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ABSTRACT. A shelling of a graph, viewed as an abstract simplicial complex that is pure of dimen-
sion 1, is an ordering of its edges such that every edge is adjacent to some other edges appeared
previously. In this paper, we focus on complete bipartite graphs and trees. For complete bipartite
graphs, we obtain an exact formula for their shelling numbers. And for trees, we propose a simple
method to count shellings and bound shelling numbers using vertex degrees and diameter.
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1. INTRODUCTION

In combinatorial topology, shelling of a simplicial complex is a very useful and important notion
that has been well-studied.

Definition 1.1. An (abstract) simplicial complex A is called pure if all of its maximal simplicies
have the same dimension. Given a finite (or countably infinite) simplicial complex A that is pure
of dimension d, a shelling is a total ordering of its maximal simplicies C, Co, . .. such that for every

k>1, CpN (Ui-:ll C’i) is pure of dimension d — 1. A simplicial complex that admits a shelling is
called shellable.

Shellable complexes enjoy many strong algebraic and topological properties. For example, a
shellable complex is homotopy equivalent to a wedge sum of spheres, thus not allowing torsion in
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its homology. The study of shellability in its combinatorial aspects has turned out to be very fruitful
as well. The arguably earliest notable result that polytopes are shellable is due to Brugesser and
Mani (Section 8 of [5]). Later on, Bjorner and Wachs developed theories on lexicographic shellability
(Section 12 of [2]). In particular, shellable posets, which are posets whose order complexes are
shellable, are studied and powerful notions such as F L-shellability and C'L-shellability are invented.
In a recent work, testing shellability is proved to be NP-complete [I].

As there is rich literature on shellability, little work has been done on counting the number of
shellings for a specific simplicial complex. It is generally believed that if a simplicial complex is
shellable, then it usually admits a lot of shellings, but no precise arguments are given.

In this paper, we investigate the problem of counting shellings, aiming to start a new line of
research. We restrict our attentions to finite simplicial complexes that are pure of dimension 1,
namely, undirected graphs, where interesting combinatorial arguments are already taking place.
Let’s first reformulate Definition in the language of graph theory.

Definition 1.2 (Graph Shelling). Given an undirected graph G = (V, E), where V is the vertex
set of G and FE is the edge set of G, a shelling of G is a total ordering of the edge set ¢ € Gp,
where & stands for symmetric group, such that o(1),...,0(k) form a connected subgraph of G for
allk=1,...,|E|

We will adopt the following notation throughout the paper.
Definition 1.3. For a graph G, let F(G) denote the number of shellings of G.

Clearly, a graph admits a shelling if and only if it is connected, which is equivalent to F(G) > 0.
A few results are already known.

Theorem 1.4 ([3]). Let K,, be the complete graph on n vertices. Then

n=2 /n
F(fa) = Crn1 <2>!

where Cy,—1 = (2::12) /n is the (n — 1) Catalan number.

As an overview for the paper, in Section [2, we will give an explicit formula for the number of
shellings of complete bipartite graphs, resolving a MathOverflow question [4]; in Section [3| we will
provide methods to compute the number of shellings of trees and obtain some upper and lower
bounds for them.

2. COMPLETE BIPARTITE GRAPHS

Denote K, ,, as the complete bipartite graph with part sizes m and n. The following is our main
theorem.
Theorem 2.1.

m!n!(mn)!

(m+n-1)""

The formula in Theorem is conjectured in the MathOverflow post [4]. Partial progress has
been made. In particular, Lemma [2.2] given by Richard Stanley, serves as an important tool for
our computation.

F(Kmn) =



Lemma 2.2. F(K,, ) is equal to the following expression:

b1bo -+ bypn—2
inl(mn — 1)!'S :
intmn : a bmtn—2(0m+n—2 + bmin-3) - (bnin—2 + bmin—3 + ...+ b1)

where the sum is over all sequences o = (a1, az,...,@min—2) of (m—1) 0’s and (n — 1) 1’s, and

Proof. Let o be a shelling of K,,,. In each part of K,,,, consider the order of the appearance
of the vertices. Here, we say that vertex v appears in o at time ¢t if ¢ is the first index such that
v € o(t). There are m! ways to choose such order in the part of size m and n! ways in the part of
size n. Fix the order of vertex appearance in each part to be (ug,u1, ..., uUmn—1), (Vo,V1,...,Vn-1),
respectively.

Consider a fixed order of appearance of all (m + n) vertices w = w_jwyp . .. Wp4+n—2. Note that
o (1) must be the edge eg = (ug, v9), so {w_1,wo} = {ug,vo}. For 1 <i < m+n — 2, define

0, if w; = u; for some j,
a; = .
1, if w; = vy for some k,

and
bi:1+|{1§j§i:aj7éai}|.

Now, for each w; (i > 1), consider the first edge e; incident to w; in o. This edge must be of the
form (w;,w;) where j < i and w;, w; are in different parts of Ky, ,. There are b; choices for this
edge. Thus, there are biby - - - by yn—2 Ways to choose e, e, ..., emin_2-

We further fix the edges eg,e1, ..., emin—2. Note that the rest of the b,,+n—2 edges incident to
Wp4n—2 must appear after e, +n—2 in o, so there are (by,+n—2 — 1)! ways to arrange these edges.
After making this arrangement, the edges which are incident to wy,+,—3 and not yet arranged must
appear after e,4,_3, so there are

(bm+n—2 + bm+n—3 + 1)'

bm+n72!

(bm+n72 + 1)(bm+n72 + 2) e (bm+n72 + bm+n73 + 1) —

ways to arrange them (since there are already by,1,—2 edges arranged after e, ,—3). Similarly, for
each i, after making the arrangement of all edges incident to vertices appearing after w;, there are
(bm+n72 + bm+n73 +...+ bz + 1)'
(brman—2 + bmgn—3+ ...+ biy1)!

ways to arrange all the edges which are incident to w; and not yet arranged. Therefore, after fixing
€0,€1,-- -, Emin—2, the number of shellings is

mff%mwma+“.+m+1ﬂ_ (mn —1)!

(bm—l—n—Q +...+ bi+1)! B bm+n—2(bm+n—2 + bm+n—3) to (bm+n—2 +...+ bl) '

=1

Combining all discussions above, we obtain Lemma [2.2 (|



We first prove a few lemmas which are essential to Theorem [2.I] These lemmas involve binomial
coefficients whose entries are not necessarily integers. For this reason, in the rest of this section,
we will use the generalized binomial coefficient

<£L’) B F(z+1)

y) Tly+Dl(z—y+1)

where I' is the Gamma function that extends the factorial function. In particular, if y is a positive
integer,

<x> _x(a:—l)---'(ac—y+1)
Y Y:

Lemma 2.3. For positive integers x,y and positive real numbers z,w such that w — 2z > x is a

postive integer,
SO0 O
== Y & i=max{0,a+y+z—w} iJ\ety—itl)
Proof. We first prove this lemma assuming that z,w are both integers. Consider the following

problem: we want to arrange (y+ 2z + 1) letter A’s in (w4 1) positions, such that each position has
at most one A and there are at most y A’s in the first x positions. The number of such arrangements

is
i(m)(w—x—i—l)_ Zy: <x><w—w+1>
1=0 ! Fry -t 1 i=max{0,x+y+z—w} L zty—t+ 1

by considering the number of A’s in the first = positions.

On the other hand, consider the position of the (y + 1) A. It must be at some position p > .
For a fixed p, there are (p ;1) ways to arrange the first y A’s and (w_f +1) ways to arrange the last
z A’s, so the total number of such arrangements is

ST E 00
p=z+1 Y o =T y o
Thus, Lemma follows under additional assumption.
For the general case, we fix 2/ = w — 2 € N. Lemma is equivalent to

2! . . Yy
Z I [(w—y Z T w—z+1
(1) ( > < / ‘> - < ‘) < / ‘> .
Jj=z y & J i=max{0,x+y—z"} ! o Toyte

Both sides of Equation are polynomials in w of degree at most z’. From our previous discussion,
every positive integer greater than 2’ is a root of . Thus, the two sides of agree as polynomials
in w and the proof is complete. (|

Lemma [2.3] serves to prove the following lemma, which will be crucial in calculating the sum in
Lemma 2.2



Lemma 2.4. For positive integers k <n and s <m+n—k — 1,

m4n—k—1 mn o —k—t—
Z (t_n+k+1)(t+2)(t+3)...(t+k)<n—k+mk k—t 2>
(2) o

. m n—k
—W(s+2)(s+3)~-(s+k+l)<

where general binomial coefficients are used.

Proof. First, note that

(t_n+1<;+1)(t+2)(t+3)-.-(t+k):k![(“l;k) +k;”<2t’j>}

We shall split the sum in the left hand side of (2)) based on the equation above. Applying Lemma
with replacements z = s +k+1,y =k, z = *%= —1, w = ™ +n—2 (notice that w—z =m+n—1

is a positive integer), we obtain
BT
k - : k . )
j=stkt1 k aor — 1 i=io t g tE—i
where iy = max{0, s + 2k + 2 — m — n}. Writing ¢t = j — k, we have
m*"z’“ <t+k)<m+n—k—t—2> _Z’“:<s+k+1><ﬂ+”—k—“>’_2>
t=s+1 k il i=ig ¢ ap k-t

mk

Similarly, replacing x = s +k+ 1, y=k—1, 2= "7 — 1, w= " +n — 2 in Lemma [2.3

m*"z‘:’“‘l T N O e ’“z‘:l stk+1\ (g tn—k—s-2
k—1 mk_l 7 %-ﬁ*k-i—l

t=s+1 n—k =11

_Zk: sthk+1\ /g tn—k—s-2
a i—1 mk g ’

i=i1+1

where 77 = max{0, s + 2k + 1 — m — n}. Therefore, the left hand side of

LS M4 —k—t—2
%l Z (t—n—l-k‘-i—1)(t+2)(t+3)...(t+k)(nk e >
T ot=s+1 mb

_i s+k+1\ (g tn—k—s—2 +k—n i s+k+1\[(mgtn—k—s-2
= i mk g ko4 i—1 mk i)
t=to n- i=i1+1 n—k



We claim that the following identity holds for all 70 < £ < k.

s k41 S tn—k—s—2 k—n s+k+1\ /(g tn—k—s5-2
Z( i >< mk 4k —i >+ k Z ( i—1 >< mk >
(3) 1=10 n— 1=i1+1 n—k

I k=l st k1) (2 +n—k—s—2

_$ﬁ+k< ¢ >< mk 4y )

There are two cases: 79 = 0 and i > 0.
Case 1. ig =11 = 0.
In this case, the left hand side of is

(FU T ) NP )
SLLANYY i k i—1 mk k-

=1

S tn—k—s—2
k
etk

Induct on . When ¢ = 0, both sides of 1' are equal to ( ) Assume that holds

for £ — 1 and consider ¢ case. Then, the formula above becomes

s+k+1 +k:—n s+k+1 et —k—s—2 N
¢ k (-1 b k-t

fi+k—€+1<3+k+1)Cﬁz+n—k—s—2>

mk 1k -1 mk k041
[fs+k+1 +k:—n 14 s+k+1 et n—k—s5—2 N
B l ko s+k+2-4 0 mk k-t
mh 4 k—(+1 4 (s+k+1)m+n+€—2k—s—2(m+n—k—s—2>
mkoy g s+ k+2-4 14 mh pk—0+1 mh 4k —¢

{1+ (k —n)t +(m—l—n+€—21@—3—2)6 <s+k+1)<m+n—k—s—2>
- k(s+k+2-0)  (ZE k) (s+k+2-10) 0 kg g

_$ﬁ+k—%<s+k+1><ﬁ1+n—k—s—2>
Comk g ¢ mk oy g '

Thus, follows by induction.
Case 2. ig=s+2k+2—m—n>0and iy =iy — 1.
We can simplify the left hand side of as

‘ s+k+1 k—n/s+k+1 e 4n—k—s5—2
) )+ . ) S
¢ k i—1 mh 4 f—i

=10




Induct on £. When ¢ = ig,

[<S+k+l>+k—n io (s+k+1>}<m+n—k—s—2>
10 k s+k+2—ig 10 nljc+k_i0
_m+kio<s+k+1><ﬂ+n—k—s—2>

S omk 4k io mk 4k — g

as desired. The inductive step (£ —1) = £ holds by the same calculation as the previous case ig = 0.
Thus, the claim follows by induction.
In particular, when ¢ = k, becomes

zk: s+k+1\ [/t tn—k—-—s5s-2 +/<:—n z’f: s+Ek+1\ /2 +n—Fk—s—2
i mk 4 f—i k i—1 mk 4

1=10 i=i1+1
1 m % +n—k—s5—2
n—k
Therefore, the proof of this lemma is complete. O

Now we are ready to prove Theorem

Proof of Theorem[2.1]. According to Lemma [2.2] it suffices to show that

blbg e bm+n_2 (mn)'
— 1! = :
(mn ) Z bm+n72(bm+n72 + bm+n73) e (bm+n72 + bm+n73 +...+ bl) (m +n— 1)'

where the sum is over all sequences a = (a1, a2, ..., @min—2) consisting of (m — 1) 0’s and (n — 1)
1’s. Suppose Gy, = Gp, = ... =ay, , =1 where 1 <1y <rg <...<rp_1 <m+n—2. Denote
ro=0. Then for k =1,2,...,n—1,

brk,1+1 = brk,1+2 == b?“k—]. = ka b’l”k, =T — k + 1
and
brn_l-‘rl = =bpin2="n.
Therefore,
m+n—2 n—1
H b = pmtn=2-rn_1 H(Tj — i+ 1)jTj—Tj—1—1.
i=1 =1

For 1 <i<m+mn—2, write ¢; = byyyn_2 + ...+ b;, then
Cmdn—2 =Ny Cmtn—3 =20, ..., ¢ 41 =mn+n(n—2—r,_1)

2y
= Cmt+n—2Cm4n—3°""Cr,_1+1 = pmtn=2=rn 'm+n—1—r,_1)

For k=1,2,...,n— 1, we have

e, =mn+k(k—1—rg),....crp_ 41 =mn+k(k—2—1,_1)



Tk
mn

— Crk e Crk—1+1 — krkfﬂcfl H (? + k _ 1 _ Z)
i=rp_1+1

D7 +k—1—rp)
I‘(%—i—k—l—rk) '

= kTkT k-1

Denote r, = m + n — 2, we have

m+n—2 I‘(M +] 1— ""j—l)

Ti—Tj—1
il_Il ¢ = HJ +‘7717rj)
n—1
D(22 4k —ry)
_1 Ti—Tj—1 +1
e (HJ ><Hr<%"+k—1—rk>>

k=1

Comparing the product of b;’s and ¢;’s, we obtain

m+n—2 n—1
b; 1 L% +k—1—ry)
(mn —1)! —=— ||k —k+1)
il_[l 1 (n—1)! Pt T —"_Tl +k—rg)
m+n2 n—1 F(—"+]—1—rj)

> [10s =i+ V) m7—

= -0 I =
T1<rm <. <rp_1<m4n—2 j=1

1 n—1
T (-1 Z HRJ"

’ 1I<rm<.<rp—1<m+n—2 j=1

ttj—1-7;)
where Rj = (TJ ] + 1)ﬁJG;

We claim that the sum
(4)
1 n—1
(n—1)! > 112
1<m<.<rp—1<m+n—2 j=1

(m + k)IT(™0k)y
:(m—i—n—l)!k!(n—kz—l)! 2.

1I<rm<.<rp<m+k—1

(rk +n —k)! +k—2—7’k '
(rk—k+1)w< mink) >HR

foralll1 <k <n-1.
To prove this claim, we reversely induct on k. When k£ =n — 1, the right hand side of (4]

INCED (M 4+n—2—ry1)
(n—ll)' Z (7“n,1—n—|—2)r<l 1 HR
’ 1<ri<...<rp—1<m+4n—2 -
1 n—1
R

1<rm<..<rp—1<m+n—2 j=1

as desired.



Assume that the claim holds for k£ + 1, then the left hand side of becomes
(5)

m(n—k—
(m+k+ DT (4(k+171)) Z (r k)(rk+1+nk1)!(k+1 +hk- 1_rk+1> ﬁR
k+1— j
(m+n—DIk+Dn—k=2) _ o _ * (rrg1 +1)! mnhl) B J
Setting t = rg41,s = rg, k = n —k — 1 in Lemma [2.4] we have
k
(rpe1+n—k—1) (g +k— 1—7"k+1
Z (Tk-l—l - k‘) (rk L+ 1)' m(n—k—1) H
1<ri<...<rpp1<m+k + ’ k+1 j=1
k m-+k
e +n—k—D i tk—1—riq
= Z [(HRJ) Z (Tk+1—k)( +(7“k ) ) ( +m(n7k71) 1
1< <.<rp<m-4k—1 &\ j=1 1 =Tk+1 +1 : S
k
m % 1 + k- Tk — 1
= [(HRJ)M(T%‘FQ)(T%""?’)(Tk+n_k>< " m(n—k—1) >:|
1<rm<..<rg<m+k—1 7=1 k+1
_ Z m (rg +n —k)! <k+1+k k_l)HR
o ) m(n—k—1
1<rm <...<rp<m-+k—1 m+k+1 (Tk + 1)' (k+1
Thus
m(n—k—1 mn
B - (m + k + 1T (k=) 5 m(ry +n — k)! (m+krk1>ﬁR.
(man—Dk+Din—k-2)! _ o= (m+k+1)r+1)! % P !
m(n—k—1
_ (m—i—k)!r(%) Z m(ry +n —k)! F(k+1 +k =)
m+n—1)NIk+1){n—k—2)!
( DIk + Dl(n — k= 2)!

1< <...<r <mA-k—1 (re + 1)t P(m(r;c;kl D4 DI (m +k =) 55

B (m+k)!
T (mtn—Dklmn—k—1)

Z (rp+n—kNT(2% + k- )( Ir(mn +k—1—rk HR

r. —k+ 1)
1<r <..<rp<m+k—1 (re + D1 D(m 4k —ry) P+

(m+k)'F(m(n £) Z (re +n —k)! m”+k‘—2—7“k -
(m+n—1)kln—k—1)! rie o (rg +1)! % -1 II

and the claim follows by (reverse) induction.
In particular, when k =1, becomes

(m+ 1){(mn —m —1)! i"” (T1+n1)!<mnr11>'

(m+n-—1)(n-2)! = (ri+ 1! \mn—-m-—1
=



Again, setting t =71, =0,k =n — 1 in Lemma [2.4]

Z (ri+n—-1!"/mn—r —1 m | mn —1
'r—ll (ri+1)! mn—m — 1 m+1 mn —m

Therefore,

@) =

(m+D(mn—m-1)! m ‘<mn—1>
(m+n—1)(n-2)! mr1 "
~_ (mn)!
 (m+n-1)0
Therefore, the proof of Theorem is complete. O

3. TREES

3.1. Tree Shelling Number Computation.

Trees are one of the most fundamental type of graphs. However, unlike the complete bipartite
graph case, there is no simple formula for tree shelling numbers. The goal of this section is to give
a relatively easy method to compute the number of shellings of a tree.

Throughout this section, let T" be a tree with n vertices and n — 1 edges. We first focus on
computing the number of shellings of rooted trees, whose definition is given below.

Definition 3.1. Let v be a vertex of T. The rooted tree induced by T" and rooted at v is denoted
as Ty. A shelling of rooted tree T, is a shelling o of T such that o(1) is an edge incident to v.

The following definitions are used to efficiently describe structures in a (rooted) tree.

Definition 3.2. Let T, be a tree rooted at vertex v. We say a vertex w is a parent of vertex w
(and w is a child of u) if (w,u) is an edge and w lies closer to the root than w. A descending path
from u to w in the rooted tree T, is a structure

U—V —UV — " —VUp —W

where each vertex is a parent of the subsequent vertex. We say u is an ancestor of w (and w is a
descendant of u) if there exists a descending path from u to w.

Definition 3.3. Let u,v € T. The (rooted) subtree of T, rooted at u, denoted as T,(u), is a
subgraph of T" rooted at u and induced by the set of vertices

{w e T :wis a descendant of u in T}, }.
See Figure [T] for an example.

For a tree T, the edge set of T is denoted as E(T'). The vertex set of T is denoted as V(T'), or
T for simplicity. Accordingly, |T| is the number of vertices in 7. The same notations are used for
rooted trees.

The following proposition provides a way to calculate the number of shellings of a rooted tree
T, based on the size of its rooted subtrees.



FIGURE 1. Definition of T, (u).

Proposition 3.4.
n!

HueT | Ty ()|

Proof. The proposition holds for n = 2 by regular check. Assume that it holds for n — 1 and
consider a tree T' with n vertices. '
Suppose the neighbors of v are uy,uo,...,u,. For 1 < i < r, define T@ to be the tree T (u;)

F(Tv) =

with an additional edge (u;,v). Given fixed shellings o; of Téi) for all 1 <7 < r, we can construct
shellings of T;, by merging o;’s together while preserving the order of each ;. Every shelling of T,
can be uniquely constructed in this way. Therefore,

) () S
P = (g, 5@, ... isron) I

By induction hypothesis,

4 @n @
F(TW) = i |&i) = — !
HwGT(i) |TU (w)| ‘TU ('l))‘ Hw;é'u,weT(i) ‘Tv(w”
_ |E(TD)]!
Hw;ﬁv,wET(i) ’TU('LU)‘ .
Therefore,
! r OMI
Firy = B BIO))
[E@O)[1--- BT 25 s wero To(w))]
B
Hw;ﬁv,wGT ‘Tv (w)‘
n!
B HweT ‘Tv(w)"

and the induction is complete. (|



Corollary 3.5. Suppose that (u,v) is an edge of T, then

F(T,) _ L) _ [Tu(v)]
F(T) ~ [Tow] ~ n— L)

Proof. For any vertex w # u,v, T,(w) and T,(w) are the same subtree of T,. Therefore, by
Proposition [3.4]

F(T) _ Tuer [Tu()] _ [Tu(v)] - [Tu(w)
F(T) ~ Maer L)~ [T ()[- [T,(0)]
@) [Tu)]
To(w)] ~ n— Tu()]

0

Corollary establishes a simple relationship between the number of shellings of T" rooted at
adjacent edges. In this way, by only calculating F'(T),) for a single vertex v, one can quickly derive
F(T,) for all uw € T. For example, suppose T is a path of length n — 1, as shown in figure [2l Then
F(T,,) =1, and

| T, (Vi) n—i

F(T,. ) = -
Lo (o] o) =

by corollary . This gives F(T,,) = (7;:11) foralli=1,2,...,n.

F(Tv¢+1 ) =

U1 V2 U3 V4 Un—1 Un

FIGURE 2. A path of length n — 1. The shelling number is 2" 2.
Finally, the following proposition relates the number of shellings of T" with that of its rooted

trees.

Proposition 3.6.

F(T) = % > F(Ty).

veT

Proof. Note that any shelling of T' beginning with edge (u,v) is counted as a shelling of both T,
and T),. Thus, Proposition follows. O

Example 3.7. By Proposition [3.6] and the discussion under Corollary the number of shellings
of a path of length n — 1 is

12": n=1) _yns
24 \i-1 a '



3.2. Bounds on Tree Shelling Number.

The goal of this section is to give several bounds of tree shelling numbers based on various
parameters of a graph, such as vertex degree and diameter. A trivial upper bound is (n —1)!, since
every shelling is also a permutation of edges. The upper bound is achieved when T is a star, in
which every two edges are adjacent to each other.

Here are the main theorems of the section.

Theorem 3.8.
F(T) = [ d(w),

veT
where d(v) is the degree of a vertex v in T. The equality holds if and only if T is a path of length
n—1 or a star.

Remark 3.9. A weaker lower bound F(T) > [],cr (d(v) —1)! can be shown easily by observation.
However, an extra factor of [[ ., d(v) in Theorem requires much more efforts.

Theorem 3.10. Suppose the diameter of T is £. When £ is even,

L

F<T>§W[<n§2>+§<n§l>]

F(T) < W[(n—1—£)<ne_;2> +n§<n;1>]

When £ is odd,

The equality holds if and only if T has the following form: there exists a path
Vo — V1 — e — Uy

such that every edge not in this path is adjacent to L)
2

Before proving Theorem it is worth noticing the following inequality, which relates the
number of shellings of T and T,.

Lemma 3.11. Let v be a vertex in T and £ be the length of the longest descending path in T,.

Then " )
e[S (") e

k=0
In particular, F(T) < 2" 2F(T,).

Proof. Let L = v —v; — vy — - -+ — vy be the longest descending path in T),. Consider the following
operations on 7"

1. Suppose ¢ < £ — 2 is the first index such that v; has a children v' # v;11 in T,. Remove
T,(v") and attach it on vy (i.e., children of v' become children of v;11). Furthermore,
remove edge (v, v;) and add a new edge (v',v;+1). This operation is illustrated in Figure

2. Repeat step 1 until no further operations can be performed.



v U1
*———o ——
v 1

FicURE 3. Operation on T: moving edges away from root.

Such operations preserve the length of the longest descending path in T, and would eventually
stop within finite steps. Let T(®) be the tree after kth operation. For u € T, define the weight of
w in T®)

F(T")
We claim that the sum of weights of all vertices is non-decreasing after each operation, i.e.

(6) Z Wi (u) < Z Wi1(u).

ueT ueT
It suffices to prove the claim for k£ = 0. By Corollary suppose (u,w) is an edge in T then
k k
Wi(w) _ |To ()] _ 78" ()

(7) Wi(w) 1 7® )| 0 — TP ()|

Therefore, suppose v — uq — ug — -+ — U, = u is a path in quk), then
k
Wi (u) = - —‘Tlg )<uj>‘ .
join = T8 ()]

Note that for all u # v, v;41, |T1§1)(u)| = |Ty(u)|. For w & T,(v") UT,(viy1), v',vi41 are not on the
path from v to w, so

WO (’LU) = W1 (w)



Write |T,(v))] = a,|Ty(vig1)| = b, then [TV ()] = 1, [T (vig1)] = [To ()] + |To(vig1)] = a +b.
By (),

n_ @ .
WQ(U ) = S aW()(’UZ).
Wo(visr) = —— Wo(w:)
0 \Vi+1 _’)’L—b o\Y;).
a+b
Wi(vig1) = ———— Wi(w).
n—a—=>ot

Since Wy(v;) = Wi (v;),
Wo(v'") + Wo(vit1) < Wi(vigr).

For w € T, (v') \ {v'}, by 7
Wi(w) _ Wow)
Wi(viqr)  Wo(v')

— W()(w) < Wl(w).

Similarly, for w € Ty, (vi+1) \ {vi+1},

Wl(w) _ Wo(w)
Wi(vig1)  Wo(vigr)

Therefore, we conclude that
> Wolw) < 3 Wiw),
weT weT

= Wo(w) < Wi (w).

and @ is proved.

Finally, suppose the operation stops after step M, then T™) is the tree where all vertices not
in L are incident to vy_1. Thus, by [7]

> War(w) = W (v) + War(v1) + -+ + War(ve—1) + (n — O)War (ve)
ueT

(7)ol

1=0
/—

2 1(”72).
- 1
=0

According to equation @, Proposition

~

(1)

so the proof is complete. ]

F(T) 1 1 B
T - 21;%@) < 2UEE;WM(U) -

Il
o

Now we are ready to prove Theorem [3.8 and



Proof of Theorem[3.8. Induct on |T'|. When |T'| =2, F(T) = 2 =[],y d(v)!. The equality holds
if and only if 7" is a path (in this case T is also a star).

Assume that statement holds for all |T'| < n, consider the case where |T| = n. If |T'| is a path of
length n — 1, then by Example [3.7]

F(T)=2""% =[] d(v),

veT
as desired.
Suppose that T is not a single path, then there exists a vertex v of degree d > 3. Let w1, us, ..., uq
be vertices adjacent to v and write |T),(u;)| = s; for i = 1,2,...,d. Assume s; < 59 < ... < s4. Let

T’ be the subtree of T' obtained by removing all vertices in Ty, (u1) and all edges incident to those
vertices. Let T be the subtree of T' induced by edges in E(T)\ E(T"). See Figure {4 for illustration.

S O

FIGURE 4. Merging a shelling of 77 and T, to a shelling of T.

Suppose ¢’ is a shelling of 7" and ¢” a shelling of 7). Consider the following method to merge o’
and ¢” into o, a permutation of E(T'), such that (i) the order of edges in ¢’ and in ¢ are preserved;
(ii) 0”(1) = (v,u1) is not one of the first s; edges after merge. Note that o must be a shelling of T
since at least one of {¢/(k) : 1 < k < s4} is incident to v and (v,u) is adjacent to some previous
edges in o.

For fixed ¢’ and ¢”, the number of o constructed by the above merging method is

n—1—sq) [(s1+s2+- 841
[E(T)] ) S1 '

S1+ 82+ -+ Sq-1
51 '

Therefore,
®) F(T) > F(T')F(T:><

Note that the shellings of T' constructed above do not include those whose first edge is (v,u1), so
we can replace “>” with “>” in (). Furthermore, by Lemma

F(T/l)
/!
F(T)) = 5




By induction hypothesis,
1
/!
F(THF(T") > p | Tl

Thus, implies

1 S1+ 82+ -+ 8Sq-1
F(T) > 281_1d< )Hd

ueT

If for some choices of v with degree d > 3, (SHS?J;'I"JFSF‘*) > 251714, then F(T) > [[,er d(w)!
and equality never holds.

If not, for all choices of v, (sﬁsﬁs'l"“d*l) < 251714, By Lemma 51 =8y =+ =84_1=1.
Therefore, T' must be the following type of trees: for every vertex v of degree d(v) > 3, it connects
at least d(v) — 1 leaves. If T is a star, then F'(T") = (n — 1)! is an equality case. If not, T" has the

form shown in Figure 5| where vy and v, are the only two possible vertices with degree at least 3.

vy V1

Fi1GURE 5. The only type of trees that satisfy case 2 condition.

Suppose d(vg) = di, d(vy,) = do with 2 < dy < da. If m = 1, by Proposition and

Lemma [A2]
d%—i—d%—i—dldg —d; —ds

F(T) = dvds (d1 + dy — 2)'
2-(d1—|—d2—2)!
> dyldy! = ] d(w)!
ueT

The equality holds only if dy = do = 2 and T is a single path.
Now suppose m > 2. Consider the following type of shelling of T: The first m — 1 edges of o
consist of {(v;,vit+1) : 0 <i <m — 2}. The number of shellings of such type is

d1+d2—1>

9m=2(d; — 1)!(ds — 1)!( "

Similarly, the number of shellings whose first m — 1 edges consist of {(v;,vi41):1<i<m —1}is

d1+d2—1>

2m72(d1 — 1)'(d2 — 1)'( dy



Thus by Lemma [A-3]
F(T) > 27 2(d; — 1)}(dy — 1)! [(dl e 1) + (dl o 1)}
2 1

dy + d2>

= 2m—2(d1 — 1)l(dg — 1)!< dy

> 27ty ldy! = [ d(u)!
ueT
unless di = 2,dy < 4, in which cases we have:
o (di,d2) = (2,2). F(T) = 2""% =[],er d(u)!. In this equality case, T is a single path.
e (di,dg) =(2,3). F(T)=2""1—2>3l. 24 = [, cpd(u)l.
o (di,d2) =(2,4). F(T)=6(2""2—n+1) >4!.2"° =T[ . d(u).

By induction, the proof of Theorem is complete. O
Proof of Theorem[3.10 Let vo—wv1—---—wvy be a longest path in T'. Firstly, we reduce the problem
to the case where all edges in T are incident to {v1,ve,...,vs_1}. If not, construct a new tree 7"

by removing every edge e not incident to {v; : 1 < i < £ — 1} and adding a corresponding edge
incident to v;, where v; is the closest vertex from e among L. Every shelling of T is still a shelling
of T" by considering the corresponding edges. Thus, F(T) < F(T") while the longest path remains
the same.

Under this assumption, denote V' =T\ {vg, v1,...,vs}. Consider the following operations:

1. Let i be the smallest index such that v; has degree > 3. If i < %, we remove all edges of the
form (v;,u) for u € V' and add edges (u,v;41).

2. Repeat step 1 until no further operations can be performed.

3. Let j be the largest index such that v; has degree > 3. If j > %, we remove all edges of the
form (vj,u) for u € V'’ and add edges (u,v;_1).

4. Repeat step 3 until no further operations can be performed.

Suppose the above operations end in step M. Let T® be the tree after t™ operation. We claim
that for all ¢t < M,

F(T®) > p(TO),

It suffices to prove the case when ¢t = 0. By symmetry, we can assume i < %. Let V; be the set of
vertices adjacent to v; in T except v;_1,v;+1. Define

Srara = {0 is a shelling of T': Ju € Vj, (v;, u) appears after (v;,viy1) in o},
Spy~p := {7 is a shelling of TW : Ju € Vi, (viy1,u) appears after (v, vip1) in 7},
Spyr) = {0 is a shelling of T': Ju € V;, (vi, u) appears before (v;, viy1) in o},
Srang := {7 is a shelling of TW : Ju € Vi, (vig1, u) appears before (vi, vi41) in 7}.

Note that there is a bijection between Sp-pa) and Sy~ by replacing edges of the form (v;, u)
in every o € Spqpay with (viyq,w), for all w € V;. Thus, [Sr~ra)| = |Spa)qr| and

F(T(l)) - F(T) = ’ST(U\T| - |ST\T(1) .



FIGURE 6. An example of operation on T: moving edges towards middle. The
shellings are indicated by the number on the edges. ¢ maps a shelling of the first
tree to a shelling of the second tree.

Consider a function g : Sppay — Spang. For o € Sp\pa), define 7 = g(o) as follows. If
o(k) = (vj,u) for some u € V;, 7(k) = (vig1,u); if o(k) = (vj,u) for some j # i and u € V/,
7(k) = (vj,u). It remains to define 7(k)’s where o(k) is an edge of L.

Write e(j) = (vj,vjq1) for j = 0,1,...,¢ — 1. For 1 < r < ¢, suppose o(k,) = e(j,) where
k1 < ky < --- < kg. Define 7(k,) inductively: when r =1, 7(k1) = e(2i — j1). When r > 2,

{e(jr), if {T(kl),T(kQ), ey T(kr_1)} = {6(j1), e(jz), ey e(jr_l)}

k) =
(k) (2¢ — jr), otherwise.

The idea is that g maps edges not in L to the corresponding edges. For edges in L, g acts as a
reflection with respect to e(i), until the reflection image matches with the preimage. An example
of g is in Figure [6]
We check the following properties of g:
e g is well-defined.

We first note that for any » < ¢, both {o(k1),0(k2),...,0(k,)} and {7(k1), 7(k2),...,7(kr)}
form a path P, and Pﬁl) in L, respectively. Since j; < i, the right endpoint of P,gl) is never
on the left side of the right endpoint of P, (assuming that L is a horizontal path with
left endpoint vy and right endpoint vy, as illustrated in Figure @ Furthermore, since the
“branching edges” of T' (edges in E(T') \ E(L)) are not on the left side of v;, every branch-
ing edge adjacent to P, must be adjacent to Pr(l). Thus, 7 is a shelling of (). Moreover,
7 € Spangr by the correspondence between (vi,u) € o and (viy1,u) € 7 for all u € V.
Therefore, g is well-defined.



e ¢ is injective.
Suppose g(o) = 7. By the definition of g, o(k) is uniquely determined whenever 7(k) & L.
Suppose 7(ky,) = e(i,) for 1 <r < /{. we can recover o(k,) from 7: o(k1) = e(2i—i1). When
r=>2,

O'(k?,n) — {e(ir)7 if {U(k1)7 U(kQ), . ,O’(kr_l)} = {e(il), e(ig), ey e(ir—1>}

e(2i —i,), otherwise.

Therefore, o is uniquely determined by 7 and g is injective.
Since g is injective, |Spayp| = |Sp\7o| and thus F(TMW) > F(T).
Finally, note that () is the tree where all edges not in L are incident to ULy By Proposition
and

4 J4
% [("f) + Z?:_ol (”:1)} , if £ is even,
04 £—1

(n(;%?;)! {(n —1-14) (7}%12) +nYy,2, ("Zl)], if ¢ is odd.
Thus, the proof of inequality is complete.

Futhermore, we shall prove that g is surjective only if 7" is isomorphic to ™) If not, then there
are two cases:
Case 1. i < Z_Tl.

In this case, 20 < £ — 1. Thus, for every o € Sp\ra), g(0)(1) # e(f — 1) = (ve—1,v¢). However,
there exists T € Sp)\ whose first edge is (vg—1,v¢), contradiction!
Case 2. i = 6771 and there exists another vertex v; of degree at least 3.

Suppose (vj,u) is an edge not in L, then for every o € Sp\pa), g(o)(1) cannot be this edge.

However, there exists 7 € ST(l)\T whose first edge is (v;,u), contradiction!

F(T™M)y =

Therefore, ¢ is surjective only if T is isomorphic to ™), so
F(T) = F(T™))
if and only if T is isormorphic to TM)  This completes the proof of Theorem ]

4. FUTURE WORK

Theorem gives a lower bound of shelling numbers based on the degree profile of a tree. We
also explore some potential upper bounds based on vertex degrees.

Conjecture 4.1. Let k > 3 be a fixed positive integer and n = % for some positive integer

m. Let A(T') denote the maximum degree of a vertex in 7. Among all trees T' with n vertices such
that A(T) < k, the number of shellings of T" is maximized when T is a complete k-ary tree of depth
m. An example of a complete ternary tree of depth 3 is shown in Figure

Some partial results are obtained when k = 3.

Lemma 4.2. Among all trees T with n vertices such that A(T) < 3, there exists a tree which has
at most one vertex of degree 2 and which achieves the maximum number of shellings.



FIGURE 7. A complete ternary tree of depth 3.

Proof. Let T be a tree with A(T') < 3. If n < 3, the lemma follows by regular check. Now assume
n > 4. Suppose v is a vertex such that F(7,) is maximized among all vertices in T'. Then, for any
vertex u # v, |Ty(u)| < §. We perform the following operations on 7™

1.

b

5.

If d(v) = 2, suppose u is adjacent to v with |T,(u)| > 2. If d(u) = 2 and the child of u in
T, is w, replace the edge (w,w) with (w,v). If d(u) = 3, suppose the children of u in T}, is
w1, we. Without loss of generality, assume
Y F(T)< Y F(Tw).
x€Ty, (w1) €Ty (w2)

We remove the subtree T3, (w2) from u and attach it on v.

. Now d(v) = 3. Suppose there exists a vertex u of degree 2. Consider w, the child of u in

T,. If d(w) = 2 and the child of w in T}, is z, replace (w,z) with (u,z). If d(w) = 3 and
the children of w in T}, are x, x9, remove the edges adjacent to w and add (u,z1), (u, x2).
Furthermore, assuming that |T,(x1)| < |T,(z2)|, we attach w to an arbitrary leaf of T,,(x1).
Repeat step 2 until no further operations can be performed.

Now every vertex of degree 2 is adjacent to some leaves. If there exist two vertices vy, v
of degree 2 such that each v; is adjacent to a leaf u;, then we either replace (vi,u;) with
(va,up) or replace (ve,ug) with (vi,u2), depending on which replacement gives a larger
shelling number.

Repeat step 4 until no further operations can be performed.

We shall prove that after each of the operation above, the number of shellings of T" does not
decrease.
For operation 1, call the new tree after this operation TW. Note that for all vertex z # u,

|T,(x)| = \Tﬁ”(x)\. Denote |T,(w;)| = s; for i = 1,2. By Proposition

FIY) 1) _ si+sat1
F(Ty) 118 ()| s1+1

> 1.

By Corollary

F(rV)

Ry F(TY) F(T,)  si41 si+so+1 n—si—sa—1 n—s —sy—1

F(Tu)

_F(qul)) F(T,) F(T.) n—si—1 si+1 si+s2+1  n—s—1



For all z ¢ T, (u),

= = F(T{V) = F(T)
F(T,)  pV)
For x € T, (w1),
F(L) _ F@Y) | PIY) n—si—s—1
F(Tw)  p(TiV) F(T;) n—s —1
For z € T, (wy),
F(T,) _ F(@) _ F@Y)  F@Y) F(T) _n-si—s-1
F(T.) — prY) F(T,)  F(T,) F(T.) sitl
Therefore,
1y :n—251—52—2 82
D e R e S e e i) D ()
€Ty (w1 )UTy (w2) €Ty (w2) €Ty (w1)

Note that s1 +s2+ 1 =|Ty(u)| < 2, s0n— 281 — sg — 2 > s9 > 0. The above formula is at least

n
2
n—2s1 —Sg — 2 S9 S9 S9
— F(T,) > — F(T,) > 0.
( s1+1 n—51—1> Z (x)_<51+1 n—sl—l) Z (Tr) 2 0

€Ty (w1) z€T, (w1)
In addition,
F(TO) + F(T) = F(Ty) = F(T,) = == F(T,) = —— 2 F(T,)
S1 n—sy—1
2
<81+1 n—51—1>F(Tu)
> 0.

Therefore, by Proposition [3.6]
F(TWy > F(T).
For operation 2, call the new tree after this operation T3). If d(w) = 2, then every shelling of

T corresponds to a shelling of () by considering corresponding edges. Thus, F(T() > F(T) in
this case. If d(w) = 3, suppose T, (z;) = s; for i = 1,2. By Proposition
1
F(T1§2)) N (s1+5322+ ) _ $14 89+ 1
F(T,) — (31;252) s1+1

For every vertex z ¢ T,,(w), by Corollary
PPy  FITP)  si4sa+1

> 1.

F(T,)  F(T,)  s1+1
For z € T,(w) \ {w}, note that 5((%,:)) = anﬁ”u();“))' > 1,
(2) (2) (2)
IS C I BN
F(TYE )) F(Tw) F(T,) F(Ty) — F(Tw)



Furthermore,

F(TP) + F(TP) = F(T,) = F(T,) = F(T,) > == (F(T,) + F(L.) = F(T)
S1
282
S F(T) ~ F(T)

since 2s9 > s1 + 1. Therefore, by Proposition [3.6
F(T®) > F(T).
For operation 4, call the tree after replacing (v1,u1) with (ve, u;) T®), and the tree after replacing
(v2, up) with (vy,us) T™. We claim that
F(T®) + F(TW)
2

> F(T).
In fact, define

Sy := {0 is a shelling of T': (vi,u;) appears before (ve, us2)},

Sy := {0 is a shelling of T': (ve,u2) appears before (v1,u1)},
Sy := {0 is a shelling of T®) : (vy,us) appears before (v, u1)},

Sy := {0 is a shelling of TW . (v1,u1) appears before (vi,u2)}.

Then F(:,;(B)) = |Ss], F(TTW) = |S4|, and F(T) = |S1| + |S2|. Note that there is an injection from S}
to Sy by considering corresponding edges ((ve, ug) corresponds to (v1,us)), so [S1| < [Sy|. Similarly,
|Sa] < |S3|. The claim follows immediately.

Finally, operation 2 can only repeat finitely many times since after each step, the number of
shellings would increase; operation 4 can only repeat finitely many times since after each step, the
number of vertices of degree 3 would increase. Note that the resulting tree after all operations are
ended has at most one vertex of degree 2. Therefore, the proof is complete. O
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APPENDIX A. SOME COMBINATORIAL INEQUALITIES

Lemma A.1. Let 51 < s9 < --- < sq_1 and d > 3 be some positive integers. Then

<Sl +82+...+8d_1> < 28171d

51
if and only if sy =s9 =+ =541 =1.
Proof. Note that s; + s+ -+ sq-1 > (d — 1)s1, so

§1+ 82+ sa-1) (d—1)s;
S1 - S1 '

<(d - 1)51> > 201714,

S1

We claim that when s; > 2,

Induct on d. When d = 3,
2 S1 S1
() =Tz e [ s

51 k=1 k=2
Suppose that the claim holds for d — 1, then

dsy (d—1)s1\ 1o (d—1)s1 + k o d .
= > (20l —— >0 1
<81> < S1 >I£[1(d—2)81+k‘_( d) d—1"— (d+ )’

o

so the claim is proved by induction.
According to this claim, if s1 > 2,

<31+52+"'+5d—1> S 9s1-1g

51
contradiction! So s1 =1 and s; + 834+ -+ 541 < d. This gives sy =s9=--- =541 = 1. O
Lemma A.2. Suppose 2 < dy < do are positive integers, then
2-(dy +dy —2)! > dylda!.
Proof. Note that

d1—2 di—2
(di +dy —2)! dy!
2 k=1 k=1
so the lemma follows immediately. 0

Lemma A.3. Suppose 2 < dy < ds are positive integers, then

di +d
(1+ 2>§2d1d2
1

if and only if di = 2 and do < 4.


https://mathoverflow.net/questions/297385
https://mathoverflow.net/questions/297385

Proof. We claim that when d; > 3,

<d1 +da

2d1ds.
dy >> 102

Induct on di. When dy = 3,

dy +d dy + 3)(dy + 2)(dy + 1
<1d 2)—2d1d2:(2 )(26 (2 )—6d2:f(d2).
1
Ifdy =3, f(ds) =2 > 0. If dy > 4,
443)(4+2)(ds +1
f(dz)Z( @AY gy g7 0.

6
Suppose that the claim holds for d; — 1, then
<d1+d2> _ dy + da <d1+d2—1> S dy + da
dy dy d—1 dq
so the induction is complete.
According to this claim, d; = 2 and

2(d1 — 1)d2 > 2d1d2,

<2 _;d2> > 4ds.

d3—5dy +2<0

This implies
and thus doy < 4.
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