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ABSTRACT. Subgroups H; and Hs of a group G are said to be locally conjugate if there is
a bijection f : Hy — Hs such that h and f(h) are conjugate in G. We study local conjugacy
among subgroups of GLa(Z/p?Z), where p is an odd prime, building on Andrew Sutherland’s
categorizations of subgroups of GLy(Z/pZ) and local conjugacy among them. We obtain
a classification of locally conjugate subgroups of GLy(Z/p?Z) in the kernel of the natural
map ¢ : GLo(Z/p?Z) — GLo(Z/pZ). We further inspect local conjugacy among subgroups
of GLa(Z/p*Z) using this classification.
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1. INTRODUCTION

Sutherland was led to consider subgroups of GLy(Z/pZ) which are locally conjugate but
not necessarily conjugate as he was developing an algorithm to compute the images of Galois
representation given by the Galois action on p-torsion points of elliptic curves. In his paper,
Sutherland fully identifies nontrivially locally conjugate subgroups of GLy(Z/pZ) (see Theo-
rem 2), where p is an odd prime. Our hope is to understand local conjugacy in GLo(Z/p*Z)
where k& > 2 and also in the projective limit GLo(Z,). In this paper, we work with the case
when k = 2. We eventually eliminate some pairs of subgroups of GLy(Z/p?Z) that cannot
be nontrivially locally conjugate (see Corollary 3, Remark 8). Sutherland’s result with £ = 1
and our observations with £ = 2 and p = 3 lead us to believe that locally conjugate subgroups
of GLo(Z/p*7Z) come in pairs up to conjugacy and that the subgroups are isomorphic.

2. NOTATION

Throughout this paper, p is an odd prime. € is taken to be a nonsquare of Z/pZ.
For a group G and g € G, we take g% to be the conjugacy class of g in G. Furthermore,
for S C G, SY = J,q°.

Definition 1. Given 2 x 2 matrices My and M, we say that they are diagonally swapped
or that they are diagonal swaps if My is obtained by switching the diagonal entries of M.
Moreover, given groups of matrices Hy and Hs, we say that they are diagonally swapped if
the elements of Hy are diagonal swaps of elements of Hi.

2.1. Groups. GLy(R),SLy(R) and PGLy(R) denote the general, special and projective lin-
ear groups of 2 X 2 matrices over a ring R. In particular, we define the following subgroups
of GLo(Z/pZ):

Definition 2.

Z(p) = {(75’ g) € GLy(Z/p’Z) }
Culp) = {(7“5 0) € GLu(2/p2) }
Cut) = { (4 ) < GLaz/n)}
s ={(§ 7)< oy},

are called the center, Cartan-split subgroup, Cartan-nonsplit subgroup and Borel
subgroup of GLy(Z/pZ) respectively. For H < GLo(Z/pZ), let N(H) denote the normalizer
of H in GLy(Z/pZ). In particular,

Ve =c.mu (] o) ew

N(Cys(p)) = Chs(p) U ((1) _01> Chs(p)-

2



3. PROPERTIES OF LocALLY CONJUGATE SUBGROUPS

In this section, we define locally conjugate subgroups and discuss some properties of local
conjugacy.

Definition 3. Let G be a group and Hy, Hy < G. (G, Hy, Hy) is a Gassman triple if there
is a bijection f : Hy — Hy such that h and f(h) are conjugate in G for all h € Hy. We also
say that Hy and Hs are locally congugate in G. If Hy and Hy are conjugate in G, then
they are also locally conjugate in G, in which case we say that they are trivially locally
conjugate.

Note that local conjugacy between subgroups H; and Hs of G is determined not only by
H, and H,, but also by GG. For example, we will see later that the kernel of the natural
homomorphism ¢ : GLy(Z/p*Z) — GLy(Z/pZ) has subgroups that are nontrivially locally
conjugate with respect to GLy(Z/p?Z). However, such subgroups are not locally conjugate
with respect to ker ¢ because ker ¢ is abelian, in which case locally conjugate subgroups are
always equal.

Proposition 1. Let G be a group and Hy, H, < G. Hy and Hy are locally conjugate in G if
and only if |Hy N C| = |Hy N C| for all conjugacy classes C' of G.

Proof. Suppose Hy and H, are locally conjugate in G via f : Hy — H,. For every conjugacy
class C of G, f |gync maps into Hy N C. Likewise, f~! |g,nc maps into H; N C and is the
inverse of f |g,nc. Thus, |H; N C| = |H2NC|.

Conversely, suppose |H; N C| = |Hy N C| for every conjugacy class C' of G. Choose some
bijections fo : Hy N C — Hy N C and define f : H — Hy as f(h) = fre(h). fis a well
defined bijection because the conjugacy classes of G partition G. Moreover, h and f(h) are
in the same conjugacy class for every h € Hy, so H; and H, are locally conjugate. U

Proposition 2. Let G be a group, H,Hy, < G and N < G. If Hy and Hy are locally
conjugate in G, then Hy "N and Hy N N are locally conjugate in G.

Proof. N is the disjoint union of some conjugacy classes of GG. Let C' be a conjugacy class
of G. If C C N, then |(H;NN)NC|=|H;NC| for i =1,2. Otherwise, |(H;"N)NC| = 0.
Hy N N and Hy N N are therefore locally conjugate in G by Proposition 1 0

Proposition 3. Let G,G' be finite groups, Hi,Hy < G and ¢ : G — G' a surjective
homomorphism. If Hy and Hy are locally conjugate in G, then p(Hy) and p(Hs) are locally
conjugate in G'.

Proof. Let C' be any conjugacy class of G' and let U = (J,cor (¢ (2))¢. We claim that
e HC") = U. If d € p71(C"), then ¢(d) € C’, in which case ¢(d) € (¢~ (p(d)¥ C U.
Therefore, p~1(C") C U. Conversely, if d € (¢~(x))¢ for some x € ', then d = gyg*
for some g € G and y € ¢ (). Tt follows that p(d) = ¢(9)p(y)e(g)™t = ¢(g)ze(g)™t,
and so d € ¢ (C"). Hence, U C ¢ !(C"), as desired. In particular, ¢~*(C") is the union of
conjugacy classes of G.

ker ¢ is the union of conjugacy classes of G because it is normal in G'. Moreover, since H;
and Hy are locally conjugate, |H; Nker p| = |Hy Nker ¢|. Similarly, |[H; N ¢~ *(C")| = [Hy N
™1 (C")]. Note that p(H;)NC" = p(H;Np™ (C")), so [o(H:NC")| = [HiNg™(C")| /| HiNker |
for i = 1,2. Thus, |p(Hy) NC'| = |e(Hy) N C'|. O
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Lemma 1. Let G be a finite group and Hy, Hy < G with Hy and Hy locally conjugate in G.
If Hy is cyclic, then so is Hy and Hy and Hy are conjugate.

Proof. Say that h; generates H;. There is some hy € Hj that is conjugate to hy. hy and hs
have the same order, which is |H;| = |Ha|, so hy generates Ho. O

4. SUBGROUPS OF THE KERNEL OF THE HOMOMORPHISM GLy(Z/p*Z) — GLo(Z/pZ)

For the rest of the paper, ¢ denotes the natural homomorphism GLy(Z/p*Z) — GlLo(Z/pZ)
unless stated otherwise. Elements of ker ¢ are of the form I + Ap, where we may identify A
as an element of Mato(Z/pZ). ker ¢ ~ (Z/pZ)* because (I + A1p)(I+ Asp) = I+ (A1 + As)p.
Therefore, ker ¢ is a Z/pZ vector space of dimension 4.

By Propositions 2 and 3, H; N ker ¢ and Hy, Nker ¢ are locally conjugate in GLy(Z/p*7Z)
and p(H;) and ¢(Hs) are locally conjugate in GLo(Z/pZ) if Hy and H, are locally conjugate
in GLy(Z/p?Z). Sutherland fully identifies local conjugacy in GLy(Z/pZ) (see Theorem 2).
In this section, we determine local conjugacy between subgroups of ker ¢ with respect to
GLy(Z/p*Z) up to conjugacy. To categorize the subgroups of ker ¢ up to conjugacy, we
conjugate the subgroups to pick some generators to be of desired form. To determine local
conjugacy among the subgroups, we apply Lemma 3 below.

Lemma 2. Fiz [ + Ap € kerp and let g € GLy(Z/pZ). The conjugation g(I + Ap)g™*
depends only on ¢(g) or equivalently, on g modulo p.

Proof. For any B € Maty(Z/pZ), (3 — Bp)™' = g~! — g7'Bg~!. Therefore,
(9+ Bp)(I + Ap)(g — Bp)™' = (9 + Bp)(I + Ap)(g~" — g~ By 'p)
=1+ (—glg'Bg '+ gAg '+ Blg')p
=1+ gAg'p.
0

Remark 1. The conjugacy classes of Glo(Z/p*Z) in ker ¢ corresponds to the orbits of
Maty(Z/pZ) under conjugation by elements of GLa(Z/pZ): the conjugacy class of I + Ap
corresponds to the orbit of A.

4.1. Orbits of Maty(Z/pZ) under conjugation by elements of GLy(Z/pZ). Sutherland
gives representatives for all the distinct conjugacy classes of GLo(Z/pZ), see [3, Table 3.1].
We extend his table with Table 4.1 to include representatives of zero determinant.

TABLE 1. Representatives of Orbits of Maty(Z/pZ) Under Conjugation by GLy(Z/pZ)

Representative det trace | x
16] 0 0<w<p w? 2w 0
w 1

< 2
0 w 0<w<p w 2w 0

(16] 2)0§w<z<p wz w+z| 1

w ey 2 2
<
(y w> O<y<p—1/2|w*—ey 2w 1
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We show that the representatives in Table 4.1 represent distinct conjugacy classes. Define

X as the quadratic character x(g) = ("“W%W) for g € Mato(Z/pZ). 1t is 1,0, —1 when

g has exactly 2, 1,0 eigenvalues in Z/pZ respectively. Since the trace and determinant of a
matrix are fixed under conjugation, y is also fixed under conjugation. Matrices of the first
and second types, matrices of the third type and matrices of the fourth type are therefore
not conjugate to one another. Furthermore, matrices of the first type are not conjugate to
those of the second type because the former are conjugate only to themselves. Comparing
the trace and determinant among matrices of the same type shows that distinct matrices in
the table are not conjugate.

We also explain why the representatives exhaust all of the orbits. We start with g €
Mato(Z/pZ). 1f it diagonalizes over Z/pZ, then ¢ is conjugate to a matrix of the first or
third type. If g diagonalizes over F), then ¢ is conjugate over I, to a matrix of the form

-1
w+ /ey 0 . . woey\ . [—e —¢
( 0 w — \/Ey)’ which is conjugate to <y w | Vid _Je e . One can check

that ¢ and Z) Z/ are conjugate over Z/pZ. If g does not diagonalize, then it has a double

eigenvalue, in which case it is conjugate to a matrix of the second type.

Remark 2. The orbit of an element g € Mato(Z/pZ) that is not of the form <l(l)) 2}) is

completely determined by the trace and determinant of g.
4.2. Subgroups in a Subgroup of ker ¢ Up to Conjugacy by GL,(Z/p*Z).
Definition 4. Let k = I + Ap € ker p. We call A the p-part of k and denote A by p(k).

Define T' = {k € ker ¢ | trace(p(k)) = 0}. T is generated by I + ((1) _01> I+ (0 1) »

0 0
and I + ((1) 8) p, so T has dimension 3. Moreover, T is normal in GLy(Z/p*Z). We

determine local conjugacy between subgroups of T' with respect to GLo(Z/p?Z).

0
X(H,t,d) as the number of elements h € H \ Z such that trace(p(h)) =t and det(p(h)) = d.

Lemma 3. Let Hy, Hy < ker . Hy and H, are locally conjugate in GLy(Z/p?Z) if and only
if HHNZ = HyN Z and x(Hy,t,d) = x(Hs,t,d) for all t,d € Z/pZ.

Definition 5. Let Z = {I+ (a 2) pla€Z/pZy and H < kerp. Fort,d € Z/pZ, denote

Proof. This is because the orbit of an element of Maty(Z/pZ) which is not of the form (8 2)

is determined by the element’s trace and determinant and matrices of the form (g 2) are

in their own orbit. U

Lemma 4. Two locally conjugate subgroups of GLo(Z/p*Z) in ker p must have equal dimen-
510M.

Proof. Any two locally conjugate subgroups are bijective. 0
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T has exactly one subgroup of dimension 0 and exactly one subgroup of dimension 3: they
are (I) and T, respectively. We categorize the subgroups of dimensions 1 and 2 of T" below.

Proposition 4. The subgroups of T' of dimension 1 are conjugate in GLy(Z/p?Z) to one of
the following:

o {3 )
(i )
oo+ )

No two distinct subgroups among these are locally conjugate.

Proof. A cyclic subgroup is determined, up to conjugacy, by a generator’s conjugacy class.
We choose a generator so that its p-part is a representative listed in Table 4.1. By Lemma
1, No two of these subgroups are locally conjugate because they are not conjugate. 0

Proposition 5. The subgroups of T of dimension 2 are conjugate in GLy(Z/p?Z) to one of
the following:

(12 %) ()
s 2 ()0
i3 2 ()

Proof. It H <'T" has dimension 2, then we now show that we can replace H with a conjugate

so that H has I + (1

0 _01> p. Suppose first that det(p(h)) = —a® where a # 0 for some

a

h € H that is not I. h is conjugate to h' = I + (O

_Oa) p, so we can replace H with a

1 0
0o —1)F
Now assume that det(p(h)) # —a? for any nonidentity h € H and nonzero a € Z/pZ.

Suppose that det(p(h)) = 0 for some nonidentity h € H. h is conjugate to u; = I+ (8 (1) D

conjugate so that A’ is in H. Since a is nonzero, some power of h' is I +

so replace H with a conjugate containing u;. Choose us € H so that (ui,us) is a basis of

H and uy = I + (CCL _Oa)p for some a,c € Z/pZ. a must be 0 because us # I and

det(p(uz)) = —a?. Thus, c is nonzero, in which case H = <I + (8 (1)> p, I+ ((1) 8> p>.

However, I + 0] whose p-part has determinant —1, is in H, which is a contradiction.

0
1
Hence, this case does not occur.

We now assume that det(p(h)) # 0, —a? for every h € H and nonzero a. — det(p(h))/e is

then a nonzero square for any nonidentity h € H. h is thus conjugate to vy = I + (2 65/ ) D,
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where y € Z/pZ is nonzero. We choose vy € H so that (v1,v9) is a basis of H and vy is of

the form I + (CCL 0 ) p. However, det(p(vy)) = —a?, which is a contradiction. Hence, this

0 . .
p up to conjugation.

0 —1
Choose wy € H so that (wy,ws) is a basis of H and ws is of the form I + (g 8) p. If

¢ = 0, then b # 0, in which case H is subgroup 1. Similarly, if b = 0, then ¢ # 0, in which

case does not occur either, and so H must contain w; = I + (

case H is conjugate to subgroup 1 via 1). Otherwise, bc # 0. If bc is a square, then

0

1 0

H is conjugate to subgroup 2 via (1 y ) If bc is a nonsquare, then H is conjugate to
0 /b/c ’

. (1 0 . . .
subgroup 3 via ( 0 b/ (ce))’ Subgroups of T' of dimension 2 are therefore conjugate to

one of the three listed.
We now show that the three subgroups are not locally conjugate to one another. Define
Z C ker ¢ as in Definition 5. Z shares only [ with each of subgroups 1, 2 and 3. Elements of

subgroups 1, 2 and 3 have p-parts of form x; <(1) _01) +1y1 (8 (1)), Ty ((1) _01) + 1o ((f (1))

and x3 ((1) 01> + 3 ([1) 8), which all have trace 0 and have determinants —x%, —z% — y2

and —z3 — ey? respectively. Letting x5 be so that 3 + 1 is nonsquare in Z/pZ and letting
Y2 = 1 shows that subgroups 1 and 2 are not locally conjugate by Lemma 3. Letting x3 =0
and y3 = 1 shows that subgroups 1 and 3 are not locally conjugate as well. Moreover,
—x35 — y2 = 0 has nonzero solutions exactly when —1 is a square in Z/pZ, which is exactly
when —z2 — ey2 = 0 does not have nonzero solutions. Subgroups 2 and 3 are therefore not

locally conjugate. O

4.3. Subgroups of ker o Up to Conjugacy by GLy(Z/p?Z). Subgroups H of ker ¢ of
dimension at least 2 have nontrivial intersection with 7" since dim(ker ¢) = 4 and dim(7") = 3.
In particular, if dim(H) = 2, then dim(H N7T) > 1 and if dim(H) = 3, then dim(H N7T) > 2.
We categorize the subgroups of ker ¢ that are not subgroups of 7'

Proposition 6. The subgroups of ker ¢ of dimension 1 that are not subgroups of T are
congugate in GLy(Z/p*Z) to one of the following:

10
(e (o 5)e
11
(e (o 1))
10 .
(3) <I—|— (0 d) p>, where d € Z/pZ is not £1
1 ec
(4) <I+(C 1)p>-
No two distinct subgroups among these are locally conjugate.

Proof. The proof is similar to that of Proposition 4. OJ
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Proposition 7. The subgroups of ker v of dimension 2 that are not subgroups of T are
conjugate in GLy(Z/p*Z) to one of the following:

0 >, where d € Z/pZ is not —1

i
o e (3 0
(

(4)
0)p1+<0 o)p

(%) <I+ —1) P o 1
(6) <I+ ((1) 8) p, I+ (1—;;& 1__€ba) p>, where a,b € Z/pZ.

Subgroup 2 and the type 3 subgroup where d = 0 are nontrivially locally conjugate. Two type
3 subgroups are nontrivially locally conjugate if their d values are multiplicative inverses. If
Hy and Hy are type 6 subgroups where (a,b) = (a1, by) and (ag, bg) respectively, then Hy and
Hy are conjugate if a3 — eb? = a3 — eb3. All other pairs of distinct subgroups above are not
locally conjugate.

Proof. Suppose H < ker ¢ has dimension 2 and is not a subgroup of 7. H N'T" has dimension
1. Replace H with a conjugate so that HNT is one of the subgroups of 7" as listed in Section

Suppose HNT = <I+ <8 é

I+ (Ccl 2 p. Note that a + d # 0 because H N'T has dimension 1. If a = 0, then we scale

) p>. Choose a second basis element of H to be of the form

this basis element so that d = 1. In this case, if ¢ = 0, then H is subgroup 2. Otherwise, H

c 0

0 1

element. Since a +d # 0, d # —1. If ¢ = 0, then H is a type 3 subgroup. Otherwise, H is
c 1

is conjugate to subgroup 1 via ) . If a # 0, then we may let a = 1 by scaling the basis

conjugate to subgroup 2 via dal _?

L _01) p>. Choose a second basis element of H to be of the

Suppose HNT = <[+ (0

0 b

form I + (c d) p. d must be nonzero, so we can let d = 1 after scaling the second basis
element. If b = ¢ = 0, then H is subgroup 5. If b # 0, then H is conjugate to a type 4
(1) g) Otherwise, b = 0 and ¢ # 0, but conjugating H via <(1) (1)) reduces

this case to the case where b # 0.

subgroup via
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0 €

Suppose HNT = <I+ (1 0

> p>. Choose a second basis element of HNT to have trace

/
2. That is, the basis element is of the form I + (1 ;L, ¢ 1 i a

—(b'+ec’)/(2¢)
1+a ¥V 0 ¢ B 1+a —be
(e (o)) (e (3 0)) ()

where b = ¢ — (V' 4 ec’)/(2¢). We may therefore replace the second basis element by this
product, so H is a type 6 subgroup.

We determine conjugacy and local conjugacy among the subgroups. If H; and Hy are
locally conjugate and among the subgroups listed, then their intersections with 7" must be
locally conjugate and thus equal because T is normal in GLy(Z/p*Z). For any of the listed
subgroups H, let A and B be its first and second generators respectively, i.e. trace(A) =0
and trace(B) # 0. The p-parts of the elements H are of the form 2z A+yB where 2,y € Z/pZ.
Since A has trace 0, the trace of zA + yB depends only on y. Moreover, x(H,rt,r*d) =
X(H,t,d) for all t,d € Z/pZ. Given that H; NT = Hy N T, local conjugacy between H;
and Hy thus depends only on their intersections with Z, as defined in Definition 5, and
on x(H;, 1,d) for d € Z/pZ. We will refer to the determinant and trace of the p-parts of
elements of ker ¢ simply as the element’s determinant and trace in the rest of this proof.

The p-parts of all subgroup 2 elements have zero determinant, so subgroup 2 is not locally
conjugate to subgroup 1 or type 3 subgroups where d # 0. Let H; and Hy be subgroup 2
and the type 3 subgroup where d = 0, respectively. H; and H, are locally conjugate because

I+ (0 z) p is conjugate to I + (% g) p. Suppose, for contradiction, that H; and Hs are

) p. Note that

0
conjugate. Any conjugation from H; to H, preserves Hy NT, meaning that the conjugation

sends [ + (8 é) pto I+ <8 6) p for some nonzero r € Z/pZ. Any such conjugation is

done via an upper triangular matrix of GLy(Z/pZ), but such a conjugation preserves Hj.
Hence, subgroup 2 and the type 3 subgroup where d = 0 are nontrivially locally conjugate.

A trace 1 element of subgroup 1 can have any determinant, whereas a trace 1 element of a
type 3 subgroup can only have determinant of the same quadratic character as d. Subgroup
1 is therefore not locally conjugate to subgroup 3.

The type 3 subgroup where d = 0 is not locally conjugate to other type 3 subgroups
because the latter has only elements whose p-parts have zero determinant. Now suppose
H, and H, are type 3 subgroups where d = dy, dy respectively and dy,dy # 0. The trace 1
elements have determinant d;/(d; +1)* where i = 1,2. Thus, H; and Hs are locally conjugate
exactly when d; /(d; + 1) = dy/(dy + 1)?, which is when d; = dy or dydy = 1. Just as before,
H, and H, are not locally conjugate if d; # ds because any conjugation from H; to Hs would
have to be by an upper triangular matrix of GLy(Z/pZ), but such a conjugation preserves
Hl-

The determinants of the trace 1 elements of a type 4 subgroup are of the form —z2+z —c.
Those of subgroup 5 are of the form —z? + x. —2* +x —c= —(x — 1/2)? — c + 1/4 takes
the value —c+ 1/4 exactly once and all other values exactly two or zero times. On the other
hand, —x?+ 1 takes the value 1/4 exactly once and all other values exactly two or zero times.

Thus, the type 4 subgroup where ¢ # 0 is not locally conjugate to subgroup 5. Furthermore,
9



the type 4 subgroup where ¢ = 0 is not locally conjugate to subgroup 5 because the two
subgroups have different intersection with Z.
Say that H; and Hy are two type 6 subgroups with (a,b) = (a1, b;) and (as, by) respectively,

R

where a? — eb? = a3 — eb3. Conjugating a type 6 subgroup via (—\/E _:) € GLy(F,2)

: Ve 0 1 a+ by/e . . .
yields the group <I + ( 0 —e p, I + 0@ — /e 1 p ). Conjugating this group

0 . 0 1 a+b .
by ((g 5) further yields <I—|— (\62 _\/—) p, I+ (( b\/_ 5 ( 1\/—) )p> H, is
-1
thus conjugate to Hsy via (_é _EE) (a2 +Ob2 a4+ b ) ( ), which is a
- 1+ biye

. ((11 + (12)2 — (bl + b2)2€ (agbl — a1b2
scalar multiple of ( 2(azby —aybs) (a1 + a2)? — (by + by)2e € GLy(Z/pZ). Thus,

H, and H, are conjugate in Gﬁg(Z/p2Z).

The trace 1 elements of a type 6 subgroup have determinants of the form
1—a’+eb?
1

2 2
1 a4+€b — ex?.

This expression takes the value exactly once, when x = 0, and all values exactly two
or zero times. Therefore, two type 6 subgroups with distinct a® — eb® values are not locally
conjugate by Lemma 3. U

Proposition 8. The subgroups of ker ¢ of dimension 3, that are not subgroups of T' are
congugate in GLy(Z/p*Z) to one of the following:

w{re(o S)rre (o o)rre (1 1)r)
YRR N
(3) <I+(é _01>p,l+<(1) é)p,[+<2 ?)p>, where ¢ € Z./pZ with 0 < ¢ < 2
(1) <1+((1) _01>p,f—|—<(1) S)p,l-i—((c) ?)p>, where ¢ € Z/pZ with 0 < ¢ < 251,

No two distinct subgroups among these are locally conjugate.

l\3|

A
L

Proof. Suppose H < ker ¢ has dimension 3 and is not a subgroup of 7. H N1 has dimension
2. Replace H with a conjugate so that H N T is one of the subgroups of T as listed in
Section 4.2. In any of these cases, a third basis element of H can be chosen to be of the form

I+ (2 2) p, where d # 0. In particular, we may choose d to be 1 by scaling.

0 0 0

ements, in particular diagonal ones, normalize H N'T. If ¢ # 0, then H is conjugate to

Suppose HN'T = <I + <1 _01) p, I + (0 1) p>. Note that the upper triangular el-

subgroup 1 via 8 ? . If ¢ =0, then H is subgroup 2.

Suppose HﬂT:<I+((1) _01>p,l+((1) é)p> Ifogcg%l, then H is a type 3

subgroup. Otherwise, H is conjugate to ( HNT, I + 0 (1) p>, which is conjugate to a
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type 3 subgroup via (_01 (1)) Similarly, it HNT = <[ + (é _01> p, I+ ((1) S) p>, then

-1 0
0 1

We now show that no two distinct subgroups among the ones listed are locally conjugate.
Again, the intersections with 7" of two locally conjugate subgroups are locally conjugate.
Subgroups 1 and 2 are not locally conjugate because subgroup 2 contains Z as defined in
Definition 5 whereas subgroup 1 does not. Similarly, a type 3 or 4 subgroup where ¢ =0 is
not locally conjugate to another of the same type where ¢ # 0.

Elements of a subgroup H of type 3 where ¢ = ¢y # 0 intersect Z only at /. Elements of
such a subgroup are of the form

e (e (b ) (2 o)+ (2 D)

The trace of h is determined by z, so local conjugacy of H is determined by x(H,1,d) for
d € Z/pZ, i.e. when we fix z to be 1. In this case, det(p(h)) = —2® + x — y* — coy, so we
want to count the number of solutions to d = —z% + x — y* — coy for each d € Z/pZ. This
is equal to the number of solutions to 2 + y? = —d + (1 + ¢3)/4, where o',y € Z/pZ are
parametrized as z — 1/2 and y + ¢/2, respectively.

The number of solutions to 2”2 +4y2 =0is 1if p=3 (mod 4) and 2p—1if p=1 (mod 4)
because —1 is a nonsquare in the former case and a square in the latter. Now consider
the number of solutions to z'? + y? = K for nonzero K. x’? and y"? each take (p + 1)/2
distinct values including 0 and so z/? and K — y? each take (p + 1)/2 distinct values of 2/
and 3. By the Pigeonhole Principle, ">+ y"? = K for at least one pair (2/,3). In particular,
(£2',+y') give us at least two distinct solutions to x’? + ¢ = K, whether or not x’ or
y' = 0. Furthermore, if p = 1 (mod 4), then the equation z* + y? = K is equivalent to
(' +14y') (2" — iy/) = K, where i = —1. The number of solutions here is therefore p — 1.

The number of solutions to det(p(h)) = (1 + ¢3)/4 is thus 1 if p =3 (mod 4) and 2p — 1
if p=1 (mod 4). Let H' be another type 3 subgroup with ¢ = ¢; # ¢;. Note that ¢ # 7.
The number of solutions to det(p(h')) = (1 + ¢3)/4, where i’ € H’, is at least 2 and exactly
p—1if p=1 (mod 4). H and H' are thus not locally conjugate. Similarly, two distinct
type 4 subgroups are not locally conjugate as well. O

H is either a type 4 subgroup or is conjugate to one via

5. LocALLy CONJUGATE SUBGROUPS OF GLo(Z/p*Z)
5.1. Subgroups of GLy(Z/pZ).

Remark 3. The elements of C,s(p) depend of the choice of €, but two choices for C,(p) are
conjugate even with different choices of €.

Remark 4. Cs(p) and Cys(p) are isomorphic to ((Z/pZ)*)* ~ (Z/(p — 1)Z)* and F ~
Z)(p* — 1)Z respectively.

Dickson [1] gives a classification of subgroups of GLy(Z/pZ) up to conjugacy in terms of
their images in PGLy(Z/pZ).

Theorem 1. Let H < GLy(Z/pZ) with image H' < PGLy(Z/pZ). Up to conjugacy, one of
the following holds:

(1) H contains an element of order p.
11



(a) H < B(p)
(b) SLo(Z/pZ) < H
(2) H does not contain an element of order p.
(a) H' is cyclic and H < Cy(p) or Cys(p).
(b) H' is dihedral and H < N(Cs(p)) or N(Cys)(p) but H £ Cs(p), Crs(p)
(¢) H ~ Ay, Sy or As and H £ N(Cs(p)), N(Chrs)(p)-

Furthermore, Sutherland [3, Section 3, Corollary 3.30] uses Dickson’s classification to fully
identify nontrivially locally conjugate subgroups of GLo(Z/pZ).

Theorem 2. Let Hy, Hy < Cy(p) be conjugate but unequal, i.e. they are diagonally swapped

(see Lemma 5). <H1, (é i)> and <H2, (é 1)> are nontrivially locally conjugate. Up to
conjugation, these subgroups are the only nontrivially locally conjugate subgroups of GLa(Z/pZ).

Lemma 5. Let Hy, Hy < GLy(Z/pZ) be conjugate.
(1) If Hy, Hy < Cy(p), then Hy = Hy or Hy is obtained by swapping the diagonal entries
of elements of Hi.
(2) Suppose Hy, Hy < N(Cs(p)). Some conjugation from Hy to Hs takes diagonal ele-
ments to diagonal elements and nondiagonal elements to nondiagonal elements if and
only if Hy and Hy are conjugate via an element of N(Cs(p)).

Proof. (1) Suppose Hy; # Hs. There is some (%)

2) in H; but not in Hy. Since H; and
H, are conjugate, (é 3}) € H,. The conjugation must be via a matrix of the form
0 0/ which switches the diagonal entries of all elements of H;.

(2) If H; and H, are conjugate via an element of N(C4(p)), then the conjugation takes
diagonal elements to diagonal elements and nondiagonal elements to nondiagonal ele-
ments. Conversely, suppose that there is some conjugation from H; to H, that takes
diagonal elements to diagonal elements and nondiagonal elements to nondiagonal el-
ements. If Hy, Hy < Cys(p), then we are done by the previous part. Otherwise, since
some conjugation from H; to Hy takes diagonal elements to diagonal ones, H; NCy(p)
and Hy N Cy(p) are conjugate. We first conjugate H; by an element of N(Cs(p)) so
that H; N Cs(p) = Hy N Cs(p). Further note that H; = <Hi N Cs(p), (3 %)> for

any (S@ %’) € H;. We choose (701 501), (702 %2) to be conjugate. In fact, since
B171 = B2, the two are conjugate by a diagonal matrix, in which case H; and Hy
are conjugate via an element of N(Cs(p)) to begin with.

OJ

Lemma 6. Let H < B(p). H contains an element of order p if and only if <(1) }) € H.

Proof. (é i) has order p. By [3, Lemma 3.3], H has (é D p if it has an element of order

p. 0
12



Remark 5. Theorem 2 states that all nontrivially locally conjugate subgroups of GLo(Z/pZ)
must be subgroups of B(p) with elements of order p, so Lemma 5 is valid even if we replaced
the term conjugate with locally conjugate in the first sentence.

5.2. Stabilizers of Subgroups of ker ¢. Given a subgroup H < GLy(Z/p*Z) not contain-
ing ker o, H can be replaced with a conjugate so that H N ker ¢ is one of the subgroups
of ker ¢ as listed in Sections 4.2 and 4.3. Since H Nker ¢ is normal in H, ¢(H) must be a
subgroup of the stabilizer of H Nker ¢ under conjugation. As we will see in Lemma 7 below,
fixing H Nker ¢ in most cases gives some restrictions on ¢(H).

Lemma 7. Let H < ker ¢ be one of the aforementioned subgroups. The stabilizer of H in
GL(Z/pZ) under conjugation is:

(1) (1) CLo(Z/p2)
(o
@) (1+ (5 %) p): M)
W {1+ (] ¢ p> N(Crulp))
(1) 1>p’l+
1
0
1
0

-~
Nal
/\/.\‘\/\/\
+

; {(;‘5 a) € GLy(Z/pZ) }
U

LO\/\/\/
. — RS =3
S ~
~ +
+ /N
P o<
o o
— O
— = ~—
~— =S
\/
&
—
)

=

~
+
VRN
o O
— O

SO = O = O

ez (0 ()

o

i) 8er- (s {C 2) o
(8) T: GLo(Z/pZ)
(9) <1+ (é ?) p>.’ GL,(Z/pZ)
a0y {1+ (5 1)m)- {205 1))
(11) <1+ ((1) 2) p>, where d # +1: Cy(p)
(12) <I+ (1 Elc) p>, where ¢ # 0: Chs(p)
(13) <I+ ( p, I+ ((1) (1)) p>.‘ Z(p)

(4

(e

(e (

(7 (

OR O OO0 OO OO O

3
~_—
=
S
S

|
—



(18) <1+ ((1) o) p I+ (“g“ :ba > where a,b € GLy(Z/pZ): <Z(p), (Z __ZE)>
o iy 2o 0 oo 0 ) ()
(20) <1+ ((1) _01> T+ <8 (1)) P T+ (8 (1’) p> B(p)
(21) <1+ ((1) _01> I+ <(1) 1) I+ (8 ?) p>.‘ {(;‘5 fa) € GLQ(Z/pZ)}
(22) <I+ (é _01) p, I+ <(1) (1)) p, I+ (S (D p>, where 1 < ¢ < 51
) 0) echzim)
A VR A R (DR (G
(24) <I+ (é 01>p,]—|— ( )p,[+ (2 ?)p>, where 1 < ¢ < 221
o) ecem)

(25) ker p: GLo(Z/pZ)
If any generator in a stabilizer listed above has zero determinant, then it is not to be included
as a generator.

Proof. We will show this only for H = <I + ((1) _01> p, I+ (2 1) p>, as the other cases

are similar. Given that we know that N(Cs(p)) is the stabilizer of <[ + ((1) _01> p>, any ele-

ment of GLy(Z/pZ) that preserves H must be in N (Cy(p)) because HNT' = <I + ((1) _01) p>

)7)

I+ (2 1) pand I + (coé i) p are the unique elements of H and H’, respectively, whose

p-parts have trace 1 and upper left entry 0. Therefore, H = H’ if and only if a = §, which

. a 0
is when (O 5) € Z(p).

1 8
Conjugating H be (2 g) results in H' = <I+ < L (1)) I+ < Cd’) p>. Note that
B

o )= (6 ))

1 8
and we may replace I + | Cdy p with I + (
B
in the last paragraph, H = H' exactly when fy = cf.

and any conjugation preserves 7'.

Conjugating H by (g g) results in the group H' = <[ + <(1) _01) p, I+ (coé

— >R

0
) p as a generator of H'. Similarly as

'_le



Recall that the only nontrivially locally conjugate subgroups among the ones listed here
are subgroup 14 and the type 15 where d = 0 and two type 15 subgroups whose d values are
multiplicative inverses.

5.3. Applying the Schur-Zassenhaus Theorem. We use a special case of the Schur-
Zassenhaus theorem as stated in Theorem 3. Recall that a Hall subgroup of a finite group
is one whose order is relatively prime to its index.

Theorem 3 (Schur-Zassenhaus). If K is an abelian normal Hall subgroup of a finite group
G, then there is a splitting v : K — G, which is unique up to conjugation.

Proof. See [2, Theorem 7.39, 7.40]. O

Lemma 8. Suppose Hi, Hy < GLo(Z/p*Z). If Hi Nkerp = Hy Nker g, o(Hy) = o(Hy),
and p does not divide |p(H;)|, then H, and Hy are conjugate in o~ (o(H,;)).

Proof. For ¢+ = 1,2, consider the short exact sequence
1 — kerg — ¢ Hp(H;)) — o(H;) — 1.

Since ker ¢ is abelian, |ker ¢| = p* and p does not divide |¢(H;)|, there is a unique splitting,
up to conjugation, v : @(H;) — ¢ (p(H;)) by the Schur-Zassenhaus Theorem. Similarly,
there are splittings ¢; : ¢(H;) — H; from the short exact sequences

1 — H;Nkerp — H; — p(H;) — 1.

Since H; < ¢ (p(H;)), ¥; and 1) are conjugate as maps ¢(H;) — ¢ *(©(H;)). Therefore,
1 and vy are conjugate in ! (p(H;)). O

With this lemma, we will now only need to worry about the cases where H; N ker ¢ #
Hy Nker g or p(Hy) # p(Ha).

5.4. Representations of Elements of GLy(Z/p?Z). We will discuss some lemmas later
that will be useful to determine local conjugacy among subgroups of GLy(Z/p?Z). We men-
tion here how we will represent some elements of GLy(Z/p?Z) before stating these lemmas.

There is an injective homomorphism (Z/pZ)* — (Z/p*Z)* given by T + 2P, where
Z € Z/pZ and z is any lift of z in Z/p?Z. The map is well defined because (z + kp)? = z in
7./ p*Z by the binomial theorem. We will refer to this map as canonical. Note that elements
of the image of the injection have order dividing p — 1. We extend the canonical map by
choosing 0 € Z/p*Z as the lift of 0 € Z/pZ.

Say g1, 92,95 € GLo(Z/p*Z) where o(g1) = (%} 0), pl92) = (%J 9); plgs) = (g "8)

w z

1 n
and ¢(g4) = (0 1

in the form

w 0 w 0 0 =z 1 n
912(0 w>+A1p, gz=<0 Z)+Azp, 93=(y O)+A3p, 942(0 1)+A4p

respectively for some Ay, Ay, Az, Ay € Maty(Z/pZ), where w, x,y, z,n are chosen canonically
in Z/p*Z. We omit the bars on residues of elements of Z/p*Z in Z/pZ later on, i.e. if we

have x € Z/pZ, then we denote x € Z/p*Z as the canonical lift.
15
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5.5. Conjugacy and Local Conjugacy.

0 0
I tioul w 0 L (@ b I if and only if I a b I
n particular, { . dJPE of and only of T + . g)PEH

Lemma 9. Let H < GLy(Z/p*Z). If h € H where o(h) = o 3)7 then (w ’((1)]) € H.

w 0 a b . w 0 . .
Proof. We express h as h = (O w) + (c d) p. Since <O w) commutes with all matrices,

w 0

h? = 0 w by the binomial theorem.

w 0 a b . o (w O\ [ [(w 0 a b
<0 w)—l—(c d)pEHlfandonlylf <O w) <(0 w>+<c d>p) = I+

a/w bjw : a/w bjw . .
(C/w d/w)p € H. Scaling tells us that I + (c/w d/w p € H if and only if I +

a b
(c d)p. [l

Corollary 1. Let H < GLy(Z/p*Z) with o(H) < Z(p). H is the direct product (H Nker @) X
(HNY(Z(p))), where v : Z(p) — GLo(Z/p*Z) is the canonical injection. In particular, two
subgroups Hy, Hy < GLo(Z/p*Z) are locally conjugate if and only if HyNker ¢ and HyNker ¢
are.

With the Corollary 1 in mind, we will assume that ¢(H) £ Z(p) for any H < GLy(Z/p*Z)
from here.

Lemma 10. Let H < GLo(Z/p*Z). If h € H where h = (16} 2) + <ZL 2) p where w # z
w 0 0 b
(mod p), then (0 Z) + (c 0) p€H.

Proof. By expanding h”, we compute
P p—1 k
»  (w O w 0 a b\ (w O
h_(() Z)Jr(;(() z) (cd 0 2))7?
p
awP™t  bwkp1k
= I + Z (Czkwp—l—k de—l b.

k=0

Since w # z (mod p), S0~ wkzP~1=F and Y071 2FwP~1F are geometric series that evaluate

s (w O 0 b
to 1. Therefore, h —(0 Z)—l—(c 0P O

w 0

Corollary 2. Let H < GLy(Z/p*Z). If h = (0 .

> + Ap € H where w # z (mod p), then

H can be conjugated by an element of ker ¢ so that (16) (z)) € H.

16



. a b w 0 0 b - . w 0
Proof. Letting A = ) Lo - + . O) p is in H by the previous lemma. ( 0 z) +
0 b\ . . w 0 . 0 =
(C 0) p is conjugate to (0 z) via [ + <ch 0 >p. 0

By Corollary 2, if ¢(H) has some diagonal element, then we can conjugate H, without
affecting HNker ¢, so that H has a diagonal element whose entries are images of the canonical
map (Z/pZ)* — (Z/p*Z)* and which is the lift of the diagonal element of p(H).

In Lemmas 11 through 18, we let Hy, Hy < GLy(Z/p*Z) be locally conjugate where H; N
ker p = Hy Nker ¢ is one of the subgroups of ker ¢ listed in Lemma 7 and ¢(H;), p(Hsz) £

Z(p).

Lemma 11. Suppose that the stabilizer of H; Nker p is Cs(p). Hy and Hy are conjugate.

Proof. Note that H; Nker ¢ = <I + <(1) 2) p> where d # +1. Since o(H;) < Cs(p), p(Hy)

and p(H,) are equal or they are diagonal swaps. We know that H; and Hs must be conjugate
in the former case by Lemma 8, so we assume that they are unequal and hence are diagonal

76] 0 € Hy, where w # z (mod p) so that hy = (é 2}) € H, but

hi € H,. Note that such choices can be made using Corollary 2. Moreover,

10 0
h’1:h1<1+(0 d)p):hﬁ—(%] dz)pEHl,

A in H, conjugate to h} must map down to ¢(hs), i.e. the conjugate is of the form hsok for
some k € Hy Nker . Such a matrix is of the form

;o 10 " rz 0
t=ta (14 (5 9)r) =tet (5 o)

The determinants of A} and hf, are wz + wz(1 + d)p and wz + rwz(1 + d)p respectively,
so r = 1. The traces are (w + 2) + (w + dz)p and (w + 2) + (2 + dw)p respectively, so
(w—2z) =d(w—2) (mod p) which is a contradiction. Hence, H; and H, are not nontrivially
locally conjugate in either case. U

swaps. Choose h; =

Lemma 12. Suppose that the stabilizer of H; Nker ¢ is N(Cs(p)). Hy and Hy are conjugate.

Proof. If there is a conjugation from ¢(H;) to p(H>) taking diagonal matrices to diagonal
ones and nondiagonal matrices to nondiagonal ones, then ¢(H;) and ¢(Hy) are conjugate
via an element of N(C(p)) by Lemma 5, in which case we can conjugate H; so that o(H;) =
w(Hs) and Hy Nker o = Hy Nker .

Otherwise, all conjugations from ¢(H;) to p(Hs) take some diagonal element to a nondi-
agonal one or some nondiagonal element to a diagonal one. In particular, p(H;) # ¢(Hs).
Note that diagonal matrices and nondiagonal matrices of N(Cs(p)) that are conjugate are

w 0 0 wr w0 . . 0  wr
of the form (0 —w> and <w/r 0 ) Moreover, (O —w) is conjugate to <w/7“ 0)

. . a b 0 wr). . w 0 .
only via matrices of the form afr —b/r)’ SO wir 0 ) 1s conjugate to (O —w) via
1

7



—1 —1
a b : . w 0 a b a b

(a/r —b/r> . Conjugating (0 z) where w # £z by <a/r —b/r) or <a/r —b/r)

does not yield a matrix in N(Cs(p)), so ¢(H;) and ¢(H3) do not have such matrices.

Without loss of generality, say that ¢(H;) has some matrix of the form (%j _Ow> . @(Hy)

is generated by ¢(Hy) N Z(p), (0 _w

w0 ) and, if p(H;) has such an element, (2 g) Sup-
pose p(Hy) is generated by all three. If ¢(H;) is conjugate to ¢(Hsy) via (ac/br b >,

g) is conjugated into N(C(p)). If a*z = —b%y,

0 x . w 0 0 z\ (0 —wr 2 19
then we replace (y O) with <O —w) (y O) = (wy 0 ) so that a*x = b%y. In

: 0 z\ . : ax/b 0 ax/b 0 (w0
this case, <y 0) is conjugate to < 0 —a:v/b)’ If ( 0 —am/b) = (0 :FIU)’

then (2 x> = ( 0 :I:bw/a)’ in which case ¢(Hs) is generated by ¢(Hy) N Z(p),

then a?z must be +b%y to ensure that

0 thw/a 0
+w 0 0 wr . . . (Ebr 0
( 0 :Fw) and (w/r 0 ) However, ¢(H1) is then conjugate to ¢(Hs) via ( 0 a)’ a
contradiction. We now assume that no choice of x and y can be made so that (axo/ b —aox / b) =

0 Fw 0 —w

0 wr : : . (=b/r =b\. . .
form w/r 0 ) The case where ¢(H;) is conjugate to ¢(Hs) via (—a/r a ) is similar.

In the case that ¢(H;) is generated by only the first two, and so ¢(H;) is conjugate to

. a b 0 wr
p(H,) via (a/r —b/r w/r 0

is in ¢(H7) and not p(Hy) in either case, so the element of p(Hy) that is con-

(j:w 0 ) . In particular, the element of ¢(Hs) that is conjugate to (w 0 ) must of the

), ©(Hs) is generated by ¢(Hy) N Z(p) and ( . Therefore,

w

0
jugate to (16) _Ow) is (w(}r U(J)T) Conjugating p(Hs) via ((1] S) preserves the first two
wr
0
affecting Hy N ker ¢, so that ¢(Hy) is this new group.

generators of p(Hs) and takes w(}r ) to (3] 16]), so we can conjugate H,, without

w 0
0 —w
preserves Hy N ker ¢ by Corollary 2. Note that, for both of its possibilities, H; N ker ¢ only

We replace H; with a conjugate if necessary so that € H;. The conjugation

has elements whose p-parts are diagonal. The elements of H; whose images are (%) _Ow)

are exactly those of the form

= (5 ) (6 02) = %)+ (5 )



0
0 d
On the other hand, take some hy € Hs to be conjugate to hy. hy has the form hy, =

2
(3} 76)) + <CCL 2) p € Hy. Its square is (u()) u?z) + (éii%% ((Cgif));j) Therefore,
I+ ((b—l—c)w (a+d)w
(a+d)w (b+ c)w
However, in both cases of H; N ker ¢, we can choose a and d in the previous paragraph so

that h; does not have zero trace, which is a contradiction. Hence, this case does not happen.
O

where [ + p € H;Nker . h; has trace (a — d)wp.

) € Hy by Lemma 9, so a +d = 0. Thus, hy has zero trace.

Lemma 13. Suppose that the stabilizer of H; Nker ¢ is Cpns(p). Hy and Hy are conjugate.

Proof. Since C,s(p) is cyclic and ¢(H;) and ¢(Hy) are locally conjugate in GLy(Z/pZ),
w(H1) = ¢(H;y). Hence, H; and H, are conjugate. O

Lemma 14. Suppose that the stabilizer of H;Nker ¢ is N(Cys(p)). Hy and Hy are conjugate.

0 6) p>. The proof is similar to that of Lemma

Proof. Note that H; Nkeryp = <[+ (1 0

12 once we work in Z,[v/e]/p* and conjugate H; and Hs by :\/g _: , which turns

(Z if) : <_wy fi) € N(Chs(p)) into (“’ +0\/Ey w_o \/Ey> and (w +O v v _O\/Ey)

respectively and turns H; N ker ¢ into <I + (\ég —3/2) p>. O
01

Lemma 15. Suppose that the stabilizer of H; N ker ¢ is <Z(p), (c O)> for some fized
c € Z/pZ. Hy and Hy are conjugate.

Proof. Recall that we are assuming that ¢( ). By extension, we must assume ¢ # 0.

;) £
Note that ¢(H;) = <90(H)ﬂ Z(p ( 0 6Z)> given that (500 %) € ¢(H;). We choose

By and [ so that 0 5 and 0 602> are conjugate. By the determinants of these

pic 0 Pac
matrices, 5, = £05. If f; = (o, then H; and H, are conjugate, so we assume (51 = —fs.
We choose h; € Hy and hy € Hs so that p(hy) = (,Boc 601 and ho is conjugate to hy. It
1

) / /
follows that ¢(hy) = (ﬁoc 602> Express h; = (ﬁoc %) + (Z 2,) p € H; so that
2 i

B2 (ch 0 ) N (b'ﬁic—l—c’ﬁi (a/—i-d’)ﬁi)
N0 Bre) T\ d)Be Vet dB) "
VBic+ B (d+d)B;
(a' +d')Bic VpBic+cp;
H; as a linear combination of the basis elements of H; N ker ¢ tells us that 2('c + ¢/) =
a’ + d'. Note that the trace and determinant of h; are (a’ + d')p and —f3%c — (b'c + ¢ )@p

respectively. Thus, letting T; = o’ + d’, the trace and determinant are T;p and —f32c — 4 ﬁzp
19

Therefore, I + ( ) p € H; by Lemma 9. Expressing this element of



respectively. Since h; and hy are conjugate, 77 = T, = 0. However, we may replace h; with
h; <I + <(c) 1 p) € H; so that h; has nonzero trace, which is a contradiction. Hence, H;

and H, are not locally conjugate in this case. ([l

Lemma 16. Suppose that the stabilizer of H;Nker ¢ s <] + ((1) 8) p, I+ (1 Z “ 1__€ba> p>

for some fized a,b € Z/pZ. Hy and Hs are conjugate.

Proof. The proof is similar to that of the previous lemma, but we need to differentiate the
cases a = 0 and a # 0. O

Lemma 17. For g = (é }) + (ccz Z) D,

n_ (1 n n an—i—c% (an—=1)+bn+ (d—a+c(n 1))”nl — ek
g = 0 1 cn dn+cn(n 1) p

Proof. We compute

() ) D6

_ (1 >+§‘i(a+ck a”—1)+b)+(—a+c(n—1)+d)k—ck2)

=}

0 P c(n—1)+d—ck
1 n an + ™ (a(n — 1) +b)n+ (d —a +c(n — 1))2 STl
“lo )" cn dn + o=l b
2
U

Remark 6. We leave ZZ;& k? as is even though it is usually expressible as —(”_1)%(2”_3)

because this fraction is ambiguous when p = 3.

Lemma 18. Suppose that the stabilizer of H; N ker ¢ is <Z(p), ((1) 1) > H, and Hy are

conjugate.

11 1 0 01 00
Proof. RecallHiﬂker¢—<I+(0 1)p>or<[+<0 _1)]97["’_(0 o)p’l+(1 1)p>.

11 a b
0 1) + ( d) p € H;. By Lemma 17,

e — (1 (1- CZIZ_S kQ)P) |

In the former case, say that h; =

! 0

which is ((1) 1) if p # 3 or ¢ # 2. However, <(1) 1) ¢ H; N ker p by assumption, so p = 3

and ¢ = 2. We have computationally checked that H; and H, are conjugate in this case.
In the latter case, note that conjugacy and local conjugacy between H; and H, does
not depend on ¢(H;) N Z(p) and ¢(Hy) N Z(p), just as long as they are equal. We as-

sume that ¢(H;) N Z(p) = (I). We take hy = L1 “ b) p. We can replace h; by

0 1>+(c d
20



k

hi | I+ (1) p) for some k so that h; has trace 1. We replace H; by its conjugate via
11 0 b . . .
p so that hy = 0 1 + 2 This conjugation preserves H; Nker ¢. More-

over, multiplying h; by some power of I+ (8 é) p yields <(1) D + (2 8) p, so Hy has this

11 0 0
01 +<c’ o)p€H2
We use Lemma 3 to determine when H; and H are locally conjugate. Multiplying elements

of H; by ey = I + <(1) _Ol)p and by e = I + (8 é)p do not affect the trace and

matrix. Similarly, we can conjugate Hj if necessary so that hy =

determinant. We will thus only consider the traces and determinants of elements of H] =

(h;, e3) where e3 = I + <(1) (1)> .

Elements of H{ mapping down to <(1) ZL) have the form

L1y, (00 ”x_1n+cw+nx x
0 1 c0)?) == \01 cn + C@—i—xp

for some x € Z/pZ, and this has trace 2+ (cn®*—cn+nz+x)p and determinant 1+ (—cn+x)p.
Therefore, the trace-determinant pairs of elements are in correspondence with the pairs
(en® — en 4+ nx + x, —cn + x), or equivalently, (cn? + nz, —cn + x). Similarly, the trace-
determinant pairs of elements of Hj are in correspondence with the pairs (¢n*+nzx, —c'n+xz).

Suppose ¢ # 0 but ¢ = 0. —c/n + x = 0 exactly when # = 0 and so ¢n? +nx = 0 in this
case. On the other hand, —cn 4+ 2 = 0 when = = cn and so cn? + nx = 2cn?, which is not
always zero. Hence, ¢ and ¢ must be both zero or nonzero.

If ¢,d # 0, then consider the case —cn + 2 = 1. Here, z = 1 + cn and so cn? + nx =
2cn? +n = 2¢(n + 1/(4c))* — 1/(8¢). cn® + nx takes the value —1/(8¢) exactly once and it
takes all other values exactly two or zero times. On the other hand, when —c¢n +z = 1,
dn?+nx takes the value —1/(8¢) exactly once but takes all other values exactly two or zero
times. Since we need the distribution of pairs (cn? +nz, cn + ) and (¢'n* +nz, —dn+x) to
be the same for H; and H, to be locally conjugate, ¢ and ¢ must equal, i.e. H1 Hy. [

We expect the following to be true based on our observations with p = 3. However, we
have yet to fully identity a proof of this conjecture at the time of this paper. We hope that a
proof, if it exists, of this conjecture will work similarly to the proofs of Lemmas 11 through
14 because the stabilizers listed are conjugate to Cs(p), Cps(p), N(Cs(p)) or N(Cps(p)) de-
pending on p modulo 4.

Conjecture 1. Suppose that the stabilizer of H; Nker ¢ is (_ozﬁ g) € GLg(Z/pZ)},

{(;‘ﬁ fa> e GLg(Z/pZ)}, {(_0‘7 67) e GLg(Z/pZ)} {(;‘7 ﬂy) € GLg(Z/pZ)}.

H, and Hy are conjugate.

Lemma 19. Suppose that the stabilizer of H; N ker ¢ is GLo(Z/pZ). If ¢(H;) does not

contain an element of order p, then Hy and Hsy are conjugate.
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Proof. In this case, p(H;) and ¢(Hs) are conjugate as they are locally conjugate. We replace
H; with a conjugate so that o(H;) = ¢(H,). By Lemma 8, H; = Hs. O

10

Lemma 20. Suppose that H; Nker = (I) or <I + (0 1

if p # 3.

Proof. Suppose H; and H, are nontrivially locally conjugate. By Lemma 19, ¢(H;) needs
to contain an element of order p. Up to conjugation, ¢(H;) < B(p) or SLo(Z/pZ) < ¢(H;)

)p>. H, and H, are conjugate

by Theorem 1. In either case, € ¢(H;); the former implication is due to Lemma

6. Given that p # 3, [ + <8 (1)

conjugate. 0

Remark 7. <(g (1)> ) (é i)> and <((1) g) ) (é i)> are nontrivially locally conjugate
and <<3 (5)) , (é i)> and <(g 2) , <é i>> are nontrivially locally conjugate when

p = 3. We have found, through computation, that they are the only pairs up to conjugation

that intersect with ker ¢ at (I) and <I + <1 0) p> respectively. We refer to these cases as

11
0 1

)p € Hy, which is a contradiction. Hence, H; and H, are

01
the special cases of p = 3.

We are left with the following:

Corollary 3. Barring the special cases of p = 3 and the cases of Conjecture 1, let Hy, Hy <
GLy(Z/p*Z) be nontrivially locally conjugate, where Hy Nkerp and Hy Nker are some

subgroups of ker ¢ listed in Lemma 7. Hy and Hy contain I + <8 (1)> p € H;.

Proof. Lemmas 11 through 18 show that the stabilizer of H; Nker ¢ is B(p) or GLy(Z). In

the former case, H; N ker ¢ must contain [ + (O L

0 O) p. In the latter, H; must contain an

element mapping down to <(1) }) by Lemma 19 and Lemma 6 and since we have ruled out

8 é) p € H; by Lemma 17. OJ

Remark 8. With Hy and Hy as in Corollary 3, The stabilizer of H; Nker v must be B(p)
or GLo(Z/pZ). In the latter case, p(H;) < B(p) or SLo(Z/pZ) < p(H,;).

the special cases of p =3, I + <

We finish with another conjecture based on data from the case p = 3:

Conjecture 2. Let Hy, Hy < GLy(Z/p*Z) be nontrivially locally conjugate. Up to conjuga-
tion, Hy and Hs are diagonal swaps and are thus isomorphic.
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