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A zero mode, or floppy mode, is a nontrivial coupling of mechanical components yielding a degree of
freedom with no resistance to deformation. Engineered zero modes have the potential to act as microscopic
motors or memory devices, but this requires an internal actuation mechanism that can overcome unwanted
fluctuations in other modes and the dissipation inherent in real systems. In this Letter, we show theoretically
and experimentally that complex zero modes in mechanical networks can be selectively mobilized by
nonequilibrium activity. We find that a correlated active bath actuates an infinitesimal zero mode while
simultaneously suppressing fluctuations in higher modes compared to thermal fluctuations, which we
experimentally mimic by high frequency shaking of a physical network. Furthermore, self-propulsive
dynamics spontaneously mobilize finite mechanisms as exemplified by a self-propelled topological soliton.
Nonequilibrium activity thus enables autonomous actuation of coordinated mechanisms engineered
through network topology.
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Soft, electronics-free assemblies capable of autonomous
motion and reconfiguration are emerging as the basis of
new adaptable smart materials. Macroscopic morphology
schemes, such as snap through [1–5] and buckling [6–8]
driven by heat [9] or chemo-fluidics [10], are comple-
mented by the robustness of topological modes [11–15] to
give a wide set of components based on elastic networks
[16–20]. In such networks, a zero mode (ZM) arises as a
degree of freedom with no resistance to small deformation,
either as an infinitesimal zero mode (IZM) with resistance
at a nonlinear order [21–29] or a mechanism with a
continuous range of motion [25–27,30,31]. A designed
ZM can potentially be exploited as a complex coupling
[32,33] in an internally driven material. However, actuation
of a ZM can be hampered by indiscriminate simultaneous
excitation of nonzero harmonic modes (HMs), particularly
in noisy microscopic systems [29,34–38]. Nonequilibrium
processes [39], which support intricate topological edge
currents [40–42] and unorthodox stress responses [43,44],
may hold the key to overcoming this actuation dilemma.
In this Letter, we show that active matter provides

effective schemes to autonomously actuate a mechanical
ZM. Active biophysical systems, such as bacterial suspen-
sions or self-propelled microswimmers, convert disperse
environmental energy into directed motion [45–47].
Tracers in an active bath, and the active particles them-
selves, then have positional statistics differing from thermal
white noise [48–50]. This statistical “color,”which depends
on properties such as fuel availability and suspension
density, can be used to drive mode actuation statistics

away from equilibrium in a controllable fashion [51,52],
meaning features such as geometric asymmetry can be
exploited to do work [53,54]. First, we show that correlated
noise generated by an active matter bath [49] can actuate a
complex mechanical IZM while markedly suppressing
HMs to a degree dependent on temporal correlations, as
well as exemplifying experimentally that fluctuation-based
IZM actuation can be mimicked by simple high-frequency
shaking. We then broaden to self-propulsive Rayleigh
activity [55–57], appropriate for a network whose nodes
have intrinsic motility [58]. We show that this scheme
mobilizes a full mechanism comprising a propagating
domain boundary in the SSH lattice [11,27], suggesting
that Goldstone modes of arbitrary complex systems can be
mobilized by nonequilibrium driving [51,59,60].
To gain intuition about the core idea, consider this basic

example: a mass is held between two fixed points, x̂ ¼
ð1; 0Þ and −x̂, in the plane by two identical springs of unit
natural length and stiffness [Fig. 1(a)] [38]. Let x ¼ ðx; yÞ
be the offset of the mass from its equilibrium (0,0). The
total elastic potential energy is

HðxÞ ¼ 1

2
½ðjx − x̂j − 1Þ2 þ ðjxþ x̂j − 1Þ2&: ð1Þ

If the mass is excited by thermal noise of temperature T, its
position is Boltzmann distributed with pðxÞ ∝ e−H=T . To
leading order in T ≪ 1, p can be approximated by p0ðxÞ ∝
e−H0=T where H0 ¼ x2 þ 1

4 y
4 [38]. This bare Hamiltonian

shows the two eigenmodes: an HM of frequency
ffiffiffi
2

p
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parallel to the springs, and an IZM perpendicular to the
springs. Scaling considerations then imply that the varian-
ces hx2i and hy2i vary as T and

ffiffiffiffi
T

p
, respectively. The fine

details can be seen by formal expansion in
ffiffiffiffi
T

p

(Supplemental Material [61]), in which interaction cross
terms are negligible as T → 0; this does not hold in the
more complex examples below, where broken symmetries
induce non-negligible interactions ∝ xy2 in H0 that can
cause strong violation of naive equipartition hx2i∼T=ω2.
Either way, the basic T-scalings still hold, so hy2i=hx2i→∞
as T → 0. Thus fluctuations in the IZM dominate those in
the HM at a low temperature.
Uncorrelated noise is a crude tool, with only one control

parameter. Actuation by biological or chemical active
matter [58,66] can allow finer tuning. The forces generated
by a motile bath can be modelled by an Ornstein–
Uhlenbeck process ξ obeying τ_ξ ¼ −ξ þ η, where η is a
thermal process with variance 2γT for amplitude T and
friction γ, and τ is the correlation time [50,67]. These
parameters depend on the properties of the active medium
[49], and so by changing these properties—density, temper-
ature, fuel concentration—the statistics can be tuned. In the
overdamped limit with γ rescaled to one, it was shown in
Ref. [50] that small τ ≪ 1 adjusts H to an effective
potential

Heff ¼ H þ τ

"
1

2
j∇Hj2 − T∇2H

#
þOðτ2Þ: ð2Þ

For our example in Fig. 1, this (or the unified colored
noise approximation [68,69]) gives a low-T expansion
Heff ¼ ð1þ 2τÞx2 þ 1

4 y
4 þ ' ' ', implying

hy2i
hx2i

≈
4Γð34Þ
Γð14Þ

1þ 2τffiffiffiffi
T

p ð3Þ

for small T and τ {Supplemental Material [61]; Fig. 1(c)}.
This is reflected in the τ ¼ 2 marginal densities [Fig. 1(b)]:
x contracts, while y is unchanged except for a small
bimodality directly analogous to boundary accumulation
of microswimmers [70]. In the opposite limit τ ≫ 1, where
Eq. (2) does not hold, we show in the Supplemental
Material [61] that separation of time scales gives the
asymptotic power law

hy2i
hx2i

≈
27=3Γð56Þ
π1=2

$
τ
T

%
2=3

; ð4Þ

as τ=T grows large [Fig. 1(c)]. These results demonstrate
that active noise is an effective means to actuate an IZM.
In a general mechanical network, the same ideas can be

used to actuate an IZM with many masses moving
in a complex, coordinated fashion. A stable mechanical
network comprises nodes α with rest positions x0α, and
Hookean elastic bonds ðα; βÞ between nodes α and β of
natural lengths lαβ ¼ jx0α − x0βj and stiffnesses kαβ > 0.
When the nodes are perturbed to xα the network has elastic
energy

HðfxαgÞ ¼
1

2

X

ðα;βÞ
kαβðjxα − xβj − lαβÞ2;

which is minimized if (but not always only if) xα ¼ x0α.
Node α then feels an elastic force Fα ¼ −∇αH, where we
notate ∇α ≡ ∂=∂xα. Large real-world systems also possess
dissipation, which we include as a linear friction force γ _xα.
In general, dissipation within bonds [1] could also be
included as forces ∝ _xα − _xβ giving a nondiagonal friction
matrix [71]. We further restrict to two dimensions, and
assume all nodes are identical, adopting units in which
node masses are one and other constants are scaled by a
characteristic stiffness and length (Supplemental Material
[61]). Finally, we pin boundary nodes (Figs. 2 and 3) or
particular interior nodes (Fig. 4) to eliminate rigid body
translations and rotation.
Without any actuation, the mobile nodes obey passive

force balance, namely ẍα ¼ −∇αH − γ _xα. Consider a small
perturbation xα ¼ x0α þ εα of the rest state, and let e
be the vector obtained by flattening εα. To first order,
e obeys ëi ¼ −

P
j Dijej − γ _ei, where the Hessian Dij ¼

∂i∂jHðx0Þ is the dynamical matrix [11]. The orthonormal
eigenvectors fvkg ofDij give the fundamental modes of the
elastic network, whose non-negative eigenvalues fω2

kg
determine if each mode is an HM (ω2

k > 0) or a ZM
(ω2

k ¼ 0). These then form a basis for configurations xα.
Writing ckðtÞ for the component of mode k at time t, given
by dotting the flattened xαðtÞ with vk, we define the

(a)

(b)

(c)

FIG. 1. Zero mode actuation in a bead–spring model. (a) Single
mass at offset ðx; yÞ, with HM in x and IZM in y [38].
(b) Comparison of T ¼ 0.01 exact marginal densities of x and
y at τ ¼ 0 (black) with τ ¼ 2 densities from simulation (blue) and
approximated from Eqs. (1) and (2) (red dashed). Histogram for
τ ¼ 2 from 50 000 samples, others by quadrature (Supplemental
Material [61]). (c) Variance ratio rðτÞ ¼ hy2i=hx2i from simu-
lations (markers) with approximations for small τ (solid lines)
and large τ (dashed lines) from Eqs. (3) and (4): 5000 samples
per marker; 95% CIs smaller than markers (Supplemental
Material [61]).
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amplitude of mode k to be the time average of its squared
coefficient, hckðtÞ2i. Our goal is to show that the ampli-
tudes of ZMs can be selectively actuated in suitably
designed networks.
When a network is actuated by active forces on its nodes,

its dynamics depends on both its structure and the type of
activity. The positions xα obey the general actuated dynamics

ẍα ¼ −∇αH − γ _xα þ Fαð_xα; tÞ; ð5Þ

where Fα represents the actuation process. For this process
we will consider not only the thermal and correlated active
bath processes exemplified above, but also strong self-
propulsive activity through internal energy depot actuation.
These incorporate increasing levels of nonequilibrium
dynamics, which progressively actuate infinitesimal and
finite zero modes.
Generalizing the singlemass example above, amechanical

network driven by Ornstein-Uhlenbeck noise can be for-
mulated with an extra vector ξα for each node [50,70,72].
These follow

τ_ξα ¼ −ξα þ ηα ð6Þ

for independent Gaussian noise processes fηαig of variances
2γT. We set Fα ¼ ξα, giving actuation forces correlated as
hξαiðtÞξβjðt0Þi ¼ δαβδijðγT=τÞe−jt−t

0j=τ. The limit τ → 0 then
gives thermal noise. We also again take the overdamped
limit, appropriate for immersion in an active matter bath.
After rescaling to set γ to 1, this gives first-order dynamics

_xα ¼ −∇αH þ ξα; ð7Þ

which are subject to Eq. (6). Varying τ while holding T fixed
then probes the effect of increasing activity-driven correla-
tions at constant actuation intensity hξαið0ÞξβjðtÞi.

For a mechanical network designed to have a nontrivial
isolated IZM {Fig. 2(a); Supplemental Material [61]},
correlated noise highlights the IZM and suppresses fluc-
tuations at other nodes. Numerical integration of Eq. (7)
shows that, while thermal noise (τ ¼ 0) actuates the IZM
with significant surrounding fluctuations {Fig. 2(b);
Supplemental Material Video 1 [61]}, an active process
with τ > 0 damps HM fluctuations relative to those of the
IZM {Fig. 2(b); Supplemental Material Video 2 [61]}.
This is confirmed in the mode amplitudes hc2ki, shown in
Fig. 2(c): the IZM amplitude remains at its τ ¼ 0 level,
while HMs decay as τ increases. Two further examples
showing IZM preservation and HM suppression are given
in the Supplemental Material [61]. The same suppression is
not guaranteed if the ZM contains a low-coordination node
with bistability in its position (Supplemental Material [61]),
since the fluctuation basis depends on the state of the
bistable node, but this can typically be avoided in design.
Even without correlation, persistent low-temperature

ZM-HM coupling enhances mode amplitudes and causes
naïve equipartition to fail. In a system comprising only
HMs ui of frequencies ωi, two-mode interactions are
diagonalized away and the lowest-order terms remaining
are at best third order. For low temperatures T ≪ 1,
interactions can thus be neglected relative to harmonic
energies u2i and simple equipartition of independent modes
hu2i i≈T=ω2

i is a good amplitude estimate. However, with a
quartic ZM v present, there are three types of lowest-order
term in T ≪ 1: the independent mode energies v4 and u2i ,
and ZM-HM interactions uiv2. Interactions contribute an
effective repulsive quartic potential on the ZM, causing its
amplitude hv2i to increase with every additional HM
interaction (Supplemental Material [61]). Moreover, the
HM amplitudes hu2i i are also increased by their interactions
with the ZM (Supplemental Material [61]).
Small- and large-τ asymptotics provide general princi-

ples for the behavior of network modes. When τ ≪ 1,

(a) (b) (c)

FIG. 2. Active noise actuates an IZM while suppressing HMs in a mechanical network (Supplemental Material Videos 1 and 2 [61]).
(a) A network of unit length, unit stiffness springs is designed to contain exactly one IZM (arrows). White nodes are pinned.
(b) Histograms of node positions in highlighted area of (a) when actuated by thermal noise (left) and correlated noise with τ ¼ 10 (right)
of strength T ¼ 10−3. The IZM is more cleanly actuated by correlated noise while HMs are suppressed. (c) Thermal-relative amplitude
hu2i iτ=hu2i iτ¼0 of the 21 lowest eigenvalue modes ui of (a) from numerical integration at 0 ≤τ ≤10, with T ¼ 10−3 fixed to maintain
constant intensity hvαið0ÞvβjðtÞi. The IZM (red) is barely affected, while HMs (blues) diminish. Grey areas are estimated 95% CIs; data
from 20 realizations to t ¼ 2 × 104 with δt ¼ 10−4 at each of 20 values of τ (Supplemental Material [61]).
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computing the effective potential in Eq. (2) [50] for an
arbitrary small-T expansion H ≈

P
i aiu

2
i þ

P
i biuiv

2 þ
Av4 in HMs ui and a quartic IZM v gives new effective
coefficients incorporating τ to leading order (Supplemental
Material [61]). In particular, the stiffnesses ai become
aið1þ 2τaiÞ, showing that weaker modes have a propor-
tionally weaker response to increasing τ, while hv2i is
unchanged. Conversely, as τ → ∞, a scaling analysis
shows that an IZM has amplitude proportional to
ðT=τÞ1=3 while all HMs have amplitude proportional to
(T=τ) (Supplemental Material [61]), generalizing our ear-
lier example. Physical dependencies are clarified by restor-
ing dimensionful parameters, turning T=τ into γT=κ2λ2τ for
typical spring stiffness κ and length λ.
In a real mechanical network, local activity can be

mimicked by the randomization generated through high
frequency shaking. We fabricated a stiff-edged network
designed to contain an isolated IZM [Fig. 3(a)] by connecting
plastic edges with freely rotating joints.We then actuated the
network by mounting it on a baseboard, with fixed edge
nodes, and securing this board to a loudspeaker
(Supplemental Material [61]). The speaker was driven at
49 Hz with 20% Ornstein-Uhlenbeck noise of correlation
time ð1=345Þ s to prevent metastable sticking (Supplemental
Material [61]). The baseboard collisions generated by the
high-frequency shaking randomizes the motion of the IZM,
actuating it throughmotion allowed by slight pliability in the
pin joints {Fig. 3(b) and Supplemental Material Video 3
[61]}. The effective activity, and so the relative actuation of
the IZM and HMs, can be controlled by changing the
actuation frequency (Supplemental Material [61]). Thus
even elementary actuation strategies can be of practical
use for IZM mobilization.
We now turn to a stronger form of activity. If the masses

themselves are motile, able to convert chemical energy to
kinetic energy, an effective model is to introduce what

amounts to a negative frictional response at low speeds
[56,57]. Appealing to expansion techniques, as in the
Toner-Tu model [73], we use simple Rayleigh activity
[71] with a velocity-dependent propulsive force

Fα ¼ γfð1 − j_xαj2=v2Þ_xα; ð8Þ

where γf sets the force strength and v is a natural speed in
the absence of friction. The overall effective friction force
can then be viewed as γ _xα − Fα ≡ fðj_xαjÞ_xα with effective
friction coefficient fðuÞ ¼ γ − γf þ γfu2=v2. Provided that
γ0 ≡ γ − γf < 0, this gives a natural speed v0 ¼
vjγ0=γfj1=2 below which fðuÞ < 0. The quiescent state is
then rendered unstable: to linear order, a perturbation of any
eigenmode grows at least as fast as ejγ0=2jt (Supplemental
Material [61]). Nonlinear effects bound this growth, giving
oscillatory trajectories for constrained systems [56].
Under Rayleigh actuation, deviations in the ZM domi-

nate those in the HM at small v0, as for correlated noise,
with extra oscillatory structure in time. Take once more the
example in Fig. 1. At small γ0, the leading order behavior is
a conservative oscillator ẍ ¼ −∇H whose amplitude

(a) (b)

FIG. 3. Shaking actuates the IZM of a stiff mechanical network
(Supplemental Material Video 3 [61]). (a) Photograph of network
with isolated IZM (arrows) constructed from plastic. Joints are
freely rotating pins, with boundary nodes fixed in position.
(b) Actuating the network by high frequency shaking mobilizes
the IZM, shown by node positional histograms for the subregion
indicated in (a) computed by particle tracking over 14 min with
distances rescaled by mean edge length. (See Supplemental
Material [61] for experimental methods.)

(a)

(b)

FIG. 4. Self-propulsive activity spontaneously mobilizes a
complex mechanism (Supplemental Material Video 5 [61]).
(a) Mechanical SSH model [11,27], which has a periodic
mechanism comprising progressive flipping of the masses from
right to left and back again. Black nodes are fixed, blue nodes are
mobile. (b) Endowing a 21-node chain with self-propulsive
activity spontaneously mobilizes the mechanism. The progres-
sion speed depends on the propulsion v0, seen through the time-
dependent offsets Δxi of mobile nodes from their pinning points.
All bonds of strength k ¼ 10 with γ0 ¼ 1, integrated at δt ¼ 10−5

from initial random perturbation.
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is set by kinetic-to-potential energy balance v20 ∼H
(Supplemental Material [61]). The ZM-HM variance ratio
therefore scales as hy2i=hx2i∼1=v0, which diverges as
v0 → 0. A similar divergence occurs in the “overdamped”
case γ0 ≫ 1. This same suppression of HMs persists in
more complex networks (Supplemental Material [61];
Supplemental Material Video 4 [61]).
Beyond IZMs, self-propulsion distinguishes itself from

an active bath in its ability to fully mobilize free-moving
mechanisms [36] even in topologically complex cases. For
a node tethered to just one fixed point, invariance means
that the dynamics of the rotation angle θ has no elastic term.
The node therefore accelerates and sustains an angular
velocity ∼v0 in the finite mechanism. This principle
generalizes to intricate mechanisms of large mechanical
networks. Recently, a mechanical chain inspired by the
SSH model of polyacetylene [Fig. 4(a)] has emerged as a
rich source of topological phenomena [11,27]. This chain
possesses a ZM localized at the boundary [11], which gives
rise to a finite mechanism manifesting as a domain
boundary propagating along the chain [27]. Ordinarily,
to begin propagating an external energy input is needed,
either by a manual “kick” of the end nodes or by a global
force field. But persistent propagation is difficult: motion
by a “kick” will inevitably slow and stop due to dissipation,
while an external field needs regular adjustment to keep the
defect moving between the two ends of the finite chain.
Endowing each node with active propulsion spontaneously
actuates the ZM, mobilizing the boundary and causing a
domain wall soliton to propagate autonomously along the
chain {Fig. 4(b); Supplemental Material Video 5 [61]}.
While under passive dynamics the propagation speed of the
topological soliton is set by the initial kinetic energy or the
external force strength, here this is controlled by v0, the
effective self-propulsive speed [Fig. 4(b)]. The defect can
propagate cleanly for multiple cycles up and down the
chain, with occasional stalls or reversals caused by the
complex interactions of the fluctuating active nodes
(Supplemental Material [61]).
To conclude, we have shown that both nonequilibrium

active baths and intrinsic self-propulsion can actuate infini-
tesimal and finite zeromodes ofmechanical networks. Rapid
progress in developing artificial active systems [58,66]
suggests practical routes to engineer active mechanical
networks exhibiting fine-tuned fluctuation spectra or even
complex response phenomena, such as nonreciprocity
[23,74] enabled by asymmetric nonlinear zero modes and
nonequilibrium steady state statistics. These networks could
be used to perform complex mechanical tasks, such as
enhancing transport of transiently bound colloids, or to
extract work from an active medium [59] by attaching
magnetic beads to drive a miniature dynamo, for example.
In general, we expect that any Goldstone mode of a complex
mechanical system can be selectively mobilized by non-
equilibrium activity of this kind [51].
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∝ ||∇∇H|| e−τ |∇H(x)|2/2T , Ua8V

r?2`2 ||∇∇H|| /2MQi2b i?2 �#bQHmi2 p�Hm2 Q7 i?2 /2i2`@
KBM�Mi Q7 i?2 >2bbB�M ∇∇H Ui?�i Bb- i?2 C�+Q#B�M Q7
i?2 i`�Mb7Q`K�iBQM #v ∇HVX

6Q` τ/T ≫ 1 r2 +�M- HBF2 #27Q`2- i�F2 �M 2tT�MbBQM iQ
�TT`QtBK�i2 KQK2Mib Q7 i?Bb /Bbi`B#miBQMX S`QpB/2/ QM2
�++QmMib 7Q` i?2 T`27�+iQ` Q7 i?2 2tTQM2MiB�H- KQK2Mib Q7
px �`2 `2H�i2/ iQ KQK2Mib Q7 i?2 "QHixK�MM /Bbi`B#miBQM
rBi? 2z2+iBp2 TQi2MiB�H G(x) = 1

2 |∇H(x)|2 �M/ 2z2+@
iBp2 i2KT2`�im`2 T ′ = T/τ - bBM+2 px ∝ ||∇∇H||e−G/T ′ X
LQr- G ?�b H2�/BM; MQM@BMi2`�+iBM; i2`Kb G = 2x2 +
1
2y

6 + · · · BKTHvBM; b+�HBM;b x ∼ T ′1/2 �M/ y ∼ T ′1/6 U+7X
i?2 bK�HH@τ b+�HBM;b x ∼ T 1/2 �M/ y ∼ T 1/4VX 6QHHQrBM;
i?2 b�K2 T`Q+2bb �b i?2 HQr i2KT2`�im`2 2tT�MbBQM- #v
bm#biBimiBM; 7Q` x = T ′1/2u �M/ y = T ′1/6v �M/ 2tT�M/@
BM; BM TQr2`b Q7 T ′1/3 KQK2Mib +�M #2 �TT`QtBK�i2/ �b
�M 2tT�MbBQM BM T ′X 6Q` +QM+Bb2M2bb r2 Dmbi +QKTmi2 i?2
H2�/BM; Q`/2` ?2`2X q2 ?�p2

||∇∇H||e−G/T ′
=
[
6v2T ′1/3 +O(β−2/3)

]
e−2u2−v6/2,

BKTHvBM;
∫∫

xmynpx(x) dx dy

≈ 6T ′2/3+m/2+n/6

∫∫
umv2+ne−2u2−v6/2 du dv.

h?mb i?2 MQ`K�HBb�iBQM Z 7Q` i?2 TX/X7X ||∇∇H||e−G/T ′

Bb

Z ≈ 6T ′2/3
∫∫

v2e−2u2−v6/2 du dv = 2πT ′2/3

�M/ i?2 p�`B�M+2b �`2

⟨x2⟩ ≈ 6T ′5/3

Z

∫∫
u2v2e−2u2−v6/2 du dv =

T ′

4
,

⟨y2⟩ ≈ 6T ′

Z

∫∫
v4e−2u2−v6/2 du dv =

21/3Γ(5/6)

π1/2
T ′1/3.

hQ HQr2bi Q`/2`- i?2 p�`B�M+2 `�iBQ ⟨y2⟩/⟨x2⟩ 7Q` H�`;2
τ/T Bb i?2`27Q`2

⟨y2⟩
⟨x2⟩ ≈ 27/3Γ(5/6)

π1/2

( τ
T

)2/3
.

�b r2HH �b ;BpBM; i?2 TQr2` H�r 7Q` H�`;2 τ - i?Bb b?Qrb
i?�i i?2 T @/2T2M/2M+2 Q7 i?2 p�`B�M+2 `�iBQ +?�M;2b 7`QK
T−1/2 �i bK�HH τ iQ T−2/3 �i H�`;2 τ X h?Bb Bb /`Bp2M #v
i?2 +?�M;2 BM 7Q`K Q7 G +QKT�`2/ iQ H, i?2 T`27�+@
iQ` ||∇∇H|| /Q2b MQi �z2+i i?2 /QKBM�Mi b+�HBM; Q7 i?2
KQK2Mib- bQ i?2v b+�H2 rBi? T �b i?2v rQmH/ BM i?2 TQ@
i2MiB�H GX

L1hqP_Ea, LPL@.AJ1LaAPL�GAa�hAPL

h?2 7mHH /BK2MbBQM�H 2[m�iBQMb Q7 KQiBQM `2�/

mẍα = − ∂H

∂xα
− γẋα + Fα(ẋα; t),



j

rBi? 2M2`;v

H({xα}) =
1

2

∑

(α,β)

kαβ(|xα − xβ |− ℓαβ)
2.

G2i κ �M/ λ #2 ivTB+�H b+�H2b 7Q` i?2 bT`BM; KQ/mHB kαβ
�M/ `2bi H2M;i?b ℓαβ X _2b+�H2 bT�+2 �M/ iBK2 �b xα =
λx̃α �M/ t = t̃

√
m/κ- �M/ mb2 T`BK2b iQ /2MQi2 d/dt̃X

h?2M

x̃′′
α = − ∂H̃

∂x̃α
− γ̃x̃′

α + F̃α(x̃
′
α; t̃),

rBi? /BK2MbBQMH2bb 2M2`;v

H̃({x̃α}) =
1

2

∑

(α,β)

k̃αβ(|x̃α − x̃β |− ℓ̃αβ)
2

�M/ /BK2MbBQMH2bb T�`�K2i2`b

γ̃ = γ/
√
mκ, k̃αβ = kαβ/κ, ℓ̃αβ = ℓαβ/λ.

LQi2 i?�i i?2 T�`iB+H2 K�bb m ?�b #22M b+�H2/
iQ mMBivX h?2 /BK2MbBQMH2bb 7Q`+BM; 7mM+iBQM F̃α

`2H�i2b iQ i?2 /BK2MbBQM�H 7Q`+BM; i?`Qm;? F̃α =
(κλ)−1Fα(λ

√
κ/mx̃′

α; t
√
m/κ)X

_2b+�HBM; Q7 MQBb2

6Q` r?Bi2 MQBb2- Fα = ηα(t) rBi? ⟨ηαi(t)ηβj(t′)⟩ =
2γT δαβδijδ(t − t′)X lM/2` Qm` `2b+�HBM;- i?Bb #2@
+QK2b �MQi?2` r?Bi2 MQBb2 F̃α = η̃α(t̃) +Q``2H�i2/ �b
⟨ηαi(t)ηβj(t′)⟩ = 2γ̃T̃ δαβδijδ(t − t′)- rBi? /BK2MbBQMH2bb
i2KT2`�im`2 T̃ = T/(κλ2)X

6Q` 2tTQM2MiB�HHv +Q``2H�i2/ MQBb2- Fα = ξα(t) rBi?
⟨ξαi(t)ξβj(t′)⟩ = γT δαβδije−|t−t′|/τ/τ X lM/2` Qm` `2b+�H@
BM;- i?Bb #2+QK2b � T`Q+2bb F̃α = ξ̃α(t̃) +Q``2H�i2/ �b
⟨ξ̃αi(t̃)ξ̃βj(t̃′)⟩ = γ̃T̃ δαβδije−|t̃−t̃′|/τ̃/τ̃ rBi? /BK2MbBQM@
H2bb i2KT2`�im`2 T̃ = T/(κλ2) �M/ +Q``2H�iBQM iBK2
τ̃ = τ

√
κ/mX h?Bb #2+QK2b i?2 r?Bi2 MQBb2 T`Q+2bb �#Qp2

BM i?2 HBKBi τ̃ → 0X
�+iBp2 7Q`+BM; Fα = γf ẋα(1 − |ẋα|2/v2) `2b+�H2b iQ

F̃α = γ̃f x̃′
α(1− |x̃′

α|2/ṽ2) rBi? /BK2MbBQMH2bb �+iBp2 7`B+@
iBQM +Q2{+B2Mi γ̃f = γf/

√
κm �M/ i�`;2i bT22/ ṽ =

λ
√
κ/mvX

L1hqP_Ea, >JĜwJ *PlSGAL:

GQr i2KT2`�im`2 2tT�MbBQM

h?2 bvKK2i`v Q7 i?2 bBM;H2@K�bb 2t�KTH2 K2�Mb i?�i
i?2 >J �M/ wJ /2+QmTH2 BM i?2 HBKBi T → 0X >Qr2p2`-
i?Bb Bb MQi M2+2bb�`BHv i?2 +�b2 BM ;2M2`�H, BM � TQi2MiB�H
r?2`2 x2 �M/ y4 #Qi? b+�H2 rBi? T - BMi2`�+iBQM i2`Kb xy2
rBHH �HbQ b+�H2 rBi? T X *QMbB/2` MQr � bvbi2K Q7 n + 1

/2;`22b Q7 7`22/QK {x1, . . . , xn, y}- r?2`2 i?2 n p�`B�#H2b
xi �`2 >Jb �M/ y Bb � [m�`iB+ AwJX AM � HQr i2KT2`�im`2
2tT�MbBQM- i?2 TQi2MiB�H 2M2`;v Bb

H =
∑

i

aix
2
i +

∑

i

bixiy
2 +Ay4 UaeV

�i HQr2bi Q`/2`- r?2`2 A > 0 �M/ �HH ai > 0 #mi 2�+? bi
+�M #2 Q7 2Bi?2` bB;MX q2 rBHH 2p�Hm�i2 i?2 �KTHBim/2b
⟨y2⟩ �M/ ⟨x2

i ⟩X
hQ +QKTmi2 ⟨y2⟩- r2 +�M bTHBi i?2 "QHixK�MM 7�+iQ`

e−H/T BMiQ 7�+iQ`b r?B+? +�M #2 BMi2;`�i2/ BM 2�+? +QQ`@
/BM�i2 xi b2[m2MiB�HHv- r`BiBM;

e−H/T = e−Ay4/T
∏

i

e−(aix
2
i+bixiy

2)/T .

aBM+2
∫

dxi e
−(aix

2
i+bixiy

2)/T = Cie
(b2i /4ai)y

4/T

rBi? Ci =
√
πT/ai- bTHBiiBM; i?2 "QHixK�MM 7�+iQ` �HHQrb

mb iQ `2/m+2 i?2 +QKTmi�iBQM iQ

⟨y2⟩ =
∫
dy y2e−Ay4/T

∏
i Cie(b

2
i /4ai)y

4/T

∫
dy eAy4/T

∏
i Cie(b

2
i /4ai)y4/T

.

h?2 +QMbi�Mi 7�+iQ`b +�M+2H �M/ i?2 2tTQM2MiB�Hb +QK@
#BM2- ;BpBM;

⟨y2⟩ =
∫
dy y2e−Ãy4/T

∫
dy e−Ãy4/T

= ρ
√

T/Ã,

r?2`2

Ã = A−
∑

i

b2i
4ai

�M/ ρ = Γ(3/4)/Γ(1/4) �b #27Q`2X h?�i Bb- i?2 p�`B�M+2
⟨y2⟩ Bb bBKTHv i?�i Q7 � bBM;H2 /2;`22 Q7 7`22/QK BM �M
2z2+iBp2 [m�`iB+ TQi2MiB�H Ãy4X LQi2 i?�i Ã < A, i?2
>J +QmTHBM; BM+`2�b2b i?2 wJ �KTHBim/2X

h?2 +QKTmi�iBQM 7Q` ⟨x2
m⟩ Bb bBKBH�`- �H#2Bi MQi [mBi2

�b +H2�M bBM+2 i?2 BMi2;`�H BM xm Kmbi BM+Q`TQ`�i2 i?2 x2
m

7�+iQ`X lbBM; i?2 BMi2;`�H
∫

dxmx2
me−(amx2

m+bmxmy2)/T

= Cme(b
2
m/4am)y4/T

(
b2m
4a2m

y4 +
T

2am

)
,

i?2 b�K2 �TT`Q�+? �b 7Q` ⟨y2⟩ `2/m+2b i?2 +QKTmi�iBQM
iQ

⟨x2
m⟩ =

∫
dy
(

b2m
4a2

m
y4 + T

2am

)
e−Ãy4/T

∫
dy e−Ãy4/T

,
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r?B+? Bb �;�BM bBKTHv � +QK#BM�iBQM Q7 KQK2Mib BM i?2
2z2+iBp2 TQi2MiB�H Ãy4X h?mb

⟨x2
m⟩ = T

2am

(
1 +

b2m
8Ãam

)
. UadV

P#b2`p2 i?�i ⟨x2
m⟩ Bb QMHv 2p2` BM+`2�b2/ #v BMi`Q/m+@

BM; BMi2`�+iBQMb bm +QKT�`2/ iQ Bib mM+QmTH2/ �KTHBim/2
T/2amX h?mb MQi QMHv /Q >JĜwJ +QmTHBM;b BM+`2�b2 wJ
~m+im�iBQMb- #mi i?2v +QM+QKBi�MiHv BM+`2�b2 >J ~m+@
im�iBQMb �#Qp2 i?Qb2 i?�i rQmH/ #2 ;m2bb2/ 7`QK M�Bp2
2[mBT�`iBiBQMX h?Bb 2z2+i Bb BHHmbi`�i2/ BM 6B;X aR 7Q` 20
>Jb Q7 i?2 M2irQ`F BM 6B;X k Q7 i?2 K�BM i2ti- 7Q` r?B+?
BMi2`�+iBQM +Q2{+B2Mib r2`2 /2i2`KBM2/ #v b2`B2b 2tT�M@
bBQM Q7 i?2 2H�biB+ 2M2`;v BM J�i?2K�iB+�X

h?2`2 Bb QM2 7m`i?2` 2z2+i iQ #2 MQi2/X LQi QMHv /Q2b
+QmTHBM; BM+`2�b2 i?2 b2+QM/ KQK2Mi ⟨x2

m⟩- #mi i?2 K2�M
⟨xm⟩ Bb /BbTH�+2/ 7`QK x2`Q #v i?2 �bvKK2i`v Q7 i?2 +Qm@
THBM;X h?2 b�K2 i2+?MB[m2b �;�BM +�M #2 mb2/ iQ +QKTmi2
⟨xm⟩- i?Bb iBK2 mbBM; i?2 BMi2;`�H

∫
dxmxme−(amx2

m+bmxmy2)/T

= −Cme(b
2
m/4am)y4/T bm

2am
y2,

;BpBM;

⟨xm⟩ = bm
2am

⟨y2⟩ = bm
2am

ρ
√
T/Ã.

*QMp2`b2Hv- i?2 wJ Bb MQi /BbTH�+2/, bvKK2i`v K2�Mb
⟨y⟩ = 0X

h?2 BMi2`�+iBQM@/`Bp2M BM+`2�b2 BM ⟨x2
m⟩ +QmH/ TQi2M@

iB�HHv #2 Dmbi � bB/2 2z2+i Q7 i?2 MQM@x2`Q K2�M ⟨xm⟩X
>Qr2p2`- +QK#BMBM; i?2b2 `2bmHib ;Bp2b i?2 KQ/2 p�`B@
�M+2 �b

Var(xm) =
T

2am

(
1 +

(1− 4ρ2)b2m
8Ãam

)
.

aBM+2 1−4ρ2 ≈ 0.54 > 0- i?2 p�`B�M+2 Bb BM/22/ BM+`2�b2/
#v >JĜwJ +QmTHBM; /2bTBi2 i?2 b?B7i2/ K2�MX

*Q``2H�i2/ MQBb2, bK�HH τ

q?2M r2�F +Q``2H�i2/ MQBb2 Bb BMi`Q/m+2/ BMiQ � ;2M@
2`�H bvbi2K rBi? KmHiBTH2 >Jb +QmTH2/ iQ � wJ- Bib 27@
72+i QM i?2 wJ +�M #2 M2;H2+i2/ �i HQr i2KT2`�im`2b �M/
b?Q`i +Q``2H�iBQM iBK2bX h?2 +�H+mH�iBQM ;Q2b �b 7QHHQrbX

h�F2 i?2 b�K2 2M2`;v 7Q`K �b BM 1[X UaeVX 6QHHQr@
BM; _27X (R) �b BM i?2 bBM;H2@K�bb 2t�KTH2- r?2M r2�F
+Q``2H�i2/ MQBb2 Q7 MQM@x2`Q +Q``2H�iBQM iBK2 τ ≪ 1 Bb
BMi`Q/m+2/ i?2 bvbi2K 7QHHQrb �M 2z2+iBp2 2M2`;v ;Bp2M
#v 1[X UakVX �i HQr i2KT2`�im`2- r?2`2 x2 ∼ T �M/
y4 ∼ T - 2p�Hm�iBM; i?2 ;`�/B2Mib �M/ F22TBM; QMHv i?2
HQr2bi Q`/2` i2`Kb ;Bp2b � }`bi@Q`/2` �/Dmbi2/ 2M2`;v

H2z =
∑

i

a′ix
2
i +

∑

i

b′ixiy
2 +A′y4

Zero mode corrected
Simulation (T=10-3)
Simulation (T=10-4)

Am
pl

itu
de

 /
 ω
2T

Harmonic modes1 20

1

2

6A:X aRX .2pB�iBQM 7`QK M�Bp2 2[mBT�`iBiBQM Q7 i?2 }`bi 20
HQr2bi@7`2[m2M+v >Jb Q7 i?2 M2irQ`F BM 6B;X k Q7 i?2 K�BM
i2tiX J�`F2`b b?Qr MQ`K�HBb2/ �KTHBim/2 ⟨c2i ⟩/ω2

i T MmK2`@
B+�HHv 2p�Hm�i2/ �i T = 10−3 U`2/ b[m�`2bV �M/ T = 10−4

U#Hm2 +B`+H2bV +QKT�`2/ iQ M�Bp2 2[mBT�`iBiBQM �i 1 U/�b?2/
HBM2V �M/ rBi? }`bi@Q`/2` +Q``2+iBQM BM 1[X UadV 7Q` BMi2`�+@
iBQMb rBi? i?2 wJ U#H�+F +`QbbVX 1``Q` #�`b �`2 2biBK�i2/ N8W
+QM}/2M+2 BMi2`p�HbX AMi2`�+iBQM +Q2{+B2Mib r2`2 /2i2`KBM2/
#v b2`B2b 2tT�MbBQM Q7 i?2 2H�biB+ 2M2`;v BM J�i?2K�iB+�X

r?2`2 i?2 τ @�/Dmbi2/ +Q2{+B2Mib `2�/

a′i = ai(1 + 2τai),

A′ = A+ 1
2τ
∑

i

b2i ,

b′i = bi(1 + 2τai).

Ai Bb +H2�` i?�i +Q``2H�iBQM τ > 0 bi`2M;i?2Mb �HH +QmTHBM;b,
a′i > ai- A′ > A �M/ |b′i| > |bi|X

h?2 �TT`QtBK�i2 wJ �KTHBim/2 ⟨y2⟩ Bb ;Bp2M #v bm#@
biBimiBM; i?2b2 �/Dmbi2/ +QmTHBM;b BMiQ i?2 7Q`KmH�2 +QK@
Tmi2/ �#Qp2X "mi- QM +QKTmiBM; i?2 +QmTHBM;@�/Dmbi2/
wJ �KTHBim/2

Ã′ = A′ −
∑

i

b′i
2

4a′i
,

Bi i`�MbTB`2b i?�i Ã′ = ÃX aBM+2 QMHv i?Bb �M/ T /2i2`@
KBM2 ⟨y2⟩- iQ }`bi Q`/2` BM τ - i?2 2z2+i Q7 +Q``2H�iBQMb
QM i?2 >Jb Bb T`2+Bb2Hv +QKT2Mb�i2/ #v Bib 2z2+i QM i?2
+QmTHBM; i2`Kb iQ H2�p2 i?2 wJ �KTHBim/2 mM+?�M;2/-
i?�i Bb- ⟨y2⟩ = ⟨y2⟩τ=0 7Q` τ ≪ 1X

*Q``2H�i2/ MQBb2, H�`;2 τ

�i H�`;2 τ - i?2 b�K2 iBK2b+�H2 b2T�`�iBQM �`;mK2Mib
�b 7Q` i?2 bBM;H2 #2�/ +�M #2 mb2/ iQ /2`Bp2 �bvKTiQiB+
b+�HBM;b 7Q` KQ/2 �KTHBim/2b BM i?2 Qp2`/�KT2/ HBKBiX
q2 bF2i+? ?2`2 i?2 #�bB+ �`;mK2MiX

PM+2 �;�BM i�F2 i?2 b�K2 2M2`;v 7Q`K �b BM 1[X UaeV-
i?Bb iBK2 �TT2�HBM; iQ � HQr T ′ = T/τ 2tT�MbBQMX q?2M
τ Bb H�`;2- i?2 KQ/2 /2;`22b Q7 7`22/QK xi �M/ y 2[mBHB@
#`�i2 rBi? i?2 +QHQm`2/ MQBb2 Km+? 7�bi2` i?�M i?2 MQBb2
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+?�M;2bX 1[m�iBQM Ua8V i?2M ;Bp2b i?2 2z2+iBp2 TX/X7X 7Q`
i?2 KQ/2bX AM i?Bb /Bbi`B#miBQM- i?2 b+�HBM; Q7 i?2 KQ/2b
Bb /`Bp2M #v i?2 2tTQM2MiB�H 7�+iQ` e−G/T ′ rBi? TQi2MiB�H
G(x1, . . . , xn, y) =

1
2 |∇H|2- r?2`2

G =
∑

i

1
2

(
2aixi + biy

2
)2

+ 1
2y

2

(
∑

i

2bixi + 4Ay2
)2

.

6`QK � M�Bp2 HQQF �i G QM2 KB;?i BM72` i?�i xi ∼ T ′1/2

�M/ y ∼ T ′1/4 UT`QpB/2/ �i H2�bi QM2 bi ̸= 0V #2+�mb2
Q7 i?2 MQM@BMi2`�+iBM; x2

i �M/ y4 i2`Kb �i HQr2bi Q`/2`X
>Qr2p2`- i?2`2 Bb �M BKTQ`i�Mi bm#iH2iv, #2+�mb2 i?2
i2`Kb BM i?2 }`bi bmK- r?B+? �`2 i?2 HQr2bi Q`/2` i2`Kb-
+�M #2 7�+iQ`Bb2/ �b r`Bii2M- +?�M;BM; p�`B�#H2b 7`QK xi

iQ zi = 2aixi + biy2 2HBKBM�i2b y 7`QK i?2 bmK r?BH2
QMHv +QMi`B#miBM; � +QMbi�Mi C�+Q#B�M 7�+iQ` iQ KQK2Mi
BMi2;`�HbX AM Qi?2` rQ`/b- b+�HBM;b �`2 ;Qp2`M2/ #v i?2
i`�Mb7Q`K2/ TQi2MiB�H

G̃ =
∑

i

1
2z

2
i + 1

2y
2

(
∑

i

bi
ai
(zi − biy

2) + 4Ay2
)2

.

lM/2` G̃- i?2 HQr2bi MQM@BMi2`�+iBM; i2`Kb �`2 z2i �M/
y6X h?mb y ∼ T ′1/6ěMQi T ′1/4ě�M/ zi ∼ T ′1/2- iQ@
;2i?2` BKTHvBM; xi ∼ T ′1/2X h?2`27Q`2- i?2 �KTHBim/2b
⟨x2

i ⟩ �M/ ⟨y2⟩ �`2 �bvKTiQiB+�HHv T`QTQ`iBQM�H iQ (T/τ)
�M/ (T/τ)1/3- `2bT2+iBp2HvX

h?Bb �`;mK2Mi b?Qrb i?�i BMi2`�+iBQM i2`Kb /Q MQi �7@
72+i i?2 �bvKTiQiB+ b+�HBM; Q7 i?2 wJ �M/ >Jb rBi? T/τ -
rBi? i?2 wJ /QKBM�iBM; >Jb #v � 7�+iQ` ⟨y2⟩/⟨x2

i ⟩ ∼
τ2/3 7Q` H�`;2 τ X 1t�+i KQK2Mib ⟨x2

i ⟩ �M/ ⟨y2⟩ +�M #2 7Q`@
KmH�i2/ #v i?2 b�K2 T`Q+2bb Q7 i2H2b+QTBM; xi@BMi2;`�Hb �b
�#Qp2- #mi Bi Bb bB;MB}+�MiHv KQ`2 �H;2#`�B+�HHv mMrB2H/v
/m2 iQ i?2 KQ`2 +QKTH2t 2tTQM2Mi �M/ i?2 T`27�+iQ` Q7

||∇∇H|| ∝
∑

i

2bixi +

⎛

⎝12A−
∏

j

2b2j
aj

⎞

⎠ y2

BM 1[X Ua8VX q2 i?2`27Q`2 /Q MQi +QKTmi2 i?2 2t�+i KQ@
K2Mi 7Q`KmH�2 ?2`2X

L1hqP_Ea, 6l_h>1_ 1s�JSG1a

AM 6B;X k Q7 i?2 K�BM i2ti- � M2irQ`F rBi? � bBM;H2 AwJ
Bb mb2/ iQ 2t2KTHB7v �+im�iBQM #v �+iBp2 +Q``2H�i2/ MQBb2X
AM 6B;X ak r2 2ti2M/ i?Bb iQ H�`;2 +Q``2H�iBQM τ = 200
�M/ �// irQ 7m`i?2` 2t�KTH2b /BbTH�vBM; i?2 b�K2 τ @
/2T2M/2Mi KQ/2 �KTHBim/2 #2?�pBQm` Q7 >J bmTT`2bBQM
�M/ wJ T`2b2`p�iBQMX �i HQM; +Q``2H�iBQM iBK2b i?2 �K@
THBim/2 �bvKTiQiB+b /2`Bp2/ �#Qp2 7Q` >Jb U⟨x2

i ⟩ ∼ τ−1V
�M/ i?2 wJ U⟨y2⟩ ∼ τ−1/3V ;`�/m�HHv i�F2 ?QH/X aQK2
KQ/2b �`2 r2HH BMiQ i?2 HQM;@τ `2;BK2 #v τ = 200 r?BH2
Qi?2`b �`2 bHQr2` iQ �TT`Q�+? Bi /m2 iQ bi`QM;2` ?B;?2`@
Q`/2` i2`KbX

*QMp2`b2Hv- 6B;X aj b?Qrb i?�i mM/2`@+QQ`/BM�i2/
MQ/2b +�M BM/m+2 #Bbi�#BHBiv BM i?2 bi`m+im`2- �/p2`b2Hv
�z2+iBM; i?2 KQ/2 bi�iBbiB+bX AM T�`iB+mH�`- � k@
+QQ`/BM�i2/ MQ/2 T�`iB+BT�iBM; BM i?2 b?QrM AwJ ?�b irQ
2[m�H@2M2`;v HQ+�iBQMb- K2�MBM; i?�i #Bbi�#H2 bi�i2 i`�M@
bBiBQMb �`2 2�bBHv i`B;;2`2/ #v i?2 wJ �+im�iBQMX h?Bb
+�M �/p2`b2Hv �z2+i KQ/2 bi�iBbiB+b B7 MQi 2HBKBM�i2/ �i
/2bB;M iBK2X AM i?Bb +�b2- i?Qm;?- i?2 b2+QM/ bi�#H2 HQ+�@
iBQM Q7 i?2 MQ/2 Qp2`H�Tb rBi? �MQi?2`- K2�MBM; i?�i BM@
+Q`TQ`�iBM; `2TmHbBp2 BMi2`�+iBQMb #2ir22M K�bb2b rQmH/
H2bb2M Q` 2HBKBM�i2 i?2 T`Q#H2KX

(c) (d)

(f)(e)

(a) (b)
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6A:X akX h?`22 2t�KTH2b Q7 AwJ �+im�iBQM #v +Q``2H�i2/
MQBb2 #2ir22M τ = 0.5 �M/ τ = 200X U�-+-2V L2irQ`Fb 2�+?
rBi? � bBM;H2 AwJ UK�;2Mi�V �M/ TBMM2/ #QmM/�`B2b- rBi?
U�V �b BM 6B;X k Q7 i?2 K�BM i2tiX U#-/-7V h?2`K�H@`2H�iBp2
KQ/2 �KTHBim/2b ⟨u2

i ⟩τ/⟨u2
i ⟩τ=0 7Q` i?2 kR HQr2bi@2B;2Mp�Hm2

KQ/2b Q7 i?2 M2irQ`Fb BM U�-+-2V- QM � HQ;ĜHQ; b+�H2- rBi?
wJb i?2 mTT2`KQbi `2/ HBM2bX :`2v `2;BQMb �`2 �TT`QtBK�i2
N8W +QM}/2M+2 BMi2`p�Hbc /�i� +QKTmi2/ 7`QK ky BM/2T2M/2Mi
`2�HBb�iBQMb mT iQ t = 2 × 104 rBi? δt = 10−4 �i p�Hm2b Q7 τ
#2ir22M 0.5 �M/ 200 BM/B+�i2/ #v TQBMib Ub22 *QKTmi�iBQM�H
J2i?Q/bVX .�i� BM U�V Bb � bmT2`b2i Q7 i?�i Q7 i?2 K�BM i2ti
6B;X kU+V- 7Q+mbbBM; ?2`2 QM H�`;2@τ #2?�pBQm`X a?QrM ;`�/B2Mi
HBM2b U/�b?2/ ;`2vV �`2 H�`;2@τ �bvKTiQiB+ T`2/B+iBQMb 7Q` i?2
wJ U∝ τ1/3V �M/ >Jb U∝ τVX



e

a1G6@S_PSlGaAo1 _�uG1A:> �*hAoAhu

� K2+?�MB+�H M2irQ`F rBi? _�vH2B;? �+iBpBiv ?�b 2[m�@
iBQMb Q7 KQiBQM

ẍα = −∇αH − γẋα + γf (1− |ẋα|2/v2)ẋα. Ua3V

h?2 7`B+iBQM �M/ �+iBp2 7Q`+BM; +�M #2 +QM/2Mb2/ BMiQ �
7`B+iBQM@HBF2 i2`K �b

ẍα = −∇αH − f(|ẋα|)ẋα,

r?2`2 f(u) = γ − γf + γfu2/v2 Bb i?2 2z2+iBp2 7`B+iBQM
+Q2{+B2MiX A7 f(0) = γ − γf ≡ γ0 < 0- bi�iBQM�`v bi�i2b
?�p2 M2;�iBp2 2z2+iBp2 7`B+iBQM �M/ �`2 mMbi�#H2- rBi?
7`B+iBQM brBi+?BM; 7`QK M2;�iBp2 iQ TQbBiBp2 r?2M f(u) =
0 �i |u| = v0 ≡

√
|γ0|/γfvX q2 +�M `2r`Bi2 f BM i2`Kb Q7

γ0 �M/ v0 �b f(u) = γ0(1− u2/v20)X

�+iBp�iBQM

�b BM i?2 K�BM i2ti- +QMbB/2`BM; � bK�HH T2`im`#�iBQM
Q7 i?2 `2bi bi�i2 �M/ /2+QKTQbBM; BMiQ 2B;2MKQ/2b Q7 i?2
/vM�KB+�H K�i`Bt ;Bp2b HBM2�`Bb2/ 2[m�iBQMb Q7 KQiBQM BM
i2`Kb Q7 i?2 bK�HH KQ/2 �KTHBim/2b ck rBi? |ck| ≪ 1X
6Q` HBM2�`Bb2/ _�vH2B;? 7`B+iBQM- i?Bb ;Bp2b

c̈k = −ω2
kck − γ0ċk.

1H2K2Mi�`v �M�HvbBb i?2M b?Qrb i?�i- T`QpB/2/ γ0 < 0-
bQHmiBQMb eσt ?�p2 2Bi?2` � `2�H ǵQp2`/�KT2/Ƕ K�tBK�H
;`Qri? `�i2 maxσk = 1

2 (|γ0|+
√
γ2
0 − 4ω2

k) B7 |γ0| ≥ 2ωk-
Q` � +QKTH2t ǵmM/2`/�KT2/Ƕ ;`Qri? `�i2 rBi? `2�H T�`i
Reσk = |γ0|/2 B7 |γ0| < 2ωkX h?mb BM 2Bi?2` +�b2- Reσk ≥
|γ0|/2X h?2 H�`;2bi TQbbB#H2 ;`Qri? `�i2 σk = |γ0| Bb
�+?B2p2/ 7Q` � wJ- r?2`2 ωk = 0X

p.
d.
f.

0
10

(b)(a)

6A:X ajX "Bbi�#BHBiv BM �M AwJĜT�`iB+BT�iBM; MQ/2 �//b +QK@
TH2tBiv iQ �+iBp�iBQM bT2+i`�X U�V � M2irQ`F rBi? � bBM;H2
AwJ- �b #27Q`2- +QMi�BMBM; � irQ@+QQ`/BM�i2/ MQ/2 r?Qb2 TQ@
bBiBQM BM+Hm/2b �MQi?2` 2[m�H@2M2`;v KBMBKmK #v ;2QK2i`B+
bvKK2i`vX U#V SQbBiBQM ?BbiQ;`�K 7Q` i?2 #Bbi�#H2 MQ/2 rBi?
τ = 6X h?2 MQ/2 ~m+im�i2b BMiQ Bib Qi?2` KBMBKmK- M2�`
r?B+? i?2 Qp2`�HH KQ/2 bT2+i`mK Bb /Bz2`2MiX LQi2 i?�i BM
i?Bb +�b2 i?2 #Bbi�#BHBiv +QmH/ #2 H2bb2M2/ #v BM+Hm/BM; ?�`/@
+Q`2 `2TmHbBQMb #2ir22M MQ/2bX

(a)

p.d.f.0 64

(b)

ZM HMs

tim
e t

∆t =
 1000

m
od

e 
co

eff
ic
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nt

 c
i(t

)

-0.6

0.6

6A:X a9X a2H7@T`QTmHbBp2 �+iBpBiv �+im�i2b AwJb BM �M Qb+BHH�@
iQ`v 7�b?BQM UaJ oB/2Q 9VX U�V S2`@MQ/2 TQbBiBQM ?BbiQ;`�K
7Q` i?2 b�K2 M2irQ`F `2;BQM �b BM 6B;X k# Q7 i?2 K�BM i2ti- #mi
MQr �+im�i2/ i?`Qm;? _�vH2B;? 7Q`+BM; �b BM 1[X Ua3VX h?2
wJ Bb T`QKBM2Mi- r?BH2 Qi?2` MQ/2b #�`2Hv ~m+im�i2X S�@
`�K2i2`b �`2 v0 = 0.02- γ0 = 1- �M/ kαβ = 1- BMi2;`�i2/ �i
δt = 10−5X U#V 1t�KTH2 iBK2 i`�+2 Qp2` ∆t = 1000 7Q` i?2 BM@
bi�M+2 b?QrM BM U�V Q7 KQ/2 +Q2{+B2Mib ci(t) 7Q` i?2 wJ �M/
i?2 i2M HQr2bi@7`2[m2M+v >JbX h?2 wJ b?Qrb 7�` bi`QM;2`
K�tBK� i?�M i?2 >Jb- rBi? MQi�#H2 Qb+BHH�iQ`v #2?�pBQm`X

aBM;H2 K�bb, bK�HH γ0

lMH2bb KQ/2 k Bb � K2+?�MBbK- ;`Qri? Q7 i?2 KQ/2
rBHH 2p2Mim�HHv #2 �``2bi2/ #v i?2 +QK#BM�iBQM Q7 2H�biB+
7Q`+2b �M/ MQMHBM2�` 2z2+iBp2 7`B+iBQM i2`Kb- ;BpBM; }MBi2@
�KTHBim/2 Qb+BHH�iBQMbX 6Q` i?2 #2�/ĜbT`BM; 2t�KTH2 BM
i?2 K�BM i2ti- r2 #`B2~v 2t�KBM2 i?Bb �``2bi T`Q+2bb 7Q`
bK�HH γ0X

6Q`K�HHv- �TT`QtBK�i2 bQHmiBQM 7Q` bK�HH ϵ ≡ |γ0| Bb
�+?B2p2/ #v b2`B2b 2tT�MbBQM x(t) = x0(t) + ϵx1(t) + · · · X
�i O(1)- i?2 2[m�iBQMb Q7 KQiBQM BKTHv

ẍ0 = −∇H(x0).

h?mb x0 bBKTHv +Q``2bTQM/b iQ KQiBQM BM i?2 TQi2MiB�H H-
K2�MBM; E0 ≡ 1

2 |ẋ0|2 +H(x0) Bb +QMb2`p2/X
LQr- i?2 `�M;2 Q7 K�tBKmK bT�iB�H 2ti2Mi Q++m`b

r?2`2 ẋ0 ∼ 0X 6m`i?2`KQ`2- ?B;?2`@Q`/2` /vM�KB+b b2i
i?2 p2HQ+Biv b+�H2 �b |ẋ0| ∼ v0X h?2`27Q`2- �bbmKBM;
H(0) = 0 Bb i?2 2M2`;v KBMBKmK- +QMb2`p�iBQM Q7 E0

#2ir22M i?2 Q`B;BM �M/ K�tBKmK 2ti2Mi BKTHB2b v20 ∼
H(x0) �i i?2 #QmM/�`vX A7 v0 Bb bK�HH- H +�M #2 �TT`Qt@
BK�i2/ #v Bib H2�/BM; Q`/2` 2tT�MbBQM H(x, y) ≈ x2+ 1

4y
4-

K2�MBM; y ∼ v1/20 �M/ x ∼ v0X h?mb i?2 p�`B�M+2 `�iBQ
⟨y2⟩/⟨x2⟩ ∼ 1/v0- �M/ bQ i?2 x2`Q KQ/2 /QKBM�i2b �b
v0 → 0- 7mH}HHBM; i?2 b�K2 `QH2 �b T → 0 BM i?2 MQBb2@
/`Bp2M +�b2X UAM/22/ 2p2M rBi? i?2 b�K2 2z2+iBp2 1/

√
T

b+�HBM;- bBM+2 v20 Bb � FBM2iB+ 2M2`;v b+�H2 �M/ bQ +Q``2@
bTQM/b iQ T XV

L2irQ`F AwJ �+im�iBQM

h?2 b�K2 bBKmHi�M2Qmb wJ �+im�iBQM �M/ >J bmT@
T`2bbBQM BM M2irQ`Fb /`Bp2M #v �+iBp2 +Q``2H�i2/ MQBb2
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v0 = 0.05

v0 = 0.1

v0 = 0.2

6A:X a8X �+iBp2 K2+?�MB+�H aa> KQ/2H �b BM 6B;X 9 Q7 i?2 K�BM i2ti- rBi? � /Bz2`2Mi `�M/QK T2`im`#�iBQM iQ i?2 BMBiB�H
+QM/BiBQMb �M/ 4× HQM;2` iBK2 rBM/QrX

T2`bBbib rBi? _�vH2B;? b2H7@T`QTmHbBp2 �+iBpBiv- �b BH@
Hmbi`�i2/ BM 6B;X a9� Ub22 �HbQ aJ oB/2Q 9VX h?2
KQ/2 +Q2{+B2Mib ci(t) ?�p2 Qb+BHH�iQ`v i2KTQ`�H bi`m+@
im`2 U6B;X a9#V- ;BpBM; TQi2MiB�HHv mb27mH �+im�iBQM #2@
?�pBQm` i?�i +�M #2 +QMi`QHH2/ #v p�`vBM; T�`�K2i2`b Q7
i?2 �+iBpBivX

�+iBp2 K2+?�MB+�H aa> bQHBiQM

AM 6B;X 9 Q7 i?2 K�BM i2ti- r2 b?Qr `2�HBb�iBQMb Q7
i?2 K2+?�MB+�H aa> KQ/2H rBi? b2H7@T`QTmHbBp2 �+iBpBiv
�i i?`22 /Bz2`2Mi 2z2+iBp2 T`QTmHbBQM bT22/b v0- 2t2K@
THB7vBM; ?Qr �+iBpBiv 2t+Bi2b i?2 mM/2`HvBM; K2+?�MBbK
H2�/BM; iQ � b2H7@T`QT2HH2/ bQHBiQM@HBF2 /QK�BM #QmM/@
�`vX q?BH2 i?2 /QK�BM T`QT�;�i2b +H2�MHv KQbi Q7 i?2
iBK2- i?2`2 �`2 Q++�bBQM�H /272+ib pBbB#H2 r?2`2 i?2 /Q@
K�BM bHQrb- bi�HHb Q` `2p2`b2b #2+�mb2 Q7 i?2 +QKTH2t BM@
i2`�+iBQMb #2ir22M i?2 �+iBpBiv@/`Bp2M Qb+BHH�iQ`v ~m+im@
�iBQMb Q7 i?2 MQ/2b UK�BM i2ti 6B;X 9#- v0 = 0.1 �M/
v0 = 0.2VX h?2b2 BKT2`72+iBQM T?2MQK2M� +�M #2 b22M
BM KQ`2 /2i�BH BM 6B;X a8- r?2`2 r2 2t?B#Bi � HQM;2`@iBK2
`mM Q7 i?2 b�K2 KQ/2H �M/ T�`�K2i2`b �b BM i?2 K�BM
i2ti rBi? � /Bz2`2Mi `�M/QK T2`im`#�iBQM iQ i?2 BMBiB�H
+QM/BiBQMbX ai�HHb �M/ `2p2`b�Hb KB/@+?�BM �`2 `�`2- rBi?
i?2 2M/TQBMib #2BM;- T2`?�Tb mMbm`T`BbBM;Hv- KQ`2 T`QM2
iQ BKT2`72+iBQM #2+�mb2 Q7 i?2 T�`iB+mH�` +QKTH2tBiv Q7
i?2 K2+?�MBbK i?2`2X q2 2KT?�bBb2 i?�i i?Bb KQ/2H /Q2b
MQi ?�p2 �Mv `�M/QK MQBb2 �//2/- #2vQM/ �M BMBiB�H T2`@
im`#�iBQMc i?2b2 `2p2`b�Hb �`2 i?2 `2bmHi Q7 +QKTH2t BMi2`@
�+iBQMb #2ir22M i?2 ~m+im�iBM; b2H7@T`QT2HH2/ MQ/2bX

*PJSlh�hAPL�G J1h>P.a

aBM;H2 #2�/ bi�iBbiB+b

>B;?@[m�HBiv BM/2T2M/2Mi TQbBiBQM b�KTH2b 7Q` i?2 bBM@
;H2 K�bb BM 6B;X R Q7 i?2 K�BM i2ti r2`2 +QKTmi2/ #v
BMi2;`�iBM; i?2 +QmTH2/ Qp2`/�KT2/ 2[m�iBQMb

ẋ = −∇H(x) + ξ, τ ξ̇ = −ξ + η,

rBi? ⟨ηi(t)ηj(t′)⟩ = 2T δijδ(t− t′)- mT iQ � biQTTBM; iBK2
t = tbiQT �M/ i�FBM; i?2 2M/TQBMi x(t = tbiQT) �b � b�K@
TH2X h�FBM; � H�`;2 b2i Q7 N b�KTH2b r�b �++2H2`�i2/ #v
K�bbBp2Hv T�`�HH2H :Sl +QKTmiBM; iQ T2`7Q`K 2�+? BMi2@
;`�iBQM BM QM2 :Sl i?`2�/ ULoA.A� hBi�M s S�b+�HVX

L2irQ`F /2bB;M

q2 /2bB;M M2irQ`Fb +QMi�BMBM; BbQH�i2/ AwJb #v /B`2+i
MmK2`B+�H KBMBKBb�iBQM Q7 i?2 HQr2bi 2B;2Mp�Hm2 ω2

1 Q7 i?2
/vM�KB+�H K�i`Bt Dij rBi? `2bT2+i iQ i?2 biBzM2bb2b kαβ X
ai�`iBM; 7`QK mMB7Q`KHv `�M/QK BMBiB�H biBzM2bb2b QM �
i`B�M;mH�` H�iiB+2 �M/ +QMbi`�BMBM; i?2K iQ 0 ≤ kαβ ≤ 1-
i?2 ;`�/B2Mi@#�b2/ G@"6:a@" �H;Q`Bi?K �b BKTH2K2Mi2/
BM a+BSv RXy (9) ;2M2`�HHv +QMp2`;2b iQ � M2irQ`F BM r?B+?
bQK2 Q7 i?2 biBzM2bb2b �M/ ω2

1 �`2 2t�+iHv x2`Q- �M/ r?B+?
i?2`27Q`2 2t?B#Bib �M AwJX aBM+2 AwJb �`2 iQTQHQ;B+�H- BM@
/2T2M/2Mi Q7 i?2 T`2+Bb2 p�Hm2b Q7 i?2 MQMx2`Q kαβ (8)- �
M2irQ`F +QMi�BMBM; i?2 b�K2 AwJ Bb i?2M Q#i�BM2/ #v `2@
KQpBM; i?2 x2`Q@biBzM2bb #QM/b �M/ b2iiBM; i?2 `2K�BMBM;
biBzM2bb2b iQ RX



3

L2irQ`F bBKmH�iBQMb

�HH MmK2`B+�H BMi2;`�iBQM 7Q` M2irQ`Fb r�b T2`7Q`K2/
#v 1mH2`f1mH2`ĜJ�`mv�K� BMi2;`�iBQM Q7 i?2 �TT`QT`B@
�i2 bvbi2K Q7 2[m�iBQMbX JQ/2 bi�iBbiB+b r2`2 /2i2`KBM2/
7`QK M BM/2T2M/2Mi i`�D2+iQ`B2bX 1�+? i`�D2+iQ`v r�b
bi�`i2/ 7`QK 2[mBHB#`BmK- BMi2;`�i2/ Qp2` � iBK2 100 �M/
/Bb+�`/2/ iQ `�M/QKBb2 BMBiB�H +QM/BiBQMb- �M/ i?2M b�K@
TH2/ mT iQ � iBK2 t = tK�tX h?2 T�`�K2i2`b M �M/ tK�t
�`2 ;Bp2M BM };m`2 +�TiBQMbX

1�+? i`�D2+iQ`v r�b bm#b�KTH2/ �i � `2bQHmiBQM ∆t = 1
iQ +QKTmi2 bi�iBbiB+b QM n = tK�t b�KTH2bX h?2 p�`B�M+2
σ̄2
i Q7 i?2 K2�M x̄ Q7 � bi�iBbiB+ x +QKTmi2/ 7`QK i`�D2+iQ`v

i r�b 2biBK�i2/ i?`Qm;? (e- d)-

σ̄2
i =

σ2
i√
n

⎡

⎣1− 2

n

⌊
√
n⌋∑

k=1

(n− k)ρi(k)

⎤

⎦ ,

r?2`2 ρi(k) Bb i?2 MQ`K�HBb2/ M�Bp2Hv@2biBK�i2/ �miQ+Q`@
`2H�iBQM �i H�; k �M/ i?2 mTT2` i`mM+�iBQM �i ⌊√n⌋ QKBib
?2�pBHv #B�b2/ �miQ+Q``2H�iBQM 2biBK�i2b i?�i �`2 BM T`�+@
iB+2 2tT2+i2/ iQ #2 M2�` x2`Q (e)X S2`@i`�D2+iQ`v 2``Q`b
�`2 i?2M +QK#BM2/ �b BM/2T2M/2Mi p�`B�M+2b iQ vB2H/ i?2
Qp2`�HH 2biBK�i2/ bi�M/�`/ 2``Q` σ̄ Q7 x̄X �TT`QtBK�i2
95% BMi2`p�Hb �`2 b?QrM BM };m`2b �b x̄± 1.96σ̄X

1sS1_AJ1Lh�G J1h>P.a

h?2 biBz@DQBMi2/ M2irQ`F BM 6B;X j� Q7 i?2 K�BM
i2ti r�b +QMbi`m+i2/ mbBM; ~�i #`�+F2ib Q7 /BK2MbBQMb
3.66 +K × 0.75 +K r?B+? r2`2 H�b2` +mi 7`QK i`�MbT�`2Mi
�+`vHB+ Q7 i?B+FM2bb 1.2KKX 6Q` i?2 TBM DQBMib +QMM2+iBM;
i?2 #`�+F2ib- kĜ8e i?`2�/ bBx2- 1/2 BM HQM; MvHQM b+`2rb
�M/ Mmib r2`2 mb2/X q?2`2 QMHv i?`22 Q` 7Qm` #`�+F@
2ib r2`2 DQBMi2/ iQ;2i?2`- i?2 DQBMib r2`2 bi`2M;i?2M2/
mbBM; MvHQM r�b?2`bX h?2 TBMb +Q``2bTQM/BM; iQ i?2 Qmi@
2`KQbi MQ/2b r2`2 7�bi2M2/ /B`2+iHv iQ � 9 BM /B�K2i2`
+B`+mH�` TH�i2- H�b2` +mi 7`QK �+`vHB+ Q7 +B`+� 1 +K i?B+F@
M2bbX h?2 TH�i2 r�b i?2M KQmMi2/ QM iQT Q7 �M 1KBM2M+2
aT2�F2`b .2Hi�@RkG6�- 12 BM- 500q bT2�F2` U1KBM2M+2
aT2�F2` GG*- 1KBM2M+2 EuV- r?B+? r�b KQmMi2/ QM �M
QTiB+�H i�#H2 �M/ /`Bp2M mbBM; � SvH2 SZ�9Ryy �KTHB@
}2` USvH2 �m/BQ- "`QQFHvM LuVX oB/2Q r�b �+[mB`2/ �i
1920 × 1080 TBt2Hb `2bQHmiBQM �M/ � 7`�K2 `�i2 Q7 30>x
mbBM; �M PHvKTmb +QMbmK2` /B;Bi�H +�K2`� UPHvKTmb
�K2`B+� AM+X- *2Mi2` o�HH2v S�V �i 40KK 7Q+�H H2M;i?
KQmMi2/ QM � i`BTQ/X h?2 TQbBiBQMb Q7 i?2 MQ/2b r2`2
i`�+F2/ mbBM; i?2 i`�+FTv yX9XR T�+F�;2 (3)X

hQ �+im�i2 i?2 M2irQ`F- i?2 bT2�F2` r�b /`Bp2M #v
� bB;M�H +QKT`BbBM; � +�``B2` 7`2[m2M+v �M/ P`Mbi2BMĜ
l?H2M#2+F MQBb2 rBi? bm#b2+QM/ +Q``2H�iBQMX AM i?2b2
2tT2`BK2Mib- Bi Bb i?2 +�``B2` 7`2[m2M+v �+im�iBQM i?�i
Bb KBKB+FBM; i?2 �+iBp2 /`BpBM;- MQi i?2 �//2/ +Q``2@
H�i2/ MQBb2- �b BMi2`�+iBQMb #2ir22M i?2 M2irQ`F �M/ i?2

-0.02 0.02
0

150

-0.2 0.2
0
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(a)

(c) (d)

p.
d.

f.

stiff component soft component

p.
d.

f.

(b)

time (s)

so
ft 
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m

po
ne

nt

zero mode first harmonic

0.3
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0.3

-0.3

0 500

48Hz + OU noise

48Hz + white noise

49Hz55Hz

55Hz

49Hz

6A:X aeX 1tT2`BK2Mi�H �+im�iBQM K2i?Q/ �z2+ib `2H�iBp2 wJĜ
>J bi�iBbiB+bX U�V .B�;`�K Q7 i?2 2tT2`BK2Mi�H M2irQ`F
b?QrM BM i?2 K�BM i2ti 6B;X j- rBi? #Qi? i?2 wJ �M/ i?2
HQr2bi@7`2[m2M+v >J b?QrMX U#V h`�+2b Q7 i?2 bQ7i +QKTQ@
M2Mi c2- /2}M2/ BM i?2 i2ti- Q7 i?2 MQ/2 ?B;?HB;?i2/ BM U�V
7Q` +Q``2H�i2/ �M/ mM+Q``2H�i2/ �//BiBQMb iQ 48>x +�``B2` 7`2@
[m2M+v �+im�iBQMX h?2 mTT2` �//b R8W P`Mbi2BMĜl?H2M#2+F
MQBb2 Q7 +Q``2H�iBQM iBK2 (1/350) b r?BH2 i?2 HQr2` �//b R8W
r?Bi2 MQBb2 Q7 B/2MiB+�H BMi2MbBivX a?Q`i@iBK2 +Q``2H�iBQM Bb
M2+2bb�`v iQ F22T i?2 M2irQ`F 2tTHQ`BM; i?2 2M2`;v H�M/@
b+�T2X U+-/V >BbiQ;`�Kb Q7 bQ7i U+V �M/ biBz U/V +QKTQM2Mib
c1 �M/ c2 7Q` irQ 7`2[m2MB2b Q7 �+im�iBQM- #Qi? rBi? kyW
�//2/ P`Mbi2BMĜl?H2M#2+F MQBb2 Q7 +Q``2H�iBQM iBK2 (1/345) bX
*?�M;BM; i?2 +�``B2` 7`2[m2M+v +QMi`QHb i?2 KQ/2 �+im�iBQM-
rBi? 55>x ;BpBM; ;`2�i2` wJ �+im�iBQM `2H�iBp2 iQ MQM@wJ
KQ/2b +QKT�`2/ iQ 49>xX LQi2 i?2 10× H�`;2` b+�H2 BM i?2
bQ7i +QKTQM2Mi U/V +QKT�`2/ iQ i?2 biBz +QKTQM2Mi U+VX

b?�F2M #�b2#Q�`/ /`Bp2 biQ+?�biB+ 7Q`+BM;X h?2 +Q``2@
H�i2/ MQBb2 ?2`2 7mM+iBQMb BMbi2�/ �b � +`m+B�H +QKTQM2Mi
iQ T`2p2Mi biB+FBM; Q7 i?2 M2irQ`F BM `2bQM�M+2@`2H�i2/
K2i�bi�#H2 bi�i2b- /Bb+mbb2/ #2HQrX

hQ 2tTHQ`2 i?2 2z2+i Q7 /Bz2`2Mi 7Q`Kb Q7 /`Bp2- r2
7Q+mb QM QM2 T�`iB+mH�` MQ/2 r?B+? T�`iB+BT�i2b BM #Qi?
i?2 AwJ �M/ i?2 HQr2bi@7`2[m2M+v >J U?B;?HB;?i2/ BM
6B;X ae�V BM M2�`@T2`T2M/B+mH�` /B`2+iBQMbX :Bp2M Bib TQ@
bBiBQMb xi = (xi, yi) �i 7`�K2b i- `2b+�H2/ bm+? i?�i i?2
/Bbi�M+2 #2ir22M �/D�+2Mi MQ/2b Bb 1 BM i?2 `272`2M+2 +QM@
};m`�iBQM- r2 +QKTmi2 i?2 +Qp�`B�M+2 K�i`Bt Cov(xi, yi)X
h?2 Q`i?QMQ`K�H 2B;2Mp2+iQ`b v1,v2 Q7 i?2 +Qp�`B�M+2
K�i`Bt +Q``2bTQM/BM; iQ i?2 2B;2Mp�Hm2b λ1 < λ2 i?2M
`2T`2b2Mi i?2 biBz Uv1V �M/ bQ7i Uv2V T2`T2M/B+mH�` /B@
`2+iBQMbX q2 i?2M mb2 i?2 biBz �M/ bQ7i +QKTQM2Mib
c1 = x · v1 �M/ c2 = x · v2 �b bBKTH2 `2T`2b2Mi�iBQMb
Q7 >J@`2H�i2/ �M/ wJ@/QKBM�i2/ �+im�iBQMX

6B;m`2 ae# b?Qrb i?2 BKTQ`i�M+2 Q7 b?Q`i #mi MQM@x2`Q
+Q``2H�iBQM BM i?2 MQBb2 �//2/ iQ i?2 +�``B2` 7`2[m2M+vX
q2 +QKT�`2 i?2 bQ7i +QKTQM2Mi c2 7`QK 2tT2`BK2Mib mb@
BM; 48>x �+im�iBQM rBi? R8W P`Mbi2BMĜl?H2M#2+F MQBb2
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Q7 +Q``2H�iBQM (1/350) b p2`bmb R8W r?Bi2 MQBb2 Q7 B/2MiB@
+�H BMi2MbBivX h?Bb 2t2KTHB}2b ?Qr +Q``2H�i2/ MQBb2 F22Tb
i?2 M2irQ`F 2tTHQ`BM; +QM};m`�iBQM bT�+2- r?BH2 2p2M
rBi? r?Bi2 MQBb2 Bi [mB+FHv biB+Fb BM � K2i�bi�#H2 bi�i2X

*?�M;BM; i?2 +�``B2` 7`2[m2M+v- `�i?2` i?�M i?2 �//2/
MQBb2- +QMi`QHb i?2 2z2+iBp2 �+iBpBiv Q7 i?2 MQ/2b H2�/BM;
iQ /Bz2`2Mi TQbBiBQM�H /Bbi`B#miBQMbX 6B;m`2 ae+-/ ;Bp2b

?BbiQ;`�Kb Q7 i?2 +QKTQM2Mib c1 �M/ c2 7Q` �+im�iBQM
rBi? +�``B2` 7`2[m2M+B2b Q7 49>x Umb2/ BM i?2 K�BM i2ti
6B;X jV �M/ 55>x THmb kyW (1/345) b@+Q``2H�i2/ P`Mbi2BMĜ
l?H2M#2+F MQBb2X h?2 H�ii2` iB;?i2Mb BM i?2 biBz /B`2+iBQM
+QKT�`2/ iQ i?2 7Q`K2`- bB;MB7vBM; ;`2�i2` wJ �+im�iBQM
`2H�iBp2 iQ >Jb- r?BH2 i?2 bQ7i +QKTQM2Mi +?�M;2b b?�T2
KQ`2 K�`F2/Hv �b � `2bmHi Q7 i?2 +QKTH2t BMi2`�+iBQMb Q7
i?2 M2irQ`F rBi? i?2 b?�F2M #�b2#Q�`/X

∗ S`2b2Mi �//`2bb, J�i?2K�iB+�H AMbiBimi2- lMBp2`bBiv Q7 Pt7Q`/- �M/`2r qBH2b "mBH/BM;- _�/+HBz2 P#b2`p�iQ`v Zm�`i2`-
qQQ/biQ+F _Q�/- Pt7Q`/ Psk e::- lXEXc *Q``2bTQM/2M+2 iQ, 7`�M+BbXrQQ/?Qmb2!K�i?bXQtX�+XmF

(R) úX 6Q/Q`- *X L�`/BMB- JX 1X *�i2b- CX h�BHH2m`- SX oBb+Q- �M/ 6X p�M qBDH�M/- S?vbX _2pX G2iiX RRd- yj3Ryj UkyReVX
(k) SX CmM; �M/ SX > M;;B- S?vbX _2pX � j8- 99e9 URN3dVX
(j) *X J�;;B- lX JX "X J�`+QMB- LX :M�M- �M/ _X .B G2QM�`/Q- a+BX _2TX 8- Ryd9k UkyR8VX
(9) 1X CQM2b- hX PHBT?�Mi- SX S2i2`bQM- 2i �HX- ǳa+BSv, PT2M bQm`+2 b+B2MiB}+ iQQHb 7Q` Svi?QM-Ǵ UkyyRĜV- (?iiT,ffrrrXb+BTvXQ`;f)X
(8) *X GX E�M2 �M/ hX *X Gm#2MbFv- L�iX S?vbX Ry- jN UkyR9VX
(e) *X CX :2v2`- ai�iX a+BX d- 9dj URNNkVX
(d) hX CX qBii �M/ LX 1X 6H2i+?2`- J2i`QHQ;B� 9d- eRe UkyRyVX
(3) .X "X �HH�M- hX *�br2HH- LX *X E2BK- �M/ *X JX p�M /2` q2H- ǳi`�+FTv pyX9XR-Ǵ UkyR3V-

(?iiTb,ff/QBXQ`;fRyX8k3Rfx2MQ/QXRkke983)X


