CO

'

CM ; e)

§DiffÉww

onveotorbundks-Firstthece.seof trivial bundles :
if Mis a manifold



and we consider trivial bundles
ft "

=
" Mx

,'
"

=

"

µ ✗ Ice
'

then an operator
I : c- CM ; → 0cm; ①e)

is called a differential
operator of order in
if it's a matrix of differential

operators : ltñ = Cu , , . . . ,ué ) C- CCM;É)
where the components uj C- ECM;G)e

'

we have ñ)j = ¥, Ijjuj
where Bjj , E Diff

"

( M)
.

Denote by Diff TM ; ice
'

→ d)
the space

of all such operators .



18
.

155
- Basic example :
if#i open then

d : 0cm ; a) → day; E)
is in Diffh

.

Here df = Gaf , . . . ,2✗nf)
• The principdsymbl of I
is the matrix Gm (Pjj ) )j;j .

We think of it as a
nap from

-1*14 into Hqmicé ; ice )
space of linear maps

①
"
→ f ?

Namely
,

if Cxig) C- FM and

Ñ = Cv
, ,
. . . ,Ve) E fl

'

then

6m (d) i.31.8 E ee is given by
e '

farce )CxB)v→)j = :-# 0m¥;) Vj' .



Laz, if M CIR
"

open

then odd) (× ,} ) = .

fi = Fi )

there ✗ EM
,
3 C- IN

,

and

the 3 on the RHS is

the map
t-E-t.SE ¢?

• Can define differential

operators on sections of

vector bundles : if E. F

are vector bundles over M

then can define Diff " ( M ; E →F)

by using local trivializations .

And can define for I C- Diffmay ;e→f)
the principal symbol on CI ) :

for ✗ EM
,
} C- TIM

,



oh (D) ( ✗ is) is a linear nap
Ex → Fx .

Kan write on (D) C- 0 ( -194;#Houle →FD
Where Han Ce → F) is the bundle lover M)
of linear maps Ex → Fx
and a-

*
(it ) is the pullback

oftuatbmdlebyñ:T*M→µ
Elliptic Regularity I ,
elliptic estimate

,
and

Fredholm mapping properties ( if M compact)

still hold for operators IfDiff
"

on vector bundles which are

elliptic in the following sense :

V-cx.DE -1*14,3-1-0, the map
on CIKX,}) : Ex →Fx is invertible Greed dink dint



Why so ? Can reduce to É
NC IR

"

open , E-
F- ¢?

Then I = ( Pj;) is an exe

matrix of differential operators .

Can construct elliplicparametrix
as a matrix of pseudo diff . operators :

e.
Q = ( Opcqjji )) ;,j± , , i

-
e

.

(Qu→)j= 2,
Oplqjj ) Uj

where ñ = Cu
, ,

. . ,Ue ) C- JCM ; Rl ) .

The elliptic parametric construction

works similarly to the scaler case 1--1

except we start with qjjcx ,3)
S.t. Cqjj. exist, iqlfemrse of the matrix

CP
;g) (x, } )) j,p= ,



§f¥ff¥*÷£•pmañtdd_
.

Assume also it's oriented :

F ✗ EM & a basis V1
,
- in of -1×14

can decide if (vii. . in ) is positively
or negatively oriented in a way
which depends continuously on ✗ .

For 01k -9
,

define the vector

bundle of complained ) K - forms
on M as

I:= Ak T.IM
Here At stands for antisymmetric
k-th tensor power .

That is
,

for each ✗ EM
,

consists of maps M → e



which are multilinear and LEC 18

change sign if we permute
two arguments

.

NH r' = T.IM .

Sections in CTM;rk)
are called differential k - forms .

A lot of wonderful properties :
in particular,

• tooordinate system x : →
¥?

R (y
) = (X

, (g) , . . . in Cy))

fr
can define the differentials

DX
, ,
. . . >
dxn C- ECT ; rt)

and a basis of each rk×
,

✗EV
,

is given by dxj , A- . Adxjk
where is jnc . - . <jh Eh .



• FEED:

d : CTM;D
"
) → CCM jerk-14

In coordinates
,

dlflxldx.gl . . . Adx ;D
= dfhdxj , A- . Adxjk
where df = §=

,

2µF . dxe C- 0-0 ;

We have d
• Integration : if WECTM;r7

,

h= dim M
,
then can define

few .

( This is where we use

that Mis oriented ?

• sttces-hm-cmcpet.no boundary ) :
YW C- GCM;D

" )
,
we have §dw =D .



•de¥¥É¥Éskad of

for 0£ Ken
,
the k -th

cohomology group is

HHMiat-YI-Y%FE.EE?-.-
§l8.4.Hodgeory_
Now assume we fix
a Riemannian metric g

on M
.

This defines a volume form dlblg
& an innerproduct
on each Ik

.

The latter is defined as follows :

• k=1 → the inner product on
T*M

given by g



• 1<>1 : for 2
, ,
. . .

>
2k C- it

& , ,
- - . she C- r}

define 4,1 . . . 12k
,
& ,
A- - the>

g
to be the determinant
of the matrix with entries

k

( LL j Be>g) j.eu '

(Turns out this extends to
an inner product on II.?

• Now define the E inner product
on CTM ; rk) by
Lu
,v2 : = Stun.FM?gdVdgGd

M

for all up C- day ;rk)
.

• The operator of:< CTM ;
→CTM;r↳y

is a differential operator of order 1 :



dkcfdnxj.n.rdg.nl ¥
=

¥
,
dxefdxeldxj.lt . - ldxjh

T

this is 0 if C- Ej , , . . ;jk }
and its principal symbol
g.Cdk) is given by
srsldixx ,

}) G) =i( 512)
for all ✗ EM

,
SE TIM =D!

,

2 C- rk×
,
3h2 is the wedge

product ,
3ha c- r¥?

•Now define the differential

operator 8k : CTM ; → day
;

as the adjoint of dk-i-8k.DE



That is
,
for all

UE CCM; IK)
VE C- (M ;D

" " ) we have

< orku ,v2 = < u
, dkv>e

i. e
.

£8kucxlilxgdvdslxtffulxbdnvlxgdvdslx
M

The principal symbol of 8k
should be the adjoint of
the principal symbol of dhe :

if cx ,3) C- THY and ✗Er :
Per

then Hokkaido >gas =
= - ILL

,
} to>

gcx) .



• Consider the bundle

of all differential forms

r•:= ¥.sk .

Then die
,
8h define operators

d. 8 : CTM;D ) → CTM;D)

and d.SE Diff
'

( M;D →si )

Keyf- : the "

Dirac operator
"

d-18€ Diff ' ( M; D.→f)
is elliptic and self-adjoint .

Self-adjointness follows from
ÑfÉt8=d*

.



For dlipb , LEC 18

we need to show that
Y ✗EM

,
3€ TIM ,

} -1-0
,

the principal symbol QQ,})=Q(d+8Kx, 3)

on Cx
,
}) : r; → D;

is an invertible ( linear) map .

Can assume that 131g =L

& pick a system of coordinates

such that dx
,
,
.

.

.

,

dxn is

a g-
orthonormal basis of T.IM

Cat just one point a)

and 5-
Then an orthonormal basis

of six is given by
dat := dxj , A- - Adxjk where

d- = { ji , . . . ,jh} , ji
. .
.
<jn goes

over

subsets of { t.sn}



We then have

0A
,
})(dxa)={id×{ sina.it t.at

- i dxetysz , if IEA

(the first line comes from d

& the second line comes from 8

recalling F- gfd+d )

which is indeed invertible .

• The Hodgelaplacian
Ag
= Cd-185¥ d8+8d is

since d? 0=82

also elliptic Cin Diff TM; I-Ii ))

and self - adjoint .

In fact
, TCAs)( ✗ is)

is the multiplication by 131
'

on D;
.

CNote : Hodge Ag
has

,

the opposite sign
of
"

A 2g.
"

we used before)



So its
,

d -18 : Hs"(M; F) →HIM;j)
and Ag

: Hs" (M; ri ) → way ; ri )
are Fredholm of index 0

.

What is the kernel ?

lemma-kercdgt-kercd-D-TECTM.si) / du=D , 8u=O } .

This also equals⑤ fete
k=o

where Ah := { uecicm; six % }
is the space ofharmouickforms
And by the Fredholm property

dim folk < a .



Bet It's easy to see that

Ker Cdg) > Kercd-18) > fu : du -0 ,Su=o}
So we just need to show that
if at OCM ; si ) and Agu

-_ 0

then du -0 and Su=D
.

Compute D= <Agu ,Me
=L d8u+8du

, uz, casing F=d* )

= <Su
,

Su> it < du , du>u
= 10h11 it + Haluk ,

so dn=0
Su =D

www.ea.us?anheeded#dC0)--fdu1uE0ay;rkgzccTMir""

)

Kerk
, DE { UECTM;D ) / du -03

and similarly ICT
,
Kuroda



thanfttodge decomposition]
We have

CTM;Ñ)=Hk④dµCc7⑦ok+
,

(E)

and

key.dk = H
"

④ dk
. ,
CCT

.

In particular , the de Rham
cohomology group
HKdp.CM ; G) = kerodkldk.CC)
is isomorphic to fek
(each cohomology chess has a

unique harmonic form )

1



10¥01. The sun ¥
Ñ④dµC0) ④ 8kt

,
(C)

is direct : assume
uEhk
ready;rh - 1)
WE Gay ;D

")
and u+dv+8w=0 .

Apply d : since du-0 & DIO

get d8w=O .

But then

0={d8w,wzz=<dw,Jwz⇒8w=o .
Apply J : get Sdv =D , so
O= <Edu , v2.=<dv,dvzz⇒dv=o
Thus u=o as well

.

k



& We have Cti = &
⇒

MY

CTM ; r
.

) C H
•

⑦ d (C) +0869
.

Indeed
,
take BE ECM ; t )

and any SER .

The operator d -18 : HTM ;
oil -Hiiiii)

is Fredholm and self-adjoint one
with kernel be :
Its range Cd-rs) (HS ) is

{ a c- Hi -1cm ; ri) 1<4%-0
well

.

}
.

Thus there exists unique
u C- fi such that

B - u E @+8) CH )
.

And then there exists unique
v E HSCM ; t ) such that

§ = at Cdt8) v and vthzté



Since u
,
✓ are unique

they have to be the

Same for all S .

Thus v C- HSCM ;D
.

) its

which by 5.b.lieu embedding
cpset 8

,
Exercise 2lb) )

shows that vE OCM;D)

¥÷÷÷÷÷:
Key. D= ft ⑦ dco ) .

z is immediate

CdCttKQdZo7.To_sbws.tokeauyfEker@dccT1y.r.

)



and write the Hodge decomposition
of = u + dv tow

, YWECTM;D)
since d&=O

,

du =D
,
d2v=o

,

get d8w=0
which as in step 1 shows that
8W -0

.

So D= atdv
asueeded.LT#
Using that HKDRCM; e) all

"

we can show the de Rham version

of Poincaréduality :

dim Slk= dim fl " -k f k .

This is because there exists

a 0th order diff . operator
* : CM ; It) → c- (µ;r

"4th



such that 8k : CTM;r4→cTµ;i
is given by 8h -_fDk*-1d*
and * * = C- 1)

K " -1¥ on K - forms
From here one can see that

* : Sek - Seh -k is
an isomorphism HK

( i.e
.

if du-0,84=0 then

data)=o , 5C*u)=o . )


