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Abstract

We study the eigenvalue problem of perturbed Airy operator —A + (x 4+ V(x)) on positive
real axis, with Dirichlet boundary condition. Given the asymptotic expansion of V(z) at 400,
we provide asymptotic expansion of the eigenvalues \,, to certain order. Then we will provide an
example to show that in general, merely from the asymptotic expansion of V(z), the asymptotic
expansion of \,, cannot be completely determined.



1 INTRODUCTION
In this paper, we study the perturbed Airy operator —A + (x 4+ V(x)) on positive real axis, such
that V(x) has an asymptotic expansion up to certain order,

V(z) = a1z2™ + agz™ + - - 4+ apz® + o(x*),

where {a;}¥, {a;}% are constants and 1 > a3 > az > --- > . From the general theory of
second-order differential operators, it is known that under these assumptions the spectrum of this
purturbed operator consists of discrete eigenvalues of multiplicity one,

M <A< <A< v — F00.

The main result of the present paper is that given the asymptotic expansion above, A\, also has a
similar asymptotic expansion,

(%Wn)% +din™ +don"? + - + dpp 0t + dppntm + 0(n§ak), ap > —1
Ap = (%”n)% +dinf +don® + -+ d,,_nfm-1 + dmn_% Inn + o(n_% Inn), op = —1
(%”n)% +dinf +don®? + -+ d,_nm-1 + dmn_§ Inn + O(n_%), o < —1

where {d;} and {k;} are constants, depend on the asymptotic expansion of V(z). One may notice
that the asymptotic expansion of A, is determined up to at most O(nfg), this is because the
information of V' (z) at infinity can only determine A, up to O(nfg). At the end of this paper, 1
will provide two perturbations Vi(z), Va(z) such that they have the same asymptotic expansion,
but the coefficients of n=3 in their eigenvalue expansions are different.

The main method is based on the minimax principle, namely, if two potentials ¢;(z) < g2(x), then
their corresponding eigenvalues satisfy )\%1) < A,(f) . Given the asymptotic expansion of V(z), we can
construct two well-behaved (in the aspect of monotonicity,differentiability, etc.) potentials ¢;(z),
g2(z) such that ¢1(x) < 24V (x) < g2(x), then the minimax principle implies that )\511) <\ < A£L2).
Thus if the tzv;) potentials q; and g9 are sufficiently close such that the asymptotic expansion of

eigenvalues )\nl and )\7(12) agree with each other up to o(n"), then we get the asymptotic expansion
of A\, up to o(n”) by comparison.

The computation of eigenvalue asymptotics follows from a detailed investigation of the generalized
Weyl law, which concerns about the asymptotic eigenvalue counting problem for a family of differ-
ential operators. A brief introduction to Weyl law, we refer to [1]. For Schrodinger operator

H=—h?A+q(2),

the distribution of eigenvalues satisfies the following asymptotics

N = #{0 <A}~ oo dudg, (1.1)
27h Jig2 4 q(0)<0)

as \ tends to +o0o and h tends to 0.

In this paper, we obtain a more precise approximation of N(Ay)
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under the condition that the potential ¢(x) is monotonically increasing and has an expansion with
the form of

q(x) =z + a1z + agx™® + - - - + apz*, x> M

where X, is the unique solution of ¢(X,) = A,. The proof of (1.2) is based on the proof given
by Titchmarsh [6] by Langer’s method, where he proves (1.2) under the condition that ¢(z) is
increasing and convex downward, and as x — +o0

¢ (z) 1. (=) 1 ¢"@ _ 1
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We also believe that the approximation (1.2) holds for a much more general class of potentials.

Finally we apply these to the inverse spectral problem, reconstructing the asymptotic expansion of
V(x) from the asymptotic expansions of the eigenvalues. We will show the asymptotic expansion
of V() can be recovered but only up to o(x~!). It can be explained by the fact that, terms like
x717¢ in asymptotics of V(z) have a very small influence on eigenvalues, which can be offset by
the change of V(z) on a finite interval. One way to think about this result is to view the right
hand side of (1.1), which shows that the asymptotics of eigenvalue distribution is determine by
Area(¢? + V(z) < \). For terms like 2717¢, the area [ 27!~ is finite. Therefore one can not
distinguish between the perturbation on eigenvalue asympototics caused by z~17¢ or merely by the
behavior of V(z) on finite interval.

2 PRELIMINARY

2.1 Airy operator and its spectrum

Airy’s operator with Dirichlet boundary condition
d2

———5 Tz
dx?

is an unbounded self-adjoint operator with domain
{u € H?([0,00));2u € L*([0,00)), u(0) = 0} C L*([0,0)).

Since li_)In x = +00, Airy operator has discrete spectrum, which consists of distinct eigenvalues.
x o

Say A is an eigenvalue of Airy operator with eigenfunction u, then we have

d*u(x)
2 + (z — MNu(z) =0,
After a translation by A, we get
2
W +zu(zr + ) = 0.

Therefore y(x) = u(x + ) is a solution of equation
d%y



on interval [—),00), which lies in L?([0,4+00)), with initial condition v(—A) = 0. Hence, such
solution exists if and only if A is the negative of zeros of Airy function, which is the L? solution of
the above equation.

In order to know the asymptotic behavior of eigenvalues of Airy operator, we solve the Airy equation.
And we are only interested in the L? solution of (2.1). Take a Fourier transform, and let Y (t) =

A~

9(x),
—y(x) + zy(z) = 0 <= t*Y(t) — iV (t) = 0.

It is easy to give the solution to this first order differential equation, which is

By Fourier inverse formula,
+o0 I N +o0 3
y(x) = / e 3le Tt = 2/ cos(— + at)dt
oo 0 3

Normalize this solution, we get

—+o0 3
Ai(x) = / cos(— + xt)dt
0 3

By stationary phase methods, which is available in literatures, for example Chapter 3 of [5], one
can get the asymptotic expansion of Airy function

—z) 1sin(3(—2)2 4+ I) (x <0)

As a result of the asymptotic expansmn above, the n—th elgenvalue of Airy ogerator Ap is around
the size of the n-th zero of sin(3(—z )2 + %), which implies A, ~ {3(n — )7},

2.2 Singular Sturm-Liouville operators

In general the perturbed Airy operator —A + z + V(x) on positive real axis is a special case of a
singular Sturm-Liouville operator. In this section, we give some results on singular Sturm-Liouville
operator —A + ¢(x), especially for the case lir+n q(z) = +oo.

T—>+00

Theorem 2.1. Consider a Sturm-Liouville operator L = —/\ + q(x) on positive real axis, with the
potential q(x) satisfying

q(z) € C([0, +00)), lim ¢(x) = +o0.

T—r+00

and with the boundary condition
{u,u’ are absolutely continuous,u(0) = 0, Lu € L*([0,00))} € L?[0, c0).
The spectrum of L is discrete, and we can write it as

spec(L) = {\j}521, Al <A< A3 < =00



We denote by z(\, x) the unique solution of the following differential equation,
d
Lz(\,z) = Az(\, ), z(A,0) =0 and é(A,O) =1. (2.2)

Then for A € (Ag—1, Ag], the solution z(A,-) has exactly k zeros on [0,+00). Here we define Ay =
—00.

One thing to mention here, for any fixed A, the zeros of the solution z(\, ) are discrete. Otherwise,
it has a limit point, denoted as x¢, such that lim =z, = x¢, where {x, }{° are zeros of z(J,-). Since

n—oo
z(\,+) € C?(]0,00)), we have
z(\, o) =0, O0r2(\, ) = 0.

But by the uniqueness of 2nd-order ODE solution, z()\,:) = 0, which contradicts with the initial
condition (2.5)! Again by the same argument, all the zeros of z(\, ) are simple ones, which means
z(\, x) will change sign when passing through each zeros.

Lemma 2.1. For any fized \, z(\,z) has finitely many zeros.

Proof. Say y satisfies

d?y
a2 T A —q(z)}y =0,

y(0) and y'(0) are not both equal to 0. Since (x) = 400, there exists an x; such that for

lim gq
T—>+00
x > x1, q(x) > A. Without loss of generality, we can assume y(x;) > 0, next we show there is at
most one zero on interval [x1,00) by listing all the possible cases.

1) y'(x1) > 0, then for x > x1, y"(z) = {q(z) — A\}y(z) > 0. So y(z) will keep going upward to +oo

on interval [z1,4+00).

2) y'(x1) <0,

i) y(z) remains positive on (x1,00), then y”(x) > 0. If at some point y'(z) changes sign, this turns

to 1). Otherwise y/(x) remains negative on interval (z1,00), the only possibility is lirf y'(z) =0,
T—>+00

. _ : " —
e ¥(7) = 0 and Lip_v'(@) =0,

ii) y(z) equals zero at some point x = xg, then it must be y/(z2) < 0. y(x) changes sign at z = x9,
so for any x > x9, y(x) < 0, y"(z) < 0, and y/(x) < 0. This leads to lirf y(x) = —o0.
T—>+00

Hence, there is at most one zero on the interval [z1,00), since the zeros of y(z) are discrete, the
total number of zeros is finite. O

Remark 2.1. The only interesting case above is where lim y'(x) = 0, lim y(x) = 0, and
T—+00 T—r+00

lim y”(x) =0, in such circumstances
T—+00

| v @is =y - ) = [ (o) - Nyla)ds < /(o)
xr1 1

Hence, y € L'([0,+0)). Combined with Erf y(z) = 0, then y € L%*([0,+0c0)). Moreover, from
the discussion above there are only two cases, either y € L?([0,+00)) and EI}_] y(x) = 0, or

lim y(x) =oco. Thus u is an eigenfunction of L, if and only if u(+o00) = 0.

T—>+00



The whole theory of Sturm-Liouville operator depends on the following fundamental theorem due
to Sturm.
Theorem 2.2. Let u be a solution of

d?u

w + g(x)u =0
and v a solution of

@ +h(z)v=0

dx? N

where g(x), h(z) are continuous function and g(x) < h(x). Then between any two consecutive zeros
of u there is at least one zero of v.

Proof. Say x1 and x5 are two consecutive zeros of u, and there are no zero of v between them. With-
out lose of generality, we can assume that v and v are positive on the interval (z1, z2). Multiplying
by v, u respectively, and subtracting,

v —v"u = [h(x) — g(z)]uv. (2.3)

Integrating (2.3) from z; to xa,

2

/I2 (u"v —v"u)de = [u'v — V'u][3? = u'(z2)v(w2) — W' (21)v(21) = / [h(z) — g(z)juv  (2.4)

1 1

v(x)

Figure 1: Comparison Theorem

From the right-hand of (2.4), we know that «'(x2)v(xe) — u/(z1)v(z1) > 0. However, as shown in
Figure 1

u'(z2) <0, w(wy) >0, u'(x1)>0, wv(x)>0,

sum them up, we get that

T2

W (aa)ola) — o/ ()elan) S0 [ he) - gla)un

)

equality holds if and only if h(x) = g(x). O

Corollary 2.1. If we have liI_il_l u(x) =0, then 400 can be regarded as a zero of u and the above
T—+00

theorem also holds. Say xi is the mazimum zero of u(x), then there is at least one zero of v on
interval [zg, +00).



Corollary 2.2. For A\; > Ao, #{zeros of z(A1,x) on [0,n)} > #{zeros of z(A2,x) on [0,n)}.

Equipped with what has been discussed, we can come back to Theorem 2.1 now. The following
proof is based on Titchmarsh[7].

Proof. Define
n(A) = #{zeros of z(A\, x)}.

From Theorem 2.2, for any A1 > A9, consider the differential equations,

Opzz(A1,2) + (A1 — q(x))z(A1,2) =0,

Orzz(A2, ) + (A2 — q(x))z(A2, ) = 0.
Then between any two consecutive zeros of z(Ag, x), there is at least one zero of z(A1, ). Moreover,
since 0 is a zero point for both of them. The total number of zeros of z(A1,z) is more than that of

z(A2,x). And n(\) is a non-decreasing function of X\. Next we show that n(\) is right continuous,
and at each jump point n(A+) = n(\) + 1.

For any fixed A\, denote n(Ag—) = /\h}{\l n(A) = k. So there exists some A1, such that n(\) =k on
0
the interval [A1, Ag). Say the k zeros of z(\, z) are
0= al(/\) < ag()\) < ag()\) <0 < ak()\)
By Theorem 2.2, a;(\) are all decreasing functions. Given Ay € [A1,)g), denote a;(Aa—) =
)\li/ng\l a;(\). By continuity of z(\, z), a;(A2—) are all zeros of z(Ag,-). Since the zeros of z(Ag,-)
2

are simple, a;(Ae—) i = 1,2,--- , k are different zeros of z(\e,-). Hence, a;(Aa—) = a;(A2), and
a;(A) are all continuous function on [A1, Ao).

Similarly, a;(Ao—) are zeros of z(Ag, ). In order to show n(Ag—) = n(Ag), we have to prove a;(Ao—)
are all the zeros of z(Ao,-). For any i, without loss of generality, assume that 0;z(A1,a;(A1)) > 0,
then by continuity of 0yz(\, x), 0z2(A,a;(\)) > 0 for all A € [\, \g) (notice here we use that
0zz(N,ai(N)) # 0). Thus z(A\,z) > 0 for any A € [A1,\o) and z € [a;(N), ai+1(N\)]. Moreover, by
continuity of z(\, z), (Ao, x) = Ahfn;\lo z(A,z) > 0 for = € [a;(Ao—), ait+1(Ao—)], which means there is

no zero on interval (a;(Ao—), aj+1(Ao—)) (here we use the fact that z(\,-) will change sign on each
zero). Therefore a;(A\g, —) are all the zeros of z(\g,-), and n(Ao—) = n(Ag) = k.

Next, we show that either n(A+) = n(A) or n(A+) = n(A) + 1, and A is an eigenvalue of L iff
n(A+) = n(A) + 1. For any fixed Ag, denote n(Ag+) = )\h\n}\l n(A) = k. So there exists some A1, such
0

that n(A) = k on the interval (Ao, A1]. Use the same notation, the k zeros of z(A,x) are
0= a1(>\) < ag()\) < ag()\) < < ak(/\)

Similarly we have that a;(A) are continuous decreasing functions on (Ag, A1].

Since lirJ]rn q(x) = +00, there exists some C > 0, such that ¢(z) > A for any x > C. From Lemma
T—>+00

2.1, z(\, -) has at most one zeros on the interval [C, co) for any A < A;. Thus, a;(A\) < C on interval
(Ao, A1) for i = 1,2,k — 1. a;(No+) = )\li\‘H)\l a;(\) exists for i = 1,2,---  k — 1, and are all zeros
0

of z(Ag, x). For i = k there are two possibilities,

1) lim ag(N\) = ar(Ao+), then z(Ng, z) has k zeros.
AN
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2) Ali\n&l ag(A) = +oo, then z(A\g, ) has at most k — 1 zeros on [0, ax(A)) for any A € (Ag, A\1]. But
0

ar(N) = 0o as A\ Ao, 2(Ao, z) has k — 1 zeros in all.

If 2) is the case, assume that 0,2z(\, ax(A\)) > 0 for XA € (Ao, A1]. Then for Ay € [C, ar(N)),

2(A2,x) <0, Oprz(A2,x) <0, 0pz(Aa,x) > 0rpz(A2, ax(A2)) > 0.
As a result of continuity
z(Ax) <0, Oppz(Xo,x) <0, 0Ozz(Xo,z) >0.

for z € [C,+00). From the remark of Lemma 2.1, z(A\g,z) € L%(]0,+0c0)), which means )q is an
eigenvalue of L.

If X is an eigenvalue of L and z(\, z) is the corresponding eigenfunction, then lim z(A,z) = 0. Say
T—00

the zeros of z(\,z) are 0 = a1 < ag < ag < --- < ag. Then for any \; > A, there exists at least one
zero on interval (a;,a;41) for i =1,2,3,--- ,k (here a1 = +00). Also a; = 0 is a zero of z(\1, x),
the total number of zero is at least k + 1, thus n(A) =k + 1.

Finally we show that

n(—oo0) = lim n(\) =1, n(+o0) = lim n(\) = +oo,

A——00 A—400
For A small enough, such that A — g(x) < —M, consider the differential equation
Ve _ /M
2vV M

by Theorem 2.2, 1 < n(\) < #{zeros of u} = 1. Therefore n(—oc0) = lim n(\) = 1.

A——00

"
u’ — Mu =0, u =

For A big enough, such that A — ¢(z) > M on interval [0, 1], consider the differential equation

W'+ Mu=0 u = 7sin( Mz)
’ VM

by Theorem 2.2, n(\) > #{zeros of w on [0,1)} = [@] Therefore n(+o00) = lim n(\) = +oc.

A—400

To sum up, n(A) is a non-decreasing right continuous function and n(A+) — n(A) € {0,1}, with
range {1,2,3,---, }. Those discontinuity points of n(\) are exactly the eigenvalues of L. Moreover,
since n(\) is non-decreasing, L has discrete spectrum,

AL < A9 < Ag, -+ — Fo00.

And n(A) = k on interval (Ag_1, Ag]. O

To conclude this section, we prove the Minimax Principle which will be the main argument we use
to derive the eigenvalue asymptotics later.

Theorem 2.3. (Minimax Principle) Given two Sturm-Liouville operators Ly = —/A + ¢;(x),
such that xgl—fl—loo gi(z) = +o0(i = 1,2). If q1(x) < q2(x), then their corresponding eigenvalues satisfy

AD < 2\® =123,



Proof. Assume q1(z) # q2(x). Say u,(z) is the eigenfunction of Lo with eigenvalue A, Then
upy + (AP = g2())uy = 0.
Consider the differential equation
4+ AP — (@) =0,
Since A2 — q1(x) > A - q2(z), and u,, € L*(]0,+0c0)), by Theorem 2.2, we have
#{zeros of v(x) on [0, +00)} > #{zeros of u,(z) on [0,+c0)} + 1.

This implies /\S) < )\22). O

As an application of Minimax principle we prove the following theorem,
Theorem 2.4. Let \,(q(z)) is the n—th eigenvalue of Sturm-Liouville operator —/\ + q(x) on

positive real axis with Dirichlet boundary condition. Suppose Er{r_l @ =0, then \p(z+V(x)) =
An(z) + 0(An(z)) as n — +oo.

Proof. For simplicity we denote \,, = A, (). Since V() = o(x), for any € > 0, there exists constant
C such that
l-ez—-C<ax+V(x)<(l+ez+C.

By Minimax principle,
M((I=€x—C) < A(z+V(2) < M((1+e)z+C). (2.5)

In order to obtain an approximation of A\, (z + V(x)), consider the perturbed Airy operator —A +
(x £+ (ex 4+ C)). For the equation,

—u" +[(1 - €)x — O)|u = \u, u(0) = 0 and u € L([0, +00)),

which is only a translation of Airy equation, so u(z) = Ai((1 — e)%(m - ﬁ)) and u(0) =
—€)3

Ai(—ﬁ) = 0. This implies —ﬁ = —\, for some n € N*, thus \,((1 — )z — C) =
—€)3 —€)3

(1-— e)%)\n — C. Similarly A\, (1 +e€)xz+C) = (1+ e)%)\n + C. Since A\, = (%nTr)% +0(1) = +o0
as n — +00,

1
n n((1— — (=) Ay — 1
liminfw > lim inf Anl(1 =€) = C) = liminf (=€) ¢ =(1- e)é,
n—+oo n n—+oo )\n n—+o00 >\n
1
An An((1 ) 1 EP 1
limsupw < lim sup (A +ez+0) = lim sup (1+9)id, +C =(1+ e)é
n—+00 >\n n——+00 >\n n—+00 >\n
Let € ™\, 0, we get
An An . 1
1=lim(1— e)% < liminfw < limsupM <lim(1+ e)é =1
eNO n—+00 An n——+00 An €
Therefore,
An
lim Mnlz + V() =1, and A\ (z + V(z)) = A + o(Ap).

n—-+o00 )\n



Remark 2.2. The above theorem shows if the perturbation is relatively small compared with x,
V(xz) = o(x), the first term in the asymptotic expansion of eigenvalues will remain the same. On
the other hand, if we take V(x) so large, say V (x) = tx, the distribution of eigenvalues may change
a lot, or even fail to remain discrete.

3 A FORMULA OF EIGENVALUE DISTRIBUTION

In order to obtain more information about the distribution of perturbed eigenvalues, we have
now to consider the relation between the potential and eigenvalue distribution in more detail .
However by Theorem 2.1, the eigenvalue distribution coincides with the distribution of the zeros of
eigenfunctions. Actually what we need to do is to count zeros of eigenfunctions.

Theorem 3.1. Suppose the potential q(x) is monotonically increasing and in the form

q(x) =z + a1z + agx™® + - - - + apzF, x> M

where {a;}%, {a;}} and M are constants. Then the n—th eigenvalue \, of operator —A + q(x)
satisfies

1 [Xn 1 1
= [ Ou—ataae = n - g+ 000, (3.1)

™ n

where X, is the unique solution of q(x) = Ay.

Proof. The formula (3.1) has been much discussed in books on quantum mechanics, which all
require the potential g(x) to satisfy certain favorable properties. Here the proof is based on the
method given by Langer and developed by Titchmarsh[6], where they prove formula (3.1) under the
assumption that ¢(x) has derivatives up to the third order, ¢(x) is increasing and convex downward,
and as x — +00

We consider the following Langer transformation. For any real number A, there is a unique X such
that ¢(X) = A, then let

)= [ = awitan @) = - @) o
X
where () is the solution of the basic equation,

V(@) +{A —q(@)} =0, (3.2)

with boundary condition 1(0) = 0. The power functions are defined on C — {(—o0, 0]}, such that
0 < arg{{\ — q(2)}?} < pr (p = 3,1). Thus the argument for ( satisfies arg((z) = 3m(z > X),
—7(z < X). Then ((z) is a C* function, range from — fOX{/\ - q(t)}%dt to 0, then along the y—axis

10



to 4o001.

dyp _dndr _ ¢(x) (@)Y

dy _ dndr _ )
e dudC X g(@)}s 4 - qla)}
d*n B d% dr
acz — d¢ d¢

1 " €T 5 12 T
O a0+ 5 i )
q"(x) 5¢"%(x) .
AN —q(z)}2 " 16{x—q(x)}3" "

= {1+

Plug back into the original equation (3.2),

d2n

ac2 + (1 + @)77 = f(x)n, (3.3)
where

5 q"(x) 5¢”(x)

T =562 ~ 10— )P~ 160 —a0) P

The main purpose here it to count the zeros of eigenfunctions. Observe that, if ¢(x) is an eigen-
function, from Lemma 2.1, lirf Y(z) = 0, and in this range ¥ (z) is either convex downwards
T—>+00

where it is positive, or concave upwards where it is negative, so it has no zeros for x > X. As a
result we only need to count zeros on the interval [0, X). Since A — ¢(x) > 0 on the interval [0, X),
the zeros of 1(x) and n(z) coincides with each other, which means we just need to investigate the
distribution of the zeros of solution of equation (3.3) on interval [0, X).

It will be shown that the right-hand side of (3.3) is relatively small when A\ tends to +o00, and what
determines the behavior of solution n(x) is actually the following equation,

d’n 5
— 14+ ——
+ ( +36C2

i )n = 0. (3.4)

Note that (%WC)%J% (¢) and (%WC)%HSD(Q are basic solutions of (3.4), where J% is the first-type

3
Bessel function and H (;) is the first Hankel H-function. By variation of constants, n(z) satisfies

3
the following formal integral equation

1

N

J(0)1¢207 F(E)n(t NI — a(t)}2dt,
(3.5)

Q)+ 3ni [ Q10 - gy OH

1
3 2 3 3

(e, 3) = (370)

ol

where 8 = ((t). Next we will show that the above integral equation can be solved by iteration
methods and that part of integral is relatively small as A — —+oo.

Lemma 3.1. Consider the integral equation,
+o00o

o(z) = f(z) + K(x, t)p(t)dt, (3.6)

where f(z) is bounded and |k(x,t)| < U(t) € L*([0,+00)). Then there is a unique solution of phi(x)
given by iteration method, and the solution is uniformly bounded on [0, +00).

11



Proof. Denote ¢o(x) = f(x),

“+o0o
Pnt1 = f(z) + K (x,t)pn(t)dt
By subtraction,
+oo
¢n+1(w) - ¢n($) = K(l‘,t)(gbn(t) - gbnfl(t))dt
Then
161(2) — ola)] < IIf] / — I£15),
where j(x f+oo t)dt. Next we prove by induction that |¢p41(z) — ¢n(z)| = HfHJ(j::l), .
bnsa(2) = (@) < [ 1K@ 0](60(0) — na(0)ldt
<[ IIfHU(t)jn(t) at
n+1
Sy
n+1<x)
Hf\|< o
Therefore

> lonea(e) —an(@)l < 1713 <
n=0 n=0

Since ¢o(x) + Y ¢n(x) converge uniformly, we can define

D)+ éula)
n=0

it is easy to verify that ¢(z) is the unique solution of (3.6), which coincides with f(x) at +o00. [

Come back to (3.5), in order to solve it by iteration, we need to show,

Lemma 3.2. As A tends to +oo,
3

/ T1FOIA - gt = 0 ) (3.7)

Proof. For any fixed A\, denote X the unique solution of g¢(z) = A. Since ¢(x) = x + o(x) as
x — 400, we have that X ~ A. Also for sufficiently large x,

)= 1 a4 fo)~1
¢"(z) = a1 (g — )z 2 4. d(z) = O(z*2)
" (z) = a1a1(a; — 1)(ag — Q)xarB e ¢(z) = Oz a173)'

12



Thus there exists some constant M, such that ¢'(z) € [1 —e,1+ €] and (1 —€)x < g(z) < (1+e)x
for x > M. Notice here X is a singular point of f(t), in order to approximate (3.7), we split the
integral into four parts,

Amvwm—«mhuzﬁy+ﬁi+ﬂf+éfo

=L+ 1+ I3+ Iy

Now we compute I; one by one. On the interval [0, 3X),

/ {A—q(t) 2dt

For A sufficiently large, (1 —e)X < ¢(X) =A< (14+¢)X

X 1
xwzﬁxv—mwwﬁ

1+e€ 1
2/ (A — (14 )t)) bt
2(116)

— A)3,

therefore ﬁ = O()\_%) on [0, 3X), so

X (A —q(t)}2 12X ¢2(t)dt 5 (M ()t
I <> / A —a®) 2dt+/2 _a(B)dt 5dt+/ _dtdt
36 ¢3(t) 400 {A—qt))s 16 Jo  {A 3

And we estimate the three terms on the right hand side one by one

——
>
Q
—
~
~—
—
N
(=]
—
>
(=
—~
~
S~—
—
|

/éx Wt A0
o {A—q®)}: {A-q@)}z” 2

Sum them up we get that Iy = O(/\_%), similarly, one can show that I, = O()\_%). Now consider

13



I3, on the interval (X, 2X]
—i¢(x / {q(t) — A}2dt
1
9 1
_ / fa) =N,
X

q’(t)

_2 {q A}Q / {a(®) A}261”

_Q{Q() >\}2 4 q" () )\}2 5 4" (1)
3 ¢ B q’S) 15/“ -G t)

:2)){61 A}2{1 ){Q((J;)) }+S}’

where,

B 2 q’(x) T B gq'"(t)q’(t) _ 3q"2(t)
HREFPTR T JACCERY w0

Since for X <z <2X, ¢"(z) = O(X*“~2) and ¢"'(z) = O(X*173)
(

2¢"(z){q(z) — A} _ a1=2yy _

H 72(x) = O0(XM %)) = Ol5i=) — 0

"V (1) — 30" (2 1 1 1
q"(z)q q/4)(x) q"( ):O(X3—a1)+O(X4—a2) - Olser)

o q,(x) v . g /
8—0{X3 YT [ tat - N wary

— o M=) ot —o.

For X sufficiently large,

- 00z 4{q( ) — Al () {q(g;)—>\}2q//2(a?))+0(’5’)}.

o = i ap - 5 g ot ol
Plug back into f(x),
PO S N )
362 A g@)® | 16(A—g(@))°
B () 0 (z)
=@ @ ) T 1 - xS
1 1
RS T P B Y RS G o SV
— of ! )

X3-ar{q(z) — A}

14



thus,

= Olszmar (0(2%) — )

= 0(\72).
Similarly it can be proved that Iy = O()\_%), sum them up we get (3.7). O

Denote

70)2J1(Q),

1
3

x@) = nla), ale) = EGROMEPO,  Bla) =4

Integral Equation (3.5) can be written as,

+o0o ) 1
x(x) = a(z) + 2/ [a(2)B(t) — 2= B(w)a(®)] f({A = a(t)} 2 x(1)dt (3-8)
If £ > X, then arg( = %71', say ¢ = iw where w is real and positive,
J1 (iw) = 8™ 11 (w), I (w) ~ ¢
3 3 (2mw)?2
) K% (w) T 1 .y
Hy) = i Ky~ (e

If z < X, then arg ( = —m, say ( = —(/, where (’ is real and positive,

1.
263Z7T

HY(O) == (3 + T4 (¢)
J1(0) = e I (()

Moreover,
im(0 — () = zm{/ (A= q(u))%du} > 0.

Therefore a(z)B(t) — =9 B(z)a(t) is bounded. By Lemma 3.1, (3.8) can be solved by iteration
methods and the solution x(x) is uniformly bounded. Thus

+oo . 1 o0 1
| / la(2)B(t) — "I B(@)a(t)] f({N — q(t) 2 x(t)dt| < A/O |FONA = q(t)|2dt = O(A™2),
and



Come back to integral equation (3.5), if n(x, A) is the solution, then ¢(z, \) = {\ — q(x)}_in(x, A)
is a solution for the basic differential equation (3.2),

oe.2) = A= ale))“HGOH(Q) + 0fr ) 39)

As x — 400, ¢ = e, s0 ¢(x, \) is exponentially decaying. If we take A\ = )\, as an eigenvalue,
and ¢, the corresponding eigenfunction, then the Wronskian of ¢(x,\,,) and ¢, (z) tends to zero
at infinity, so there exists a constant C),

As © — 400, argp(z,A) = (—ir — {m — im)

is a real-valued function. Thus

2 2.
= —%W, we can take Cp, = e~ 37 then e3™¢(x, )

60(2) = 470, ) = 37— g(@)) H (GO + 0N )

Combined with the asymptotic expansion of Bessel function,

T3(2) = () Heos(z - 1)+ 0()) (3.10)
T_y(2) = () Heos(s - 15) + 0} (3.11)

Take = 0 in the formula (3.9), we get

2y _1 1 1
6(0,2) = 2¢ 3T (A — g(0)) " {eos(Z — 1m) + O()},

where

Njw

X
Z= / A —qw)}zdu,  Z~ A2,
0
Then the boundary condition ¢(0) = 0 gives that

3
Ly — =T = mMn + pp,

4

here Z, =[5 "{\n — q(t)}%dt, pn satisfies sin(py,) = O(Z%)’ SO pp = O(Zin) Define z(z) =
fo()\ — q(t)2dt, then on the interval [0, X)




There exists some constant A such that |w(x)| < AN"2. Also if we differentiate (3.5) on both sides
with respect to x, the integral in the formula for Z—Z remains the same except that the differentiation

produces an extra factor {\ — q(x)}% Hence, by the same method one can show that there exists
a constant A such that

NI

/()] < ANTT{A — q(2)}3.

Sum up formula (3.10) and (3.11), we get the asymptotic expansion for v(z),

6.1 1
v(z) ~ (;)2 cos(z — 171’)
Similarly, v’(z) has the following asymptotics
6 1
v'(2) ~ —(—)% sin(z — =)
U 4

Since we need to count the zeros of ¢(x) on the interval [0, X), here ¢(x) is the sum of v(z) and
w(z). Compared with v(z), w(z) is relatively small, it is taken granted that the behavior of ¢(x)
is mainly determined by v(z). So in order to understand the distribution of zeros of ¢(x), we onl
need to get a more detailed zero distribution of v(z).

Lemma 3.3. If n is a sufficiently large large integer, the function
v(a) = 2 {Jy(x) + J_y ()}
3 3
has exactly n zeros in the interval 0 < z < (n+ ).

Proof. There has been an extensive dicussion about Bessel function and its zeros. For the proof of
this lemma, we refer to [8]. O

Since Z,, = (m + %)7‘(’ + pn, by the above lemma there are exactly m zeros of v(z) on the interval
(0, (m+ 1)) and there is a zero around Z,,. Take § > 0, such that § is smaller than any maximum
of v(z) and —¢ is bigger than any minimum of v(z). The line y = ¢ intersects the graph of v(z) at

zy < 2} < zb < -, the corresponding value of x are z{, > 2} > x}, > ---. Similarly line y = —§
intersects v(z) at z{ < 2§ < z§ < ---, and corresponding value of = are = > zff > a¥ > ---. As
depicted in Figure 2. Then there is exactly one zero of v(z) in each interval [2], 2] (i = 1,2,--- ,m).
Since v'(z) # 0 on each interval [z}, 2] (i =1,2,---,m), there exists a constant B > 0 such that

|v'(z)| > B on those intervals, thus

dv(z) dv(z) dz 1
- S s B - .
R P
If we take A large enough, such that |w(x)| < § then ¢(x) has no zeros on interval [‘T/Qi-i-l? xh,;] and
[x5;, x5, _4]. Further, if A is chosen so large that |w'(z)| < B{\ — q(az)}%, then ¢(x) is monotonic
on each interval [z}, z/]. Since ¢(z) > 0 and ¢(z) < 0, there is unique zero of ¢(z) on interval
[z}, z]]. By the above lemma, there are m such zeros in all.

Now consider the ends of interval [0, X;,). On the interval [z(, X,,), ¢(z) is monotonic, so there is

at most one zero on the interval [z, X,]. Since ¢(z) = C{\ — q(x)}ian(;r), it must be the end
point X,,, but this is not a zero of ¥, (x). On the lower end of [0, X,,), suppose the greatest of z,

17



Xo'\ X1’ .X'z/\ /\ /\XN"
S {Zo" Z1 Z2 Zn"
1
B ("”i)” o
X1" x2"
VSR \

Figure 2: v(z)

2! is 2%, and the corresponding value of z is zy. On the interval [0, 2'y], ¢(z) is monotonic. So
(x) and 9, () has at most one zero on this interval, actually it is the zero of i, (z) at = = 0.

In all, there are m + 1 zeros on the interval [0, X,,], thus from Theorem 2.1, )\, is the m + 1-th
eigenvalue and ¢(z, \,) is its eigenfunction. So we have m + 1 = n, and

X 1 3 1 1 1
Z, =/0 A =@} = (0= D+ 7+ 0(5) = (0= P +0()

which completes the proof og Theorem 3.1. O

4 ASYMPTOTIC EXPANSION OF PERTURBED EIGENVALUES

4.1 Asymptotic behavior of eigenvalues w.r.t. potential perturbation

Suppose the perturbation V(z) can be described in terms of its asymptotic expansion (complete
expansion or to certain order) at 400

V(z) ~ a1zt + agz™ + azz™® + -+ - + apx®™ + - - - |
where {ay}{°, {ax}3° are constants, and 1 > a1 > ag > ag > ---. And for Vk > 1,
V(x) = a1z + agz™ + azgz®™ + - - + apx™ + o(x®*).
Given any € > 0, denote

q1(x) =z + a1z + agx™? + azz™® + - - - + (ap — €)x™*

@2(z) =z + a1z + ax®® 4+ azx™®® + - - + (ap + €)ax*

Then there exists some constant M, such that for x > M, both ¢1(z) and g2(x) are monotonically
increasing, and



Take M sufficiently large, such that

@(M)> sup {z+V(x)}.
0<z<M

Then we can replace ¢;(x) by strictly increasing smooth functions ¢;(x), such that g;(z) = ¢;(x) for
z>M (i=1,2) and

q(x) <z+V(r) < glx), x> 0.

The monotonicity of ¢;(z) implies the existence of inverse function @;(s) on [¢;(0), +0c0). With the

100 //

X+ V(x),/

q-(x) %)

\

/

Figure 3: q1(z) <2+ V(z) < ¢2(2)

change of variable z = Q;(s),

s

RS f IR 1
/o <A—qi<x>>2dw=/q. (A= 5)2dQi(s)

A 1 _1

=2 (- 5)1Qils)
4:(0)

A .
1 Qz(s)lds, i=1,2 (4.1)
2 7:(0) (A —s)2

The following lemma enables us to determine the behavior of Q;(s) at infinity from the asymptotic
expansion of ¢;(z).
Lemma 4.1. Suppose y(z) has an asymptotic expansion

y(x) =+ a1x®t + agz®? + azx®® + - - - + apz®* + o(z**) (4.2)

where {ai}’f and {ozi}]f are constants, and 1 > a1 > ag > ag > -+ > ap. Then its inverse function
x(y) (not necessarily continuous) also has asymptotic expansion at +o0o up to o(y**)

z(y) =y+ay™ + ey + ey + -+ qy™ + o(y“r), (4.3)

where {cl}ll and {'yz}l1 are constants, 1 > ~v1 > vy9 > 3 > -+ > y_1 > Y = ax, and are uniquely
determined by {a;}} and {a;}¥. Actually {c;}, and {~;}} are all polynomials of {a;}% and {a;}}.
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Proof. From expression (4.2), y(z) = = + o(x), so z(y) = y + o(y). Assume we already have the
asymptotic expansion of z(y)

z(y) =y+eay” +ey” +ey” + -+ oy +o(y).
If 7; > ay, we show z(y) has higher order asymptotic expansion up to o(y™®{ite1=Lax})
2(y) = y+ 1y’ + oy + 3y + - - 4 o(ymuFer—hady, (4.4)
Denote
A=z(y)— (y+cay™ +cy™ +cey®+---+cjy”), A =o(y"). (4.5)
Notice that

a;iz™ = ai(y +eay™ + ey +esy™ + -+ gy +o(y))™
=ay®(1+cay" ey 4oy 4. 4 ij”_l + oyt

= aiy™ + cray® T o oy,
Plug (4.5) into (4.2), we get

y=(y+ey™ + ey + ey + o+ ey’ + A)
+(a1y™ + - oy TIT)) - (kg™ oy ) + o(y™)

Compare the coefficients on both sides, we can get an asymptotic expansion of A up to

O(ymax{'yj—&—al—l,ak})‘

Substitute the expression of A into (4.5), we get formula (4.4). Since oy — 1 < 0, repeat the above
process, we can get the asymptotic expansion (4.3). O

Suppose ¢(x) is in the form
q(r) =z + a1 + a2x”? + azz™ + - - + apxr* 4 ex* (4.6)

where {a;}¥ and {;}} are constants, and 1 > a3 > ag > a3 > -+ > aj. Since ¢(z) is monotonically
increasing for large x, there exists Q(s), such that Q(q(z)) = z for large x.
Lemma 4.2. Under the assumption above Q(s) has an asymptotic expansion at +00 up to o(s**)

Q(s) = s+ 18" +cas™ 4 - - s — es™ + o(s™), (4.7)
where {c;}} and {v;}} are constants (independent of €), 1 >~y > Yo > 43 > -+ > Y1 > = Q.

Proof. From Lemma 4.1, Q(s) has the form (4.7), and {¢;}|™" are uniquely determined by {a;}f '
and {a; k71, Plug the asymptotic expansion of Q(s) into (4.6), the coefficient of s** can be obtained
by comparing the coefficients of s* on both sides. O

With the two lemmas above, we can prove the asympototic expansion of eigenvalues, which is the
main results of this paper.
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Theorem 4.1. Suppose V(x) (not necessarily increasing or smooth) has asymptotic expansion up
to o(xz*),

V(z) = a12* 4+ agz™ + azx™ + - - - + apx™* + o(x™*).

Then A\ (x + V(x)) has asymptotic expansion

(%’rn)% + din" + don™ + - - + dpyp "t + dpynfm 4 O(ngo‘k), ap > —1
M(z+V(x)) = (%”n)% + dinft + don®2 + - - + dy_nfimt + dmn_g Inn + o(n_% Inn), op = —1
(%ﬂn)% St 4 dan®® + -+ + dpp_ S+ dpyn 3 Inn + O(n_%), ar < —1

where {d;} and {k;} are constants, depend on the asymptotic expansion of V(z).

Proof. Construct ¢;(z) and ¢2(x) as above, such that ¢ < x + V(z) < ¢2. By Lemma 4.2 their
inverse functions have the form

Qi(z) =s+c18M™ + 28" + - ¢s7 + €5 4 01(s), 01(s) = o(s“*)
Q2(7) = s+ 18" + 8™ + - sT —es™ 4 0a(s),  Oa(s) = o(s™"),

on the interval [T, 00) (T' > max{1,1(0),¢2(0)}), where y1 > v2 > --- > v = . Plug them into
formula (4.1),

1 _ ol gep 2 [ B8 gy
O P R TUNCTE

1 A s+ 18T 4 9872 4 - - clsjl + (Les*) 4+ Gi(s)ds n O()f%)
2 Jr (A—s9)2

! /A Q) g1 Qi) ] /T Qils)

IR L1 g 1 [ es
=— Slds—I—Z/ les—i- — les—i— (4.8)
2r Jr (A — )2 21 Jr (A —s)2 2 Jr (A — )2

L8 o ok
+27T/T (A_S)%d +O(M\ ) (4.9)

where ¢ = 1,2. In the above formula there are three types of integrals,
A a A a T o (1
[ [ [ Y e 00, e
T A=5)2 Jo A=s)2 Jo A-s)2 T(E+a)

A e A A
1 1 1
/ : 1 :/ 1d5+/ ( - — —1)ds
T (A—s)2 T sA\2 T s(A—s)2 sz

L 1
=(InA—InT)A\"2 +/ - — -
T A2(A—5)2[A2 + (X —s)2]

ORI I CLO NP e () = ofs®
/T(A—s)%_/T TR 0is) = o(s™).

=X 2InA+O(\"2), a=—1

Consider the case with ap = —1, as the other two cases can be proved in the same way. Substitute

21



the above integration results into (4.8),

1 A ) 1 A ll A L &Yi
ERY N TE I T N

_ — —ds+
21 Jg,(0) ()\—8)% 2m Jr (A —s)2 i=1 2m Jr ()‘_5)%
1 [ 4es 1 [ e

4+ les—k / L)ldS‘FO()‘i%)
27 Jr ()\ — 3)5 2 ()\ — 8)5

-1
2 .3 al'(l+7) (1., caqEe _1 1
=" 224 A2t 2 AT In A 4+ O\ 2).
> Z2fr< o o nA+0(A"2)

Say A/ is the n-th eigenvalue of operator —A + ¢;(z) and A is the n-th eigenvalue of operator
-+ g2(x).

l—
1+% NG / i ~3
- = — — — In — 21 2
n—7+0() = Z +%)/\2+27TA Aot g /\ n X, 4+ O0(A, ?)
1 1 2 1 —i— Vi) 1 c n-1 y o —€ n—1% I n—=
——4+0(-)=— ———a——A2 4+ —); *InA —An 2InA, + O\, 2).
n 4+ (n gy Zl EE +27T nn+27r n A, + O( )

n—1

1 1
Since O(2) = O(\, ?) = O()\/n 2), also O(1) = o(An ?). Rearrange above expressions,

2 3 — cl(14~) 1L AN , 1 € -1 , —
=15 — P AZF — M 2In N S — A 2 In ), O\,
"= +Z2\FF( " T an B ) g TIn X+ O

[NIES

)

-1
2 3 l'(14y) (nk q y —€ - I 1
=17—M° + )\n2—|——)\ 21)\ + - _|_7/\ 21)\ —i—O)\ S 2).
n={ T ZZ\fP( 3+ v) 27 } ( )

Lemma 4.3. Suppose the following equation holds asymptotically for A\,

92 3 _1 _1
= ?A% + Cl)\%l + -+ 0171)\7;_1 + A2 In )\, + O()\n 2 ), (4.10)
T
then A\, has the following asymptotic expansion,
3 2 _2 _2
An = (= 5 n)s +din™t 4+ -+ dp_ 10"t +dpn” 3 Inn + O(n”3), (4.11)

where {d;}* and {k;}7* are constants, depend only on {c;}h and {7} ™'

3
Proof. With a change of variable u,, = %)\%, and substitute into (4.10),

1

_1 _1
o + chptn * I g + Ot ).

d’n 1

n = iy + ¢ Y]

In the same way as Lemma 4.1, we can get the asymptotic expansion i, in terms of n up to O(n~
Then put the expansion into A\, = (37” ,un)%, we get the asymptotic expansion of A\, up to O(n~

).
)

W Wl

Moreover plug (4.11) into (4.10) and compare the coefficients of n~3 Inn on both sides, we get
2

Vi

3

_1
3Cl

dn = —
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By the above lemma, there exists constants {d;}7* and {x;}7", 2 > k1 > kg > -+ > kp, = —3 such

that

, 3T .2 - Ko Ko 1 _2 _2 _2
)\n:(gn)3+d1n +don™ + -+ dpy1n™t +dpn” 3 Inn —eRn”3 Inn + O(n”3)
1 37T 2 K1 K2 Km—1 _2 _2 _2
)\n:(72 n)3 +din"™ +don"? + - + dpn" " +dpn” 3 Inn + eRn”3 Inn + O(n” 3),

where R is a constant. Since A, < A, < A/ let € \, 0, we get

3
An = (gn)g +dinft 4 don® 4 -+ dpyn 3 Inn + o(n” 3 Inn)

O

Remark 4.1. We are only interested in perturbations V(x) such that V(x) = o(x). Otherwise
the first term of asymptotic expansion of A\p(z + V(x)) may be changed. Such potential has unique
asymptotic expansion to some order o(x®*) or to o(x~>°), corresponds to one of the following forms:

() =+ a1z + agx™® + azz™ + - - - + apx®™ + o(xz“*), can not be expanded further.
q(r) =z + a1z + ax®? + azz™ + -+ apx®* 4 - .

From the existence of asymptotic expansion of x + V(x), eigenvalues can always be asymptotically
expanded to certain order.

4.2 Example: asymptotic expansion of potential does not completely determine
eigenvalues

On the other hand, even if V(x) is a smooth function with complete asymptotic expansion, this
does not necessarily guarantee the existence of complete asymptotic expansion of A, as n — +oo.
Moreover only the information of V(z) at infinite cannot completely determine the asymptotic
expansion of \,,, which means the behavior of V' (z) on finite interval, say [0, 1], can affect the higher
order terms in the asymptotic expansion of \,. The following theorem gives such an example.

Take

pa-fe eem
(x € [1,+00)),

the two smooth functions x and = + V(x) have the same asymptotic expansion at +oc.
Theorem 4.2. With V(z) defined above, the eigenvalues of —/A\+x (denoted as A\p(z)) and —A +
x4+ V(x) (An(z+V(x))) satisfy the following relation

A2+ V(2)) = Aa(2) + %)\n(x)_l +O0(Mn(2)7?),
here constants C = fol V(t)dt.

Proof. 1t is easy to verify that both z and x + V(x) satisfies the conditions in Theorem 3.1. For
simplicity denote A, = A, (z) and A}, = A\, (z + V(z)). By theorem 3.4, for n large enough

1 (M 1 1
/ O — 2)bdz = n -+ 4+ 0(
0

- 1+ 06) (4.12)

1

o). (4.13)

1 [*n 1 1
/ (N, 2~ V(@)ide =n - +0
0

s
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since here X,, = )\, and X/, = \/,. Rearrange expression (4.13)

AL 1
71?/0 (A, —x —V(z))2dx
L[y 2 11’—1'%— —x—V(r))2dx
_W/O ()\n—ac—V(x))dx—W/O()\ )2 — (A V(z))2d

3 1 [
:2)\;2_/ . Viz) —dx
3 TJo (A, —x)2 + (N, —z—V(2))?

2 43 1 [ 1 !

—Z\2_ = V(:”l) dx — / - Viz) - — V(f) dx
3m TJo g)\2 TJo (N, —x)2 + (N, —x—V(x)2 9)\2
2 43 C -1

3
== N2 — —\, 2 An 2). 4.14
3 2 +O( ) ( )

3 _3
From expression (4.13), we have A2 ~ 2Zn, so O(A\, %) = O(2). Combine (4.12) (4.13) and (4.14)
C

2

2 43 2 2 _1 3
ZNZ - A A 2 =000 2) (4.15)
3 3

11
Denote A = A2 — AZ. From expression (4.15), there exists constant A > 0,

_3 2 3 2 3 _1 _3
14)\712 Z aA'/f - g)\% - 22)\;1 2 = O()\n2)
2 1 1 11 _1
= 5 = AN+ MEAG 4 An) — 29A; :
m 7
1
> E)\nA - an 2
T 27

_3
Therefore A = O(\, ?). Plug this back into formula (4.15), we get

_1 _3
3¢ o0

1
3AA +302A% 4 A3 = .

).

w

An

Njw

w
S
B>
Il

Q)

+O(M\, %) and

3 C

1 1O _5
M= (8 A = (4 + 07 000 )P = A+ SA 00D, (416)

With the above formula, it is easy to write down the asymptotic expansion of \,, and X/,

Ap = (%ﬂn)g + é(%ﬂ)gn*% +O0(n3)
3= Gt + 2301+ S0t 4 o)

Remark 4.2. From Theorem 4.1, if V(x) has complete asymptotic expansion, from the asymptotics

of V(x), one can determine the asymptotic expansion of A, up to O(nfg). However, the example
above shows merely from the asymptotic expansion of V(x), it is impossible to get the complete
asymptotic expansion of A,. More precisely, behavior of V(x) on a finite interval will affect the

asymptotic expansion of A\, up to O(TF%).
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Since the asymptotic expansion of A, is determined by the asymptotic expansion of V(x) up to
O(n_%). It is taken for granted one may believe that the asymptotic expansion of V(x) can be
recovered by the asymptotic expansion of A,. Here we introduce the results on inverse spectral
problems.

Theorem 4.3. If we restrict us into a special class of perturbations, which has complete asymp-
totic expansion at +o0o, then those coefficients {a;}¥ and indexes {a;}¥ with a; > —1 are spectral
invariant (uniquely determined by its spectral).

Proof. From Theorem 4.1, if V (z) has complete asymptotic expansion at +o00, then A, has asymp-
totic expansion up to O(n_g). From the asymptotic expansion of \,, we can first recover the
asymptotic expansion of n in terms of \,, and then recover the asymptotic expansion of @Q(s) up
to o(s~!). Finally get the asymptotic expansion of V(x) at infinity up to o(z~1). O]

Remark 4.3. The terms like =1 in expansions of V(x) has a very small influence on eigenvalues,
which can be offset by the change of V(x) on finite interval. By Weyl law the asymptotics of
eigenvalue distribution is determine by Area(§2 + V(z) < N). For terms like x=17¢, the area
fx_l_e is finite. Therefore one can not determine from the asymptotic expansion whether its affect
on eigenvalues is caused by x~17¢ or merely by the behavior of V (x) on finite interval. Furthermore
if we do not restrict the asymptotics of V(x) to be sum of power functions, any terms ¢¥(x) in the
asymptotic expansion, as long as the integral [ (x) diverges, can be recovered from the eigenvalues.

A Continuity of the Solution of a System of Ordinary Differential Equations

Here we consider the eigenfunctions of Strum-Liouville operator —y” + ¢(z)y = Ay on positive
real axis, with boundary condition y(0) = 0,7/(0) = 1. Let y1(z) = y(z), y2(z) = ¥/'(z) and
z(\ z) = [y1(x), y2(z)]7, consider the first-order differential system,:

W:[i]:[@myﬁ A)yl]:[q@c)o — H’Z(A’“””):A(A’x)z(k’x)’ -
0
)

1
where A(\, x) = { go(z)— A 0 ]
Theorem A.1. z(\,z), 0,2(\, z) are continuous functions, and z(\,x) is an analytic function of
A.

Proof. For simplicity here we only consider the case when z > 0. First we change (A.1) into the
Volterra type integral equation,

z(A, ) = z(\,0) + /Om AN t)z(\ t)dt. (A.2)

Solve this by Picard’s process of successive approximation. We start by setting ¢o(z) = z(A,0) =
[0,1]7, and the recursive relations,

Gnr1(N,T) = 2(A,0) /A)\tgi)n() (n=0,1,2---)
Setting ¥ (N, ) = ¢n(X, ) — dpn—1(A,x)(n > 1) and Yo\, z) = ¢o(\, z), we observe that

/Auwn (DA (n=1,2,3---), (A3)
0
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hence by interchanging the order of integration
n) = [ A O
YoM 7) = /O " A 1)1 (A, 21)dy
_ /0 ' /t " AR 21)dr A, o (A, £)dt
- /0 " A0 A oA, )

U (A, 7) / AN, p—1)Vn—1(\, zp—1)dzn—1
/ A\ 21 / T A a0 a1 ) A, D)o (A, D) dtdan
:/0 /t AN, Zp—1)Apn—2(\, Tp—1, t)dxn_1 AN, t)tho (N, t)dt
- /0 ’ An_1(O0, 7, ) A, o (A, £)dt, (A4)
here A, (A, 7,t) is defined recursively as
Ao\, 1,t) = I
An(/\,T,t):/tTA()\,xn)An_l()\,xn,t)dxn (n=1,2,3-")

If we can somehow show that the infinite series > 7 ; 1, (A, x) converges uniformly to ¥(\, z) for
(A\,z) € K, where K is any compact set of C' x R. Then let z(\,z) =Y ;° ¥n(A, z), we have

o(\, x) + /ff A\ t)z(\ t)dt
—bo(ha) + [ AR anu
:¢0(A,x)+2/ A, ) n (A, t)dt

n=0 0

:wo()‘v SU) + Z wn-i-l ()‘7 x)

n=0
=z(A, z).

Thus solution of (A.2) is given by "7 ( ¥n (A, z).

Now we begin to show that the infinite sum ) 7 (1, (), z) converges absolutely on each compact
set. For any matrix A = [a;;] define the norm to be [|A|| = max{]|a;;|}. Say for fixed « € [0, 7] and
Al < R, we have ||A(X, x)|| < M. Now we prove by induction for 7 > ¢ > 0, we have

[2(r — H)M]"

[AnA )] < S

(A.5)
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It is easy to check (A.5) for n = 1. Assume it hold for n — 1,
Al = I [ A 20) At 02, )z
t

< / 20 AN, )| An1 (N, 2, )
t

< / oy P —)M]"
+ n!

_ 20z =ty
N (n+1)!

Thus (A.5) holds for all integers.
Plug (A.5) back into (A.4), we get

(0 )l = | /0 " Ao A (A e |

< / 2| Ans (A, 7, O A, 0)|dt
0

2(r —t)M]" |+
= n! ‘0
2T M)"™
:( o (A.6)
Therefore
0

Since for any fixed x, 1, (A, x) are analytic functions of A\, moreover from (A.7), Y>> ¥n (A, x)
converges uniformly on any compacts. So z(\, x) is analytic function of A for each fixed x. Hence,
we have proved that z(A,z) = > 07 ¥n (A, x) is the only solution of (A.2), which is a continuous
function and for any fixed x, each term of z(-,z) is an analytic function. O
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