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Abstract

The positive mass theorem states that for asymptotically flat spacetimes, the ADM mass,
defined by Arnowitt-Deser-Misner, is nonnegative. This theorem has been given several proofs,
notably by Schoen-Yau, Witten, Geroch, and others. We generalize an argument of Jang which
proves the positivity of the ADM mass of an asymptotically flat spacelike hypersurface (M3, g)
with a single exterior region Mo = R3 \ B;(0). We focus on a quantity asymptotic to the
Hawking quasi-local mass defined on level sets of a p-harmonic function, for 1 < p < 3, and
demonstrate a monoticity formula similar to the Geroch monotonicity formula. For p = 2, we
recover Jang’s argument.

1. INTRODUCTION

In this paper we announce a proof of the positive mass theorem and sketch out in large our future
argument. Let (M3, g) be a complete Riemannian 3-manifold. An open submanifold N C M is an
asymptotically flat end of order 7 if there exists a diffeomorphism ®: N — R3\ B;(0) for which the
metric satisfies the decay conditions

[(@29)i5 — 6ij| = o(r™T);  |Ok(Pug)ij| = o(r™ ™71 [0kO1(Psg)ij| = o(r™"2). (1.1)

We say M is asymptotically flat of order 7 if there exists a compact set K C M such that M \ K =
NjU---U Ny, is the disjoint union of k asymptotically flat ends of order 7, and R(g) € L'(M), where
R is the scalar curvature of M. For simplicity, we shall consider asymptotically flat manifolds with
a single end Mg,q. Given such a manifold the ADM mass is defined as

r—oo 167

. 1 ;
m(M,g) = lim /S ((P9)ijj — (Pxg)jji)v' ASr, (1.2)
where S, is the sphere of radius r in the coordinate system, v is the normal vector to the sphere
with respect to ®,g, and dS, is the volume form induced on the sphere by ®,g. Bartnik [Ba]

showed that for a manifold with a single end asymptotically flat of order 7 > %, this quantity
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does not depend on the choice of K or diffeomorphism ®, and thus is a geometric invariant. By
[HI, Lemma 4.1], there exists an exterior region Mgy O Mepq diffeomorphic to R? minus a finite
number of balls with disjoint closure, with Mgy, minimal. In the physical setting, M is taken
to be spacelike hypersurface of a Lorentzian manifold (N*,3), with timelike normal vector field &,
obeying the dominant energy condition p > |J|, where p = T (,€) is the mass-energy density and
J, which satisfies g(J, &) = =T (&, &) for arbitrary &', is the momentum density [CP|. Here, T is
the stress-energy tensor, which satisfies the Einstein field equation Ric(g) — $R(g) = 877 In the
case where M is a maximal surface this condition is equivalent to R(g) > 0. The main result is:

Theorem 1.1. Let (M3, g) be a complete, asymptotically flat, manifold with nonnegative scalar
curvature and a single end contained in an exterior region with boundary homeomorphic to a 2-
sphere. Then m(M, g) > 0.

Outline of Proof. We follow the general idea developed in [Ja|. Suppose there exists positive solution
f to the p-Laplace equation on Mgy for 1 < p < 3, that is,

Apf E divg([VFP2V ) = 0, (1.3)

satisfying the Dirichlet boundary condition f = tg on OMext for some to > 0 and f = 0 at infinity.

Motivated by the fundamental solution ]:c| » 1 on R", we define r = fp 5 We then consider level
sets Xy = r~1({t}) and define for regular values of r

1 1 ,\ 1 2|Vr[\?
W(t)—lGﬂ_/Ztt (th 2H>+2<H ; >

where Ry, and H are the scalar and mean curvatures of ¥; respectively, and do; is the volume form
on Y. Note that when 3; 2 S?, the first term in the integrand is related to the Hawking quasi-local
mass by

area(X;) 1 9 area(X /
Yy)=\——7"7F|(1—— H*d R — fH doy, (1.5
m (5r) 167 < 167 Js, Ut area( f T6m Jy, U o (L)

where S? C R? is the sphere of radius ¢. The second term in (1.4) can be shown to be negligible for
large t. Since we expect the Hawking quasi-local mass for 2-spheres to approach the ADM mass, by
choosing #( so that area(X;)/ area(S?) — 1, we can obtain lim;_,o, W (t) = m(M, g). The argument
proceeds by establishing W (tp) > 0 and the monotonicity of W. On an interval of regular values
W'(t) is well-defined and is shown to be nonnegative. In general, however, there will be critical
values for which W is ill-defined. To handle this, we would like to consider the modificaton

dO’t, (14)

W0 = W) - {x(20| + e, (16)

where x(X) and I'(X) are, respectively, the Euler characteristic and the set of connected components
of a topological space X, and |S| is the cardinality of a set S. We verify that W (tg) = W (o) and
that limy_,oo W (t) = limy_,oo W(t), as near the horizon and near infinity ¥; is homeomorphic to a
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2-sphere. Now suppose that r has only isolated critical values. Then to examine the monotonicity of
W or W, one only needs to study the potential jump discontinuities occuring at each critical value.
Suppose that the potential jump discontinuities of W only arise due to changes in the topology of X,
across critical values. Then the first term [W () — £x(2;)], which removes the explicit dependence
of W (t) on the topology of ¥, does not change across critical values. Thus we may calculate

e}

m= W(to)+/

to

W@+ (0@ -x®)) ] at+ Y Lnggr<2t>|hm_|r<zt>| (1)
t,€Crit(r) b t—t;

We have that W (tg) > 0, and as W'(t) is nonnegative and 2|I'(X)| — x(X) > 0 for orientable 2-
surfaces, the second term is nonnegative as well. The last term will be 0 by the maximum principle.
Roughly speaking, an additional component can never exist, for it must bound a domain containing
a maximum or minimum point not belonging to the level set, violating the maximum principle.
Our assumptions that the critical values of r are isolated and that the potential jump discon-
tinuities of W only appear in the x(X;) term are unfounded, however. At best, we may guarantee
that the set of critical values are contained in some interval [tpin,tmax]. We approximate r on
71 ([tmin, tmax]) to obtain a Morse function r, satisfying some “e-close” criterion. As a result we
must work with slightly perturbed functions W, We and level sets 2. One now must show that

(a) the term We(t) — £x(f) does not change across critical values of e,
(b) as € — 0, the integral ftzo W!(t) dt may be made arbitrarily small, and

(c) as € = 0, the sum °; ccuipe) ti[limt%tﬂI‘(Etﬂ — limt%t;]F(Et)] may be made arbitrarily
small.

For (c), we give an argument that relies on a “near”-maximum principle which allows us to pair
positive and negative contributions from different critical points. The details of this argument are
carried out in Section 5.

The paper is structured as follows. In Section 2, we discuss the p-Laplace boundary value
problem and determine existence and regularity. In Section 3, we reintroduce the W function and
determine that its limiting value is equal to the ADM mass; in Section 4, we establish (a) and (b)
for approximations W.. In Section 5, we demonstrate the pairing argument and prove the positive
mass theorem.
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2. p-HARMONIC FUNCTIONS ON THE EXTERIOR REGION

Let (M3, g) be an asymptotically flat manifold with a single end Mg,q contained in an exterior
region Mey; with minimal boundary. Let ®g: My — R3 be an embedding of the exterior region
satisfiying the decay conditions (1.1). Assume that we may extend the diffeomorphism @ to a
coordinate system ®: Moy — R3.

For 1 < p < 0o and 0 € R we define the weighted Lebesgue space L§(Mexi) C Li, . (Mext) to be
the subspace of functions for which

1
lull, 5 % </ |u[Po =073 dv>" < . (2.1)
’ Mext

def
lully, ps = lully, s + Vel 51 < o0, (2:2)

where 1
def o —(=p-3 31/ )"
IVl 5, < ViulPo a)’. (2.3)

The definitions given are equivalent to those given in [Ba| for n = 3. We define the subspace of trace
zero functions W; o (Mext) to be the completion of CZ°(M,,¢) under the |-||; , 5 norm. Without
fullying defining a trace operator, we may meaningfully talk about solutions to a boundary value
problem on W(Sl’p(Mext). Suppose that OMey # @. Then for u € W;’p(Mext), we say that u = 1
on OMeyy if u—n € W(Sl,bp(Mext) for some(any)! smooth function 1 € C°(Mey;) such that n = 1 on
OMext.

A function u € VV(;1 "P(Meyt) is said to be a weak solution to the p-Laplace equation if for all
smooth ¢ compactly supported in the interior M,,{ of the exterior region.

/ (Ve [VulP2Vu), dV = 0, (2.4)

The central theorem in this section involves the existence and uniqueness of weak solutions. Shortly
after, we will show our solution satisfies a regularity lemma, and give description of the asymptotic
nature of solutions.

Theorem 2.1. Let 1 < p < 3 and 1 —3/p < § < 0. Then there exists a weak solution u €
W;’p(Mext) N Cl’a(Mext) of the p-Laplace equation satisfying the boundary conditions u = 1.

loc

The problem of existence and uniqueness of a solution to the p-Laplace equation may be
rephrased in terms of finding a minimizer to the p-Dirichlet energy

&) & / IVul? dv, (2.5)
Mext

LSince compactly supported smooth functions which vanish on 0 Mext are in W; ’Op (Mext), “some” may be replaced
with “any.”



Julius Baldauf, Jacob Lerma, and Jeffery Mensah )

after which we proceed with the direct method in the calculus of variations [?]. Note that |Vu]| is
in general only locally integrable, so we consider the energy to be a functional &),: W(s1 P(Mext) —
[0, o0].

Lemma 2.2. Suppose that u € W(Sl’p(MeXt) minimizes &, with &,[u] < oo, subject to the boundary
condition u = 1 on OMey. Then u is a weak solution to the p-Laplace equation.

Proof. Let ¢ € C°(Mex) and supp C M,,f. Consider the variation us = u + sy for s € R. Let
ép(s) = &plus]. Since the variation ¢ has compact support, we may differentiate &,, which by
minimality has

S=

d
0= — { / |Vus|? dV] = / [p|Vu +5V[P2 - (Vip, Vu+ Vsp)|  dV.
ds Mext s=0 Mext 0
_ / (Ve, [VulP~2Va) aV. (2.6)
Mcxt

Thus u is a weak solution to the p-Laplace equation. O

The direct method requires one to produce a minimizing sequence of the p-Dirichlet energy
and extract a subsequence convergent in some topology of T/V51 P where &), is lower semicontinuous,
implying the limit is in fact a minimizer. The relevant topology will be the weak topology on W(S1 P
therefore it is of interest to determine if such a subsequence can extracted via a weak compactness
argument.

Lemma 2.3 (Hardy’s Inequality). Let 1 < p < 3. Then there exists a constant C(p) such that for
all w € C°(Mext),

/ o™ tuPdV < C- [VaulP dV. (2.7)

Mext Mext

Proof. If welet u € C2°(Mext ), then since Mey is diffeomorphic to R™ minus a union of finitely many
balls, we can consider u as a function on R", minus a finite number of balls. After a rigid motion,
we may assume one of these balls contains the origin. If the number of balls is zero, then Mgy = R"
and we assume u € C°(R™ \ {0}). Hardy’s Inequality on Euclidean space then immediately gives

that
/Mext

By asymptotic flatness, g and gey. are uniformly equivalent on Mey;. Therefore, up to a constant,
the above inequality must hold when dV,,  is replaced with dV,. In addition, g and ge,. are also
uniformly equivalent on Mext, so if we apply Kato’s inequality we see that |d |ul, ,. < C'|d|u|], <
C'|Vul,. We have thus shown that

u|pP
U Ve < 2 / dJul2. AV (2.8)
r " =P St

7 ull gy < C IVl poan) (2.9)
The lemma then immediately follows from the fact that » and ¢ are uniformly equivalent. O

Lemma 2.4. Let 1 < p < 3 and § > 1 — 3/p. Then there exists a constant C(p) such that
lully, . 5 < C - &plu] for all u € WP (Mex).
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Proof. Since C2°(Meyxt) is dense in T/V§1 "P(Mext) |Bal, it suffices to consider u € C°(Meyt). We may
write for some ¢(p) [Ba, Thm. 1.2(i)],

lully, p,s = ully,s + IVl 51 < e {lully, -2 + [ Vul (2.10)

pyig
By (2.3), for some C(p) we may write ||Vul|, ;_5,, = o~ tull, < C|IVul|,, where |||, is the norm
on LP(Mex:). Furthermore, since |||, 3, = |||, we have

ully,ps < C" VUl = C"- &p[ul, (2.11)
which proves the claim. O

Lemma 2.5. Let 1 < p < 3. Then Wél’p is reflexive; in particular, every bounded sequence has a
weakly convergent subsequence.

Proof. We follow the line of proof given in [Br, Prop. 8.1]. For 1 < p < oo, the Lebesgue space
LP(Mext, pis) = L5 (Mext), where ps(U) = [ o934V | is reflexive [Br, Thm. 4.10]. So consider
the map

T: WP (Mexy) — LB (Mexy) X L2 (Mexi; R?) (2.12)

which takes u — (u, Vu). From (2.1) it is clear that T is an isometric embedding. Since I/V(;1 P(Mext)
is complete it follows that im(7") is complete and thus closed. Furthermore, since the product of re-
flexive spaces is reflexive, and closed subspaces of reflexive spaces are reflexive, it follows that im(7),
and thus VV(;1 "P(Mext) is reflexive(see [Br, Section 3.5| for an account of the properties of reflexive
spaces). In particular, every bounded sequence in Wé1 'P has a weakly convergent subsequence [Br,
Thm. 3.18|. O

Lemma 2.6. Let 1 < p < 3 and § € R. Then the p-Dirichlet energy functional &, is weakly
sequentially lower semicontinuous on W; P( Mext)-

Proof. We follow the proof the Tonelli-Serrin theorem as done in [Ri, Thm. 2.6]. First, we prove
the strong lower semicontinuity of &,. Consider the following well-known fact.

Fact 2.7. Let a,, be a sequence of real numbers. Suppose there exists some real a such that for every
subsequence by, = ay,, of a,, there exists a further subsequence b,,, such that a <liminfy_,o by, .
Then a < liminf,,— s an.

Now, let u,, — u be a norm-convergent sequence in VV(;1 "P(Meyt), and vy, = v,,,, be an arbitrary sub-
sequence. Since vy, — u, it follows from (2.1) that ||o~@=VP=3|Vy — Vu,, |||, — 0; therefore there
exists some subsequence vy,, for which o~ (0=Dr=3|yy, — Vi, | = 0 pointwise almost everywhere,
50 Vi, — Vu pointwise a.e. as well. Thus by Fatou’s lemma,

& ] = / VP AV < liminf / Vo, [P AV = Tim inf & [v, . (2.13)
Mext k—o0 Mext k—o0

Thus by (2.7), using the sequence E,, = &,[u,|, we obtain &,[u] < liminf,,_,. &,[uy]. Since u, was
arbitrary, this shows the strong lower semicontinuity of &,.
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To show weak sequential lower semicontinuity, we use the fact that a map f: X - RU {+oo}
on a Banach space is (weakly) lower semicontinuous if and only if the epigraph, denoted by epi(f) =
{(z,a) € X xR | f(z) > a} is a (weakly) sequentially closed subset of X x R, and similarly, that f
is convex if and only if epi(f) is convex. [Ri, Section 2.6|. Since &, is strongly lower semicontinuous,
epi &), is closed in the norm topology. Furthermore, given Aj, Ay € [0,1] such that A\; + Ay =1 and
U1, Ug € W5 P(Mext), we have

éap[)\llq + /\2u2] = / ])\1Vu1 + AQVUQ‘p dV < )\ / ‘Vulfp dV + Ag / ‘VUQ’p dv
MEXt Mext Mext
= M &plur] + Aeéplual, (2.14)

which holds by the convexity of the integrand. Thus epi &), is convex. In particular, as it is closed
in the norm topology and convex, it is closed in the weak topology [Br, Theorem 3.7|. Thus &), is
weakly lower semicontinuous. O

With these lemmas proven, all the sufficient conditions needed in order to proceed with the
direct method have been established:

Proof of Theorem (2.1). By (2.2), it suffices to show that there exists a minimizer of the energy &,
subject to the given boundary condition. Let A, 5(Mexi) = {v € W50 (Mext) | v = 1 on OMexs }
be the space of admissible functions, and note that for any smooth n € A, 5(Mext) N CE°(Mext)
we may write A, 5(Mext) = 1+ W50 (Mext). In particular, mpr’B(Mext) &y, < &p[n] < oo, since n
has compact support. Now there exists a sequence of admissible functions u, € Aps(Mexi) such
that &lun] < Eo + 1/n, where Eo = inf g ;(re.) 6p- By (2.4), [lunlly , 5 < C - &lun] for some
constant C(p), implying that u, is a bounded sequence. Hence by (2.5), there exists a weakly
convergent subsequence u,, € Aps(Mext) with weak limit u € W5 P(Mext). However, the plane
Ap 5(Mext) = 77—|—VV51 Op (Mext) is clearly convex and is closed in the norm topology, since W; o (Mext)
is closed. Thus it is closed in the weak topology |Br, Theorem 3.7|; in particular, u € Ap §(Mext)-
By (2.6), &, is weakly sequentially lower semicontinuous, implying
Ey < &plu] < liminf &,[uy, ] = Ey, (2.15)
k—o0
so u € A, 5(Mext) is a minimzer of &), satisfying u =1 on 0Met.
Now since the p-Laplace equation Apu = 0 takes on the divergence form divd(z,u,du) = 0,

where a(z,u, 0u) = |g|_1(gijuiuj)p7729“ug 0. We then calculate for ¢ € R3

ab &gk = 221017V (G T (6" ) (9" ue) €9 ER, (2.16)
lak | =22]g|7" 2(g”u D (™) (6" ), (2.17)
jak | = 0m(lg]” QMgum»%%f%g (2.18)

+ 2219172 (g uuy) "7 [(Omg™ Vs + 297 i) (6 ue),

and |a¥| = 0. By asymptotic flatness, there exists continuous 'yo, ~1: [0,00) — [0, 00) such that the
hypotheses of [DB, Thm. 2] are satisfied. It follows that u € C1 *(Mext) [DBJ. O
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Lemma 2.8. Let 1 <p<3andu€ W;’p(MeXt) N Cﬁ)’g(MeXt) be a weak solution to the p-Laplace
equation satisfying the boundary conditions given in Lemma (2.1). Suppose U C My is an open

subset of M containing no critical points of u. Then u|y € C*(U).

Proof. Let K C U be compact. Then since |Vu| is bounded below by a positive constant, the
p-Laplace equation is uniformly elliptic and satisifies the conditions of [LU, Thm. 5.2, 6.3], which
implies it is smooth. O

We will use an argument based on the comparison principle for supersolutions and subsolutions
of the p-Laplace equation to handle the asymptotic behavior of a solution u. On R", the fundamental

solution of the p-Laplace equation is given by ]:x\(p —)/(p=1)

Lemma 2.9. Let 1 < p < 3 and u € WP (Mex) N O (Mext) be a weak solution to the p-Laplace
equation satisfying the boundary conditions given in Lemma (2.1). Then the set of critical points

Crit(u) is contained in a compact set K. In particular, u is smooth on My \ K.

Lemma 2.10. Let 1 <p <3 andu € W;’p(Mext) ﬂC'ﬁ)’g(Mext) be a weak solution to the p-Laplace
equation satisfying the boundary conditions given in Lemma (2.1). Then Vu # 0 on OMey. In

particular, this implies the existence of an open set U D OMey such that Crit(u) NU = @.
Lemma 2.11. Let 1 < p < 3 and u € WP (Mex) VO (Mext) be a weak solution to the p-Laplace

equation satisfying the boundary conditions given in Lemma (2.1) such that w is smooth on the
complement My, \ K of a compact set K. Let r = w®P=1/(=3) Then on Mext \ K we have

lim |Vr| >0, (2.19)
|z|—00

3. HAWKING AND ADM MASSES

In this section we recall known expressions for the mass and introduce a new quantity whose
limiting value is bounded above by the ADM mass. Let Mcnq be the single end of an asymptotically
flat manifold (M3, g) with coordinates ®: Me,q — R3\ B1(0) satisfying (1.1) for 7 > 1. Recall that
the ADM mass is defined as

. 1 i
m(M, g) = lim /S (((I)*g)ij,j — ((I)*g)jjﬂ')l/ dST

r—oo 167

Given a 2-surface ¥ C Mcpq one has the Hawking quasi-local mass [Hal,

mp (%) = w/mizgrz) <1 —/EH2da>, (3.1)

which is asymptotic to the ADM mass for coordinate spheres ¥, = S,(0) as r — oo. We have the
following result, see [Ba, Prop. 4.1]%, which allows more generality in the choice of surface in (?7).

ZNote that the first condition in [Ba] is redundant and the connectedness assumption may be relaxed.
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Proposition 3.1. Let (M3,g) be an asymptotically flat manifold with a single end Me,q and
asymptotically flat coordinates ®: My,q — R3 \ B1(0) satisfying (1.1) with 7 > % Let {Dy}32,
be an exhaustion of Mc,q by compact sets such that Dy, is a smooth 3-manifold with boundary
Y = 0Dy, and areay(X) = O(ri) as 1, — 00, where 1, = infex, |z|. Then

k—oo 167

m(M,g) = lim —— /E (@2g)ij; — (Bug)ysa) do, (3.2)

where doy, is the volume form induced on ¥ by g.

Definition 3.2. Let {D,},~,, be an exhaustion of Mc,q by compact 3-manifolds with smooth
boundary ¥,. We say that {¥,},~,, approximates Sl% (compare with “nearly round” in [MT, Def.
2.1]) if

1. there exists ¢, ca > 0 such that ci1p < |z] < cgp for all z € X,
2. area(X,) = area(S3)(1 4+ O(p™ ")), where S§2 = {|z| = p}, and
3. supy | X — pv| = O(p'~7), where X = 2'9; and v is the unit normal vector to X,.

Note that the third condition is stronger than what the hypotheses taken by [MT, Def. 4.1 imply,
as (3.2) further restricts the “center” of the approximate family to be the origin. We now determine
an asymptotic relation between the Hawking and ADM mass sufficient for our purposes; to do this,
we adapt the method of argument in [MT, Thm. 2.1|. Before doing so, we define a notion of
asymptotic behavior for functions defined on the M,,q using the index p.

Definition 3.3. Let f: Meq — R and &: [pg, 00) — R be functions. We say that f = O,(§) as
p — oo if there exists a constant C' and p; > po such that f(xz) < C&(p) for all x € ¥, for p > py.
Likewise, we say that f = 0,({(p)) as p — oo if for every ¢ > 0 there exists p1(c) > po such that
f(x) < c€(p) for all z € 3, for p > pi(c).

It follows immediately that O(|z|) € O,(p) and o(|z|) € 0,(p). Furthermore, the usual rules of
arithmetic apply.

Lemma 3.4. Let (M3, g) be manifold with a single asymptotically flat end Mqnq of order T > %
Let {D,},>p, be an exhaustion of Mcyq by compact 3-manifolds with smooth boundary ¥, such
that {,},>p, approximates S. Then

lim mH(Zp) < mADM(M,g). (3.3)

p—00
Proof. Define the tensor G = %Rgg — Ricy. We wish to establish the inequality

1
lim mp(X,) < lim / G(pv,v)do, = mapm(M,g), (%)
Ep

p—r00 p—oo 8T

where v is the unit normal to ¥,. To study the curvatures we apply the Koszul formula Ffj =

~177) and gy = o(Jz] 2T) = 0,(p to

%(gjk,i + 9ki,j — 9ijk) and use the fact that g, = o0,(p _2_7)
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obtain
Rij = RFy; = 0T, — O;T % + Tl — THTY, (3.4)
= akr?i — T+ 0p(p™>7%7) (3.5)
= L(gik g + Grjin — Giigk) — 3 (Gikpj + Ghij — Ghikg) + 0p(p7272T) (3.6)
= 5 (Gikjk + Grjik — Gji ek — Gkk,is) T 0p(p>727). (3.7)
In particular, R;j = 0,(p™2""). One also gets
R = g"Rij = Rii + (9" — 0")Rij = Rii + 0p(p™°7*") = gijij + giijs + 0p(p>77"). (3.8)

In order to calculate G' we “extend” the metric coefficients g;; to smooth functions defined on all of
R3. Let n: R® — R be a smooth cutoff function such that 7 = 0 on By and 7,, = 1 on R" \ Bs.
Define the functions

g () = n(x)gij(z) if z € R"\ By (3.9)
" 0 if x € Bj. ‘
Now for p > p1, where By(0) C D,,, we may calculate
/ (Gik gk + Grjik — Gjikk — Gkk,ij) 'V’ doy, (3.10)
Ep
= /D 50 [(?ik,ﬂf + Gkjik — Gjikk — ?kk,ij)xi} dv (3.11)
P
= /D 5@ir g + Trjaing — Gjighj — Trkag) ' AV + /D (Grjkj — Tik,j5) AV (3.12)
o p
= / 5 @rjing — ?kk,ijj)$idv +/ (Grjkj — Gik,j5) AV (3.13)
D, D,
= / 30il(Trjnj — T i)'l dV + / 2Ok = Gjn) AV (3:14)
D, D,
- / 3 (Ghjkj — 9rn i)z do, +/ 3 (Ghkg — grjr)V do, (3.15)
s, ,

Note that fzp 0p(p~272)do, = o(p~272")area(X,) = o(p~?") = o(1), since 7 > 3. Furthermore,
since 2% — pvi| = O,(p™7), and giju = 0,(p~277), we find from (3.10), (3.15), and (3.1),

1 1 .
. - — . L . J —
Ji g, Gl = Ji g [ ks =0 = a0 g). 310

Now we use the Gauss-Codazzi equations to write

[\VJ ST

/2,, G(pv,v)do, = P/ BR — Ric(v, 1/):| do, =

Zp

1 1
Ry, — —H? A > —=H?) |d
L[ g (1 - 3z) oy

>0

(3.17)
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where Ry, and H, are the scalar and mean curvatures on ¥, respectively, and A, is the second
fundamental form on 3,. Finally, the area estimate in (3.2) yields

/area
pll)rrolo&r/ G(pv,v)do, > hm / [Rgp 3 p] do, = hm mH(EP) (3.18)

so the conclusion follows. O

Note that the second condition in (3.2) will not be necessary for our purposes; it will suffice to
only show the first and the third conditions hold, along with the weaker condition area(X,) = O(p?),
which gives

. 1 1
lim /Z p [Rgp — 2H§} do, < mapm(M, g). (3.19)
P

p—oo 167

In our setting however, the second condition can be shown to follow from the third, so (3.4) still
holds.

3.1. LEVEL SETS OF A p-HARMONIC FUNCTION

Consider the function r(z) = 79 - u(m)P 3 , where u € VV(S P(Mext) N C’loC (Mext) is a solution to the
p-Laplace equation satisfying the boundary conditions in (2.1), and 79 > 0 is some undetermined
constant. Then by (2.9), r is smooth outside some compact set K O Mext \ Meng. It follows that ¢
is a regular value of r for ¢ > tax = supy r. We wish to show that for a particular value of 7y, the
family of surfaces {2 }>¢,.., approximates S7, where ¥; = r~1({t}).

In general, let Yy, = 7~ H({t > to}), and Yi<y, = 11 ({t < to}), and define Zy~y, and Tycy,
similarly.

Lemma 3.5. There exists c1,co > 0 such that cir(z) < |z| < cor(x) for all x € Sy, -
Lemma 3.6. Suppose limy,|_,,|Vr| = 1. Then arca(3;) = area(S7)(1 4+ O(t™7)).

Lemma 3.7. Suppose lim,|_,|Vr| = 1. Then supy,|X —tv| = O(t'"7), where X = 2'0; and v is
the unit normal vector to ;.

In view of these lemmas, we choose 70 = (limj;_00|V7|) ™!, which is possible by (2.11). Now,

define for regular values ¢t > tyin
1 1 2(vr[\?

1
Wi(t) = — t
®) 167r/2t

As noted in the Introduction, we seek to relate this quantity to the Hawking quasi-local mass or
ADM mass and afterwards produce a monotonicity formula.

doy. (3.20)

—1
Lemma 3.8. Let f: M — R be a smooth function on a Riemannian manifold M. Define s = )\f%
for some constant A\ > 0, and set v = Vs/|Vs|, ¢ =1/|Vs|. Let ¥ be a regular level set of s. Then
on X,

1
V¢V‘VS| = ]f]_ |:

where H is the mean curvature of .

2
2|VS’—H] L A (3.21)

P—3'|Vs\p71'
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_3 _2
Proof. Assume at first that A = 1. We may calculate Vf = Vsr 1 = g%i’ - sp~1Vs. Now by the
product rule

Apf = div(|VfP2V ) = 223 [ (\Vs|p_2s_2) div(Vs) + <grad(\vs|p—2s—2), vs>] (3.22)

Now div(Vs) = Ags is the usual 2-Laplacian and

grad(|Vs[P~2s72) = —2573|Vs|P"2Vs + (p — 2)s 2| Vs[P~> grad|Vs|. (3.23)
This yields
VsPt (p—3 Ags  2|Vs]

Apf = —2)V4y — — 3.24
of =g (B21) |- 29alvsl + 25 - (3:24)

Now the mean curvature of ¥ is given by

tr Hess)! — Hess? A

H=trAd=2"%% essy () _ Bas Vu|Vs|. (3.25)

Vs T Vs

Substituting into (3.24) and rearrangment yields the conclusion for A = 1. Now one verifies that
(3.21) is invariant under the scaling s — As. 0

Our main result in this subsection is:

Lemma 3.9. lim;_,oo W(t) < mapm(M,g).

4. MORSE APPROXIMATIONS TO A p-HARMONIC FUNCTION

In this section we study approximations by Morse functions to the function r defined in the
previous section. Following the program detailed in the Introduction, we introduce modifications
to W and show an approximate monotonicty formula.

Lemma 4.1. Let f: M — R be a smooth function on a Riemannian n-manifold M where n > 2.
Suppose py € M is a nondegenerate critical point of f with value ty, and that there exists ¢ > 0
such that f~'([to — e,to + €]) is compact and contains no critical point of f other than p. Let
O = f~1({t}) and w; be the volume form on Q; fort € [to—¢,to+¢] — {to}. For a smooth function
n: f~Y([to —e,t0o +¢]) — {po} — R, define

I(t) :/Q n- Wi, (4.1)

fort € (tg—e,to+e) —{to}. Let (U,1)) be a Morse chart around po. If n = O(|o|*™™) as ¢(z) — 0,

then I, is continuous at t.

Proof. Without loss of generality, let ¢y = 0, assume that By C ¥(U), and give f the form
f:to_‘x‘Q—i_‘y‘Q? x:(wla“'vwk)7 y:(¢k+17”'7wn)' (42>

Let p: [0,00) — R be a smooth function satisfying the properties:
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1. 1(0) > 0 and p9)(0) =0 for all j > 1.
2. p(x) =0 for all z > 1.
3. =1 < p/(x) <0 for all z > 0.

Using this we define the family of functions ps(z) = du(x/0) for § € (0,1]. Define F5: M — R
by

(4.3)

Jfxy) + ps(x* + y*) onU
fale) = {f(p) on M — U.

One checks easily that Fj is smooth. We calculate that on U,

OF
O
which only vanishes when 1; = 0. It follows that the only critical point of Fs in U is py. Since

Fs = f on M — U, the critical points of F5 and f coincide. Since Fj(pg) > f(po) = 0, it follows
that 0 is not a critical value of Fi, and thus lies in some interval [—e1, 1] of regular values. Since

= 20 [ + Iy £ 1]

onB\f,

Fs(x,y) =6 F (\Xfé %) , (4.4)

and Fs = f outside of B 5. it follows that [—de1,de1] is an interval of regular values of Fs. Using
these intervals we define Ig: [—e1,e1] = R for 6§ € [0,1] by

/ n-wl iféd>0
Q2

lim; ,o- I,)(t) ifd=0and 7 <0
limy ,o+ I)(t) ifd=0and 7>0

(1) = (4.5)

where Q% = F; ! ({76}) and w? is the volume form on Q2. Now one has Q2 — B 5 = s — B 5 for
T € [—e1,€1] and § € (0, 1], which implies for 7 # 0,

I(r) = I(76)| < Il - wd + ] - wrs. (4.6)
| </ /

QénB\/g Q-5NB /5

Let S‘TS = Q‘i N B /5 and Tf = ;5N B j5. Then by the scaling properties of Fs and f,
X Yy
Fs(x,y) =6 -F <\/5, \/5) for (x,y) € Bz = S2=v6-5], (4.7)

f(x,y)—a.f<\’/‘g,§g) for (x,y) € Bz = 10 = V6 T} (4.8)
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Thus we may write for some constant ¢(7) > 0,

13(r) — () / ] e + / 7] - wrs (49)

< supln| - vol (V8 - SL) + sup|y| - vol(V/s - T}) (4.10)
I 8

< c(r) - 5" [sup P 4 sup p® . (4.11)
8 T8

For 7 # 0 we have supys P2~ = |76)*", and by scaling,

supgs PP =62 sup Upefen S P (4.12)

157

Together this shows that for T # 0,
I3(7) = Iy(76)| < C(7) (1 +1717") Vo, (4.13)

By taking a limit as § — 0%, this implies the pointwise convergence of IS(T) to Ij(r) for 7 #0. A
scaling lemma will ultimately produce a uniform ¢(7), which should rely on the fact that S9 is a
“continuous” family of surfaces in some sense. Furthermore, a more clever way to handle the term
fo |n] - wrs, which should not blow up as 7 — 0, will ultimately yield uniform convergence, implying
the conclusion. O

—1
Lemma 4.2. Let f: M — R3 be a Morse function on a Riemannian manifold M and let s = fgf?’.
Let xy be a critical point of f and (U,v) be a Morse chart around xg. Then |Vs| = O(|¢|) and
|H| = O(|¢| ") as ¢(x) — 0, where H(z) is the mean curvature of the level set of s at a point .

Lemma 4.3. Let K C Mgy be compact, and u € VV(;1 P(Mext) N CIOC( Mext) be a weak solution
to the p -Laplace equation satisfying (2.1). Then for any € > 0, there exists a Morse function
Ue € VV(S P(Mext) N C°°(Mext) such that u = ue on Mext \ K, inf g ue > 1, supg|lu — ucl| < €, and

r2 <2 H) ‘
— 2 - = ) AudV|<e 4.14
‘/Kwrw V) 2 (4.14)
p—1

where r. = 19 - ut™® and H, is the mean curvature of a level set of r. at a point.

Proof. O

For € > 0, take such an approximation u. with respect to a compact set K such that Crit(f) C K
and OMeyt = @, which exists by (2.9) and (2.10). Then we may define for all regular values ¢ > 79,

1 1 1 2IVrd \?| . .
t
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where 3§ = r1({t}). By the the maximum principle, u > 1 on M. Then since u. > 1 on K, and
u = ue on Mex \ K, we have ue > 1 on M,,{ as well. Thus X, = Y, = OMeys. In particular, we

ext
may calculate

1 2|Vr|? n 1 )
W, = — R d = =4+ — Vr|®d > 0. 4.16
6(7—0) ]_67T 8MeXt TO 8Mcxt + Tg UTO 2 + 87_‘_7_0 aMeXt ‘ ’r‘ UTO ( )

Definitionally, it is clear that W (t) = W (t) for t > supg 7, so limy_oo We(t) = limy_,oo W (t) <
m(M, g).

Lemma 4.4. Let [to,t1] be an closed interval of regular values of r.. Then for t € (to,t1),

1 1 2 2 H
wW!(t) > — . - Apue| dot. 4.17
6()_87T/z§ [p—?) \wp—2<t rw) ”“] & (4.17)

Proof. Note that in this interval, we may write

_ t € 1 ’vr5’2 €
W(t) = ZX(Et) + 8”/2; ( ; —H|VTE]> doj. (4.18)

Let v = Vr¢/|Vre| and ¢ = 1/|Vr|. Since r. is proper and has no critical values in [to,¢1], there
exists a flow along the vector field ¢ pushing Xf diffeomorphically onto Xf for ¢ € [tg,¢1]. Thus
the topology of 3¢ does not change in [tg, t1]. Furthermore, we may differentiate under the integral

to obtain
2
/ <|V7“| — H) L, (doy) —|—/ Loy <|VT| - H\Vr]) dat] . (4.19)
pon t po! T

The variation of area is £, (doy) = Hdo;. Now we separately calculate using (3.8),

1 1
W (t) = =x () + —
(1) = (%) + o

2 2
. <|v::\ ) _ 2|w€v;'jy|w€| _ Wri;’ (4.20)
B (pil B D ' 4|Vr§€|2 T . 1 QHLEWJ T : 3 |v1:|""‘2 e (120
and
Loy (H|Vre|) = Loy |Vre| - H + |Vre| - Lo H (4.22)
_ 1 2H[Vr] 1 e 1 re HApue + |Vre| - Lo H. (4.23)

+ .
p—1 Te p—1 p—3 |Vrfr!
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Together, this gives

W) = (=)

4
1 /1 1 1 1\ 2H|Vr, 1 1\ 4|Vr|?
+— LN g (L LY 2HIV S D N o
87 Jee |[\p—1 4 p—1 4 t p—1 4 2
1 ER
“5 b _ZH +|w€\-£wH} dos
1 [ 1 12 2 H
+ L . 0 ) A dot 4.2
87 Jyg Lp—3 \Vre|p2(f !Vra|> pE] ! (424

Simplifying and applying the traced Riccati equation yields

1 1 1 2Vrd\? 1 s 1 1 Asep
W'(t) = — — — ) (- (2= H?) + = 2 dot
) 87T/2§ [(p—l 4>< t > +2(H 1= f7) gt = | doi

1 1 12 (2 H ) ]
+ — . - — — | Ayu.| dot. 4.25
8 Jxe [p =3 |Vr P2\t |V P ¢ (4.25)

Since each of the terms in the first integrand are nonnegative, the inequality follows. O

Define W(t) = W(t) — t [1x(Zf) — AT(Z¢)]. Note that the additional term may be interpreted as
the number of handles of the level set(see [Jal).

Lemma 4.5. W (7o) = W (70) and limy_oe We(t) = limy_,00 W (2).

Proof. Since OMey = S?, it immediately follows that WC(T()) = W(r) > 0. Now pick tg > tmax.
Then there exists a flow along the vector field ¢v yielding diffeomorphisms from ¥f to 3§ for ¢ > #o.
Thus one has a deformation retract 34, — ¥j which may be extended to a retract R3 — i<y,
It follows that x(R3) = X(Xfcy, U B3) = 1. For compact 3-manifolds N, one has x(ON) = 2x(N);
in particular, x(3j)) = x(9(Zf<, U B3)) = 2x(Bfy, U B3) = x(S?).

Now let @ be a connected component of ¥, . Assume, for the sake of contradiction, that
Q@ is compact. Then there exists a point x € @ such that r.(z) = supg 7e. But then the flow
starting at x yields a curve y: [0,1] — Xf, " such that 4(0) = z and v(1) = y with 7.(y) > to.
By path-connectedness, y € @ and re(y) > rc(z) = supg 7., which is a contradiction. Thus Q
is noncompact, and in particular, unbounded as @ is closed. Now since ¥j_; is bounded, there
exists a ball Br(0) such that X, C Bg(0), or equivalently, R3\ Br(0) C Y54, Finally, assume
for the sake of contradiction that Q1 # 2 are distinct connected components of Xf., . Then
without loss of generality, since R?\ Bg(0) is connected, we may assume R3\ Bg(0) C Q1. Then
as Q1 N Q2 = &, we must have Q2 C Br(0), implying @2 is bounded and hence compact, which
is a contradiction. Thus ¥, is connected. By the deformation retract ¥, — 3§, we obtain
Lxg) =TE,,) = I'(S?). The conclusion follows. O

We think of [1x(Zf) — 3I'(55)] as a “topological” coefficient. As described in the Introduction,
we would like to better understand W/ by first moving the discontinuous nature of W, into a single
term.
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Lemma 4.6. Define V(t) = We(t) — £x(3¢). Then V, admits a continuous extension to all of
[T0, 00).

Proof. Let 1. = |Vr|?/re — H|Vrc|. Then for regular values ¢, write

1 €
Ve(t) = 87T/2; ne do. (4.26)

When t is contained in an interval of regular values, it is clear that V. is continuous at t. As w is
a Morse function, the critical values of u. are isolated and are strictly greater that 7. Hence for
a crtical value sg of u,, there exists § > 0 such that u-!([sp — 6,50 + d]) is compact and contains
no critical point of f other than u_'({so}). By (4.2) and (4.1), we observe that V(7 - s®—1)/(P=3))
may be extended continuously at s = sg. It follows that V. may be extended continuously to all
critical values. O

5. A PROOF OF THE POSITIVE MASS THEOREM

We recall the statement of (5.1) and give its proof.

Theorem 5.1. Let (M3, g) be a complete, asymptotically flat, manifold with nonnegative scalar
curvature and a single end contained in an exterior region with boundary homeomorphic to a 2-
sphere. Then m(M,g) > 0.

Proof. We have from our previous discussions that

m(M,g) > Jim We(t) = lim [Ve(£) + §0(S0)] = Tim [Ve(#) + $(D(S) + T(S8) - D). (5.1)

t—o00 t—o0

Now by (4.6) we may write

(MmZW%H/

[ro,00) L dt t—th t—t

hm (XS, — lim I'(XS,)

t~>t t—t,

{dv 1 (Zf dt—i—z lllmrz<t—1lmr( )
st | oo

where the sums are over critical values t;. Now WE(T()) = W (1), and wherever defined, V/(t) =
W/(t) — $x(3¢). For ease, we make the redefinitions I'<(t) = [(¥S,) and I'>(t) = I'(XS,). Then

€
we may rewrite the inequality as

o

m(M.g) 2 Wm) + [ Wiydes 5 [ [P0 - b)) ae+ 30 % [Pt - et

T

+> 5 ra ) - Tt
(5.3)
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The first term is positive by (4.16), and the the third term is nonnegative since I'(X) — %X(X) >0
for 2-surfaces. By (4.4),

o0 1 [ 1 t2 2 H
W!(t)dt = — . - — Aju| defdt
[ woa=g | /; [p—B |w€p—2<t |wa|> “] £
1 1 12

2 H
: - — Ayuc | dV
€l [p -3 ]Vre|p_3 (t |Vr€|> P }

S (5.4)

It remains to handle the discontinuities arising from changes in the number of connected components
of the level sets. In spirit, the core of this argument is the same “near’-maximum principle used by
Jang |Ja]. However, our formulation in terms of sublevel and superlevel sets simplifies matters. [J
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