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Abstract

We study the discrete-time analog of the stochastic growth models on a system
of interacting particles in 2+1 dimensions, which belong to the anisotropic KPZ
class introduced in [I]. We consider the discrete time dynamics described in [I],
derive the formulas for the limit shape and discover the Gaussian free field. Then
we do some simulations to observe the limiting behavior of this system, and study
the phenomena concerning the convergence of such moments of demeaned height
functions which describe the behavior. We also do some simulations which shows
some evidence of Conjecture 1.4 in [IJ.



1 Introduction

The system discussed here consists of w particles, denoted as {z]'} (where m ranges
from 1 through n, and k ranges from 1 through m), each with a position in the integer
lattice Z2, evolving in discrete time (in our model, we simply consider No— valued time)
with a determinantal structure described by the determinantal kernel.

The principal object we study here is a randomly growing surface, embedded in
the four-dimensional space-time. There are two kinds of interesting projections of this
model. One is to reduce the spatial dimension by one, the other is by fixing time, each
yielding some random surface. For the first kind, we should note that the projections
of our growth models described in Section 2 and 3 to {z]"}m>1 and {z]},,>1 give the
“Bernoulli jumps with blocking” and “Bernoulli jumps with pushing” discussed in [15].
On the opther hand, {«"} in the continuous time context is a totally asymmetric simple
exclusion process (TASEP). The second kind (fixed-time) projection will be mentioned
in §3.2.

The other object discussed in this paper is the Gaussian free field, which is commonly
assumed to describe the fluctuations of random surfaces appearing in a wide class of
models in statistical physics, in particular in the case with dimension equal to two (for
more general discussion, see [11], for its connection to SLE, see [12], to dimer model see
[7], [8], and to other growth models on a system of interlacing particles see [1], [13]).
And in our case we expect the two dimensional GFF to describe the fluctuation of the
random surface induced by our discrete time growth model.

Our main result is the behavior of the height functions that integrate the particle
configuration and reflect the limit shape of the growing surface consisting of facets inter-
polated by a curved piece. We see that the curved region has a Gaussian fluctuation by
exploiting the determinantal structure of the process. In the same flavor, we observe the
presence of a Gaussian free field as the pushforward of the random surface we consider.
As a result, we can express the limit of the moment of the height fluctuations at mul-
tiple points in terms of the Green function of the Laplace operator on H with Dirichlet
boundary condition.

Section 2 gives the background of our model and some analytic tools to describe the
limit shape. Section 3 gives the theoretical results. §3.1 cites the transition kernel for
four types of discrete-time interacting particle systems on the plane, computes critical
points for each system. And using the critical points, we obtain the growth velocity of
the surface and show the processes are in AKPZ class. §3.2 introduces some important
notions of Gaussian free fields, and presents the main theorems about the growing surface
and GFF. Following Duits’ constructions in [I3], §3.3 proves one of the main results.
Section 4 discusses the continuous-time AKPZ growth model in [I] and its left-jumping
counterpart as a limit of the discrete case, and demonstrates how to derive the theorems
for the height fluctuations and their moments in the continuous time scheme from the
discrete time scheme. Section 5 presents the simulation result testing conjecture 1.4 in
[1]. Some interesting phenomena in the simulations, and suggestions about topics for
further research are provided, which ends with a remark about the conditions in which



Figure 1: The initial configuration and random configuration for the case n = 25, and
F of the form (B) or (D), which will be introduced after (2.8]).

the main results in this paper holds.
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2 The model

We consider the discrete-time anisotropic 2-dimensional growth model as follows: con-
sider a Markov chain on the (locally compact, separable) state space X of interlacing
variables

n(n+1)
st = {{x?}?:lln CZ = |aptt<ap< foll}, n ez,

m

where the double-indexed z}" (which also refers to the particle itself) can be interpreted
as the position of particle with label (k,m). The initial condition we consider is a
fully-packed one, which means x}*(0) = k —m — 1 for all k,m.



Figure 2: Demonstration for the height function, with a random configuration of the
model with n = 40 rows.

The particles evolve according to the following dynamics. At each time ¢t € Z,,
each particle z}* attempts to jump to either left or right by one unit according to some
function Fj, and each particle 27" can be pushed by lower ones or be blocked by lower
ones. Define the height function as h(x,m,t) = card{k|z}'(t) > «}. Intuitively, we
can describe the anisotropy as follows: particles with smaller upper indices are heavier
than those with larger upper indices, so that the heavier particles block and push the
lighter ones in order to preserve the interlacing conditions.

To analyze the properties of such random point processes, let us start with introduc-
ing some definitions given in [4] and [14].

Definition 2.1. We call a subset of X as a point configuration, and define Conf(X)
to be the space of point configurations in X ; we call a relatively compact subset A of X
a window, and for a window A, define Na: Conf(X) — Ny by Nao(X) = card(X N A).
Put the smallest Borel measure on Conf(X') such that these functions are measurable. A
random point process is a probability measure on Conf(X).

Definition 2.2. For a finite subset A C X, the correlation function of A is
p(A) = Prob{X € Conf(X)|A C X}.

For A = {xy1, -+ ,xn}, we write p(A) = pp(z1,- -+ ,xy), which is a symmetric function
on X".

Definition 2.3. A point process on X is determinantal if there is a kernel K : X xX —
C such that

pn(T1,- o my) = det[K (2, 25)]7 21, (2.1)

where K(x,y) is called the correlation kernel.



For m = 1,--- ,n, let X, denote the set of particles {«7*,--- 2"}, and P, be a
stochastic matrix defining a Markov chain on X,,, and let A2, - - , AT, be Markov links
between these sets:

Pp: Xy x X —[0,1], > Pulwy)=1, z€X k=1, ,n
yEX),
AP i XX Xy = [0,1], > Af(my)=1, 2€X, k=2, ,n
YyEXL_1

We expect these matrices to satisfy the commutation relations:
Ag—l = Az_lpkfl == Pk-A]]z_17 ,k == 27 st ,n, (22)
The commutation relations can be provided using Toeplitz-like transition probabilities.

Proposition 2.1. Choose n nonzero complex numbers ai,--- , oy, and let F(z) be an
analytic function in an annulus center at 0 that contains each a;l, and that F(a;l) # 0.
Then

1 .
T Fe | 2 detla?)im det( i = 35))igms = det(al )iy,
= i {y1<<yn}CZ

where f(m) = 5= [dz z ~(m+DF(2), or equivalently, F(z) = Y omez f(m)z™.
Assume yy, is virtual with f(xy — virt.) = ak. Then

1 n n
P B B Z det(a i/])” 1) det(f (s —Yj))ij=1 = det(a; izt
Hi=1 F(az ) {y1<-+<yn}CZ

See proof in [I].

Definition 2.4. Set X = (21 < -+ <axp) andY = (11 < - <yn), Y = (Y1, yYn—1,Yn =
virt.). Define the Toeplitz matrix of F as (f(i—j))i jez, and Toeplitz-like transition
probability

Tolar, an F)(X,Y) = ;deuf(mi—ymu% (23
Hz 1F( ) " det( ZJ)Z] 1

T (g, an; F)(X,Y') = %det(f(mify‘))" M. (2.4)

T I Fleg ) P det (o} )

The last fraction of equation (2.3)) is called Doob’s h-transform.

We have some nice properties for Toeplitz-like transition probability: let Fi, Fs be
two holomorphic functions in an annulus with Fj(a; 1) £ 0, then

To(F)T,(Fy) = T (Fo)Th(Fy) = T (F1 Fa), (2.5)

Tn(F1)TY 1 (F2) = T3 1 (F1) -1 (F2) = T/ 1 (F1FY). (2.6)

n

From [I], we have the following two lemmas (see [I] for their proofs):



Lemma 2.1. Consider F(z) =1+ pz, that is,
p, m=1,
Fom) =41, m=o0,
0, otherwise

For integers x1 < --- < xp, and y1 < -+ < Yn, we have

det[f(z; — y;)]i =1 = pi=1 (@) H Lgo,13 (i — i)
=1

Lemma 2.2. Consider F(z) = (1 — qz)~ !, that is

fim) = {qm, m =0

0, otherwise
For integers x1 < -+ < xp and y1 < -+ < Yn,

i) gy <y < w1 <i<m,

det[f(zi — yj)lij=1 = {

0, otherwise;

for integers x1 < -+ < xp and y1 < -+ < Yn—1, and y, = virt. such that f(x — virt.) =
qu'
(—) g e NS Y gy <y < w1 <i<n— 1,

0, otherwise.

det[f(z; — y;)]i =1 = {

Now we continue to discuss the multivariate Markov chains with the Toeplitz matrices
which are tools to give the commutation relations (2.2]) via relations (2.5)), (2.6)). Take

Az—l = Tlf—l(a17"‘ , Ok (1 — akz)fl)’ k = 2’.. -, mn,
]:)7—,1(15):]},1(0417 ,Oém;Ft<Z)), m:l’ 1,

where Fy(2) = (1+ 8, 2) or (143, /2) or (1—~;72)"! or (1—~; /2)~!, on the sequential
update state space

S/(\n) _ {(l‘l,“’ ,I‘n) €8 XX Sn| ﬁ A%il(l‘m,ﬂ}‘mil) > 0}
m=2

n(n+1)
2

|$ZL+1 < IL‘ZL < :L“erl},
k=1,---m

k+1

with transition probabilities as (using notation X,, = (z!,---,2"),Y, = (v*,--- ,y"))

Py(zF P NG (yF ) _
Pl(xla yl) HZ:Q Aﬁ,l(ik;kfl) ) HZ:Q Allzfl(l‘kvyk 1) >0

0, otherwise.

P[(\n) (XTH Yn) =

(2.7)



We choose a1 = - -+ = o, = 1, and assume
BE, vE >0, v <min{ay, - ,a,} =1, 77 <min{a;?, - 0,1} = 1. (2.8)

The dynamics on S](\n) can be described as follows. Given {z}'(t)} € S}, to obtain
{z'(t + 1)}, we perform the sequential update from X; to A,,. When we are at X,
1 <m < n, the new positions of the particles z1* < --- < 27" are decided independently.
Here we summarize the results directly following from [I]:

(A) For Fy(2) = (14 B/ 2) , o} either is forced to stay if z}"'(t + 1) = 2*(t), or
is forced to jump to the left by 1 if a:;"_l(t + 1) = 2}*(t), or chooses between staying or
jumping to the left by 1 with probability of staying as 1/(1 + 3;").

(B) For Fy(2) = (1 + B; /2), a3 either is forced to stay if #}" (¢ + 1) = a*(t) + 1,
or is forced to jump to the right by 1 if xzn__ll (t+1) = z*(t) + 1, or chooses between
staying or jumping to the right by 1 with probability of staying as 1/(1 + 3, )

(C) For Fy(z) = (1 —~,"2)™!, 2 chooses its new position according to a geometric
random variable with parameter 1/4;" conditioned to stay in the segment

[max(z}" 1 (t) + 1, 2" (£ + 1)), min(z} (), 27" (£ + 1) — 1)).

(D) For Fy(z) = (1 —~; /2)7 !, 2 chooses its new position according to a geometric
random variable with parameter -, conditioned to stay in the segment

[max(x]' (t), x?:ll(t + 1)), min(z’ (t) — 1,1‘?_1@ +1)—1)].

Remark 2.1. Note that there is another type of update scheme, parallel update, which
has the same correlation functions as sequential update Markov chains. For more details
about parallel update, see [1].

3 Main results

3.1 Limit shape of the growing surface

One main result of [I] is that, in the continuous-time model, the growing surface in the
(v,m, h)—space has a limit shape consisting of facets interpolated by a curved piece. Here
we otain a similar result for discrete-time model, which is the expression .

First we would like to quantitatively describe our model in languages introduced in
Section 2. Taking the element z; of X in definition 3 to be of form s; = (y;,m;.t;) €
Zx{1l,---,n} xNg,or Zx{1,---,n} xRsg, j=1,---, M, the correlation function

pM(%lu"' )%M) -
Prob{For j =1,---, M there exists a 1 < k; < m;j such that .I‘Z;j (tj) = yj}.

As in [I] and [3], we introduce a partial order on pairs (m,t) € {1,---,n} x Ny or
{1,-" ,n} XRZ():

(ml,t1> =< (m2,t2) if m1 < ma,t1 > to and (ml,tl) 7é (mg,tg). (3.1)



From [I], we have the following theorem

Theorem 3.1. Consider the Markov chain P/(\n) with the densely packed initial condi-
tion and Fy(z) be one of the four kinds we discuss above. Assume that triplets »; =
(yj,mj,tj), 3 = 1,---, M, are such that any two distinct pairs (ms,t;), (mj,t;) are
comparable with respect to <. Then

pm(3e1, o) = det[lc(%iv %j)]%zlﬂ (3.2)

where

K(y1,mi,t1; Y2, ma, ta) = —

1 fr duw [T, Fi(w)

277Ti wY2— y1+1 Hl m1+1(1 — Oélw) 1[(m17t1)<(m27t2)]

72 7{ Hi_ Fy(w) T2 (1 = cquw) L 63

Fi(2) Hz 21— ayz) 292l w — 2

where the contours g, I',~1 are closed and positively oriented, and include poles 0 and
{a;l},i =1,---,n, respectively, and no other poles.

2m

In particular, in the cases we consider «; = 1. Define a shifted and conjugate kernel
K by
K(wl, ni, tl; o, ng, tz) = (—1)nl_n2IC(.T1 —ni,ni, tl; o — N2, N2, tg),

then with change of variables w +> Z ﬁ, and using residue formula for the first

integral in , we get

K(xlanlatl; X2, n27t2)

lz’

2n w)® tlil F; L
27rz)2 fl" dz fl" dw 1 11 Z)L)ﬁ?l wl z Ht2 T F:(( )) ) (nla tl) A (n27 tQ)
= tl 1 h (3'4)

on w)® ( )
7(2731.)2 frl dz 551“0,2 dwZ 1 (gl Z)I)ljl wl _ ]‘[t2 1 = (n1,t1) < (ng,t2).

Next step, we want to calculate the limit shape via h(v,n) := limy o L™'Eh(v,7)
when (n1,t1) < (ne, t2). Taking the hydrodynamic limit, and writing x; ~ v; L, n; ~ n;L,
t; ~ 7;L, L — oo, we have the bulk scaling limit (see section 3.2 of [10])

dzd
K (21, mq,t15 9,09, 1) ~ s 27” ffexp (S1(w Sg(z)))% (3.5)

dw
:2m s exp( (S1(w) — Sz (w )))(1—w)

liu)>’ (3.7)

and the integration contour of crosses Ry if (n1,t1) 4 (ng,t2), and crosses R_ if
(n1,t1) < (n2,t2).

(3.6)

where

Si(u) =—nilnu+rv;In(l —u) — 7 ln<Ft(



We want to deform the contours as in [10] so that
Re(S(w)) < So, Re(S(z)) > Sy, for some constant Sp. (3.8)

We want to find a domain D of {(v,n,7)} in R}, such that the z—density, which is
the local average number of particles on unit length in the z—direction, ~ —L~'0h/dv, is
asymptotically strictly between 0 and 1. Notice that given (vy,m1,71) = (2,12, T2) € D,
they correspond to same critical points, and we will show later that L= 'Eh(vL,nL,7L)
has a limit when L tends to infinity for (v,n,7) € D, hence we can also view D in
PR3N RY, and identify D in R via (v,n,7) ~ (V',n) = (v/7,n/7).

Then we consider the critical points of S(w), that is, roots of S’(w) = 0. As men-
tioned in [14], if both roots ro < ri are real, then the triplet » = (v,7,7) is not in the
domain. Here for the four types of F; mentioned in Section 2 (we first assume 3 and
v constant over time and remove the assumption later), we first calculate the critical
points for those s € D, and then compute the domain Dr. Here we denote the critical
points by €2, Q since they are solution of the quadratic equation S%(w) = 0, and notice
that we can choose €2 to be in H and identify with (||, |©2 — 1]). It is not hard to check
that Q is a homeomorphism from the domain D to H, hence it maps 0D to R.

(A) Fi(2) = 1+ 2 (v —m)w? + (2n+ By —v — v — Br)w — (1 + B)n =

1
o =/ LE8n +5 (n>v), |0—1]= T_*y” (3.9)

A <0 (Bn— (14 B)v—B1)? < 48T,
D: VB — V7| <V + 8w +7) < VBT + VT > T (3.10)

(B) Fi(2) =1+ /2 Bv—n—7)w’+ ((26+1)n— 1+ B)v+pr)w— (1+8)n =

(1
_(d+57 (T+n>v), (3.11)
T+77 7‘1'77

A<O<:> — (14 B)v + Br)? <4Bm,
D: |/ — /BTl <\/ 4B W< i+ VB r+n>v (3.12)
C)F(z) =1 —qt2)™ (v—n)w?+2n—ym—v+yv —37)w — (1 —~)n = 0.

Q] = 1/ (n>v), Q-1 = W (> v). (3.13)

A<O<:> (yn + (1 = y)v +7)% < 4y,
D:|Vyn =il <V =2h)r —v) <Vrtn+Vmonr>v. (314)




91 92
0 1

Figure 3: the triangle for the critical point in the H defined using || and |1 — Q|

(D) Fi(2) = 1=~ /2)" " v(n—v—m)w*+((1—27)n—(1—y)v+77)w—(1—7)n = 0.

_ 0= o, e [T
0= | =y v el = (3.15)

A<0s (n—(1—y)v+77)% < 4y,
D:|Vin—Vr 7l <0 -y W<+ mHr>a. (3.16)

Let us denote the angles of the triangle of vertices 0,1,Q2 in H as in figure 3. Then
we take Sp in (3.8)) to be ReS(€), and by (3.6), write

]( Xz mn t s L n t —_ —aw = — — au. 3.1;
’ LD b L 2”7/ [e) 1—UJ 27‘7/ 1—Q u

plz,n,t) = det[C(x,n,t;z,n,t)] = K(z,n,t;x,n,t)

1 [0 —arg(1—Q
1 du _ —arg(1-Q) _ 0 (3.18)

2w Ji_q U s m

hence

.1 .1
h(v,n,7) = Lh—rgo ZEh([VL]v [nL],[TL]) = Lh_rgo I Z K(x+n,n,t;z+n,n,t)
vL]+3
—1 [ -1 [
=— arg(l — Q(v,n,7))dvy = — [ arg(l — Q(v,n,7))dvy,  (3.19)
™ v

™ v
where u is an upper bound for v so that €2 is in the domain.

Remark 3.1. By its homogeneity, we observe that

0 0 0

10



Using the method mentioned in [I4], we can obtain

Theorem 3.2. 1
h(anvT) = ;(_VQQ +77(7T - 01) +TVF))

where Vi denotes the growing velocity v corresponding to different functions F'.

Proof. Using the kernel in (3.4) and taking partial derivatives, by (3.7)) we have

e
R QFU
s"(Q)g;Hé—o,
o0 Tl
S”(Q)E—'— Fzgilg =0,

and the first equality of (3.22]) gives the complex Burgers equation, cf. [1], [9].

Taking partial derivatives with respect to (3.19)), we get

h, :arg(l -Q) b

™ e
1 /M 1 1 /MQ,
hn =Im 7'(‘/V mgndy =Im 7'(/1/ ﬁdl/
1 1

=~Tm In(Q)[* = =(7 — ;).
“tm (@)l =~ (7 — 1)

1

v “ Fg(f
v=1Im 1/ LQTdV =Im 1/ 17ﬂﬂydu.
™ Jy 1-Q ™ Jy F, (ﬁ)

11

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



1-(y)™" 0 -~ 1 145" 1+(87)”

Figure 4: triangle to describe the discrete-time growth velocity v

We compute v for the four cases. (For the angles, see figure 4).

(A):v=Im — / 10 5++1_Q)dey

1
_Imn/y <1—Q_6++1—Q>Q”dl/

1 1 0y — 6
:—arg(l—ﬂ)——arg(5++1—§2): 1. (3.26)
T
1
(B):v=Im — / = Qdv
=+1-0
1
= —arg < +1 —Q) = 95; (3.27)
B~ ™
(C):iv=1 / ' Vad
:v=1Im 1_7+_ 1 q)
1 02 — O
— 1—7t—Q)— = 1-Q)= ; 3.28
L arg( )~ Targ(1-0) = 2%, (3.28)
1 [ 1
(D)V:Im; gy igydl/
v
1 1 07 —
:arg<1——Q>: T (3.29)
T vy T

Notice that the ’s under different functions F' are different. As a result of the above

and remark we prove (3.21)). O

Remark 3.2. By calculating the Hessians of v(h,, hy) with respect to texth,,texth,,
we conclude that the discrete-time growth models we consider are in AKPZ class. See

By theorem we know the limit shape of the growing surface. Our next goal is

to study the fluctuation of the surface, that is, the fluctuation of the height function.

12



To do this, we need to introduce some notions of Gaussian free field, cf. [11I]. In the
previous theorem, we show that the height function grows with L in order 1; in contrast,
our later result will show that the variance of the height function at a given point grows
logarithmically with L.

Remark 3.3. Now we relax the assumption that 8 and 7 fized over time, and reduce
the new case to the case with time-fixed 3, v by setting

1/t

F(z) = HFj(z) : (3.30)

N . 1/t
for example for Fy(z) =1+ B (2), we let F(z) =14 B+(2) := <H§'=1(1 + Bj(z))) .
(The expression (3.30]) seems more natural when we are considering the continuous time,
which can be viewed as the derivative of a strictly increasing function.)

Next, inspired by [5], we consider a mixture of the four growth models above.

Remark 3.4. At each timet € N, we randomly choose F' to be one of the form 1+ 7z,
1+ 87 /2, 1 —~t2)"Y, (1 =~ /2)~! with equal probability (of course we can choose
different probability; the idea is the same as the argument below, all to do is to put

different weight on F’s). We have our newly defined F and (3.7) as

1/4

F(z) = ((1+572) 1+ 87/2) (1 =7"2) 7)1 =77 /2)7h)
S(u) =—-nlhu+vin(l —u) — Tln<F(1 1 u))

Using the method we used for calculating Q@ and D for cases (A),(B), (C), (D), we can
obtain the corresponding critical points and domain for our newly defined mizture model.
We can also compute the limit shape. h, and h,, are defined in terms of  as in (3.23)),

(13.24), and for integral (3.25]), note that

‘H

F'(5

- (nr () -5 2 HE

A,B,C,D 1-Q

o)
=1

hence with the figure 3 for the new critical point (), we have

v_94+95—06+07—71'
N 4

Combine with Remark[3.3, we obtain the limit shape for a general class of growth model.

Dealing with more general Fy(z) in the discrete-time model by letting 8 and ~ vary
over time and alternatively choosing one of the four F;’s at time ¢t € N | is technically
harder- it is harder to establish the convergence of the Markov chains. we need We will
briefly discuss the continuous analog of alternating step Markov chain in Section 4.

13



3.2 Gaussian fluctuations and Gaussian free field

Denote the Laplace operator on H with Dirichlet boundary conditions by A and take the
Sobolev space Wy(H) (later simply denoted Wy) as the completion of C°(H) equipped
with Dirichlet inner product [11]

(61, d0) = /H Vo1V~ — /H 61803 = (61, —Ada). (3.31)

with “~ 7 to be “=" if ¢9 is smooth.

Definition 3.1. [71|(definition 12) The Gaussian free field on H, denoted GFF(H),
is any Gaussian Hilbert space G(H) of random wvariables denoted by {(F,¢)v}— one
variable for each ¢ € Wy— that inherits the Dirichlet inner product structure of ¢w,,
also called the covariance structure, namely,

E[(F, ¢1)v (F, d2)v] = (61, d2)v. (3.32)

Consider h as a function on (v/,7n'), so h — Eh becomes hy — Ehy = h(z,m,t) —

Lh(V',n',1), where (z,m,t) = ([vL, [nL], [TL]), hence hy —Eh;, as a function of (z,m) €

Z x N, has a discrete domain. We restrict the test functions to those in C2(H), and
define a discretization of the inner product (3.31)):

(F,¢) = (F,¢)v Z (z,m)A¢(Qx/L,m/L))J(x/L,m/L),  (3.33)

(x m)eLD

where J = Jg is the Jacobian of the map Q: D — Ri, F:ZxN-—=Rand ¢ € C’g(H)
Then using the techniques in [I3] dealing with linear statistics, we can show the
following result

Theorem 3.3. Let ¢ € C2(H), and h be defined as above. Then with the discretization
(-,-) given in (3.33),

el e?
Jim Efexp i€ (h — Ehy, ¢)] = e~ 2 (3.34)
—00

Hence, as L — oo, the pushforward of the random surface defined by Hy := /7 (hy —Ehy)
under Q0 converges to GFF(H) (see [11](proposition 2.13)).

Denote the Green function of the Laplace operator on H with Dirichlet boundary
conditions by G(-,-), where
1

G(z,w) = —%ln

zZ— W

zZ— W

(3.35)

As mentioned in Section 1.3 of 7], an alternative description of the Gaussian free field
is that it is the unique Gaussian process which satisfies

E(F(21), F(22)) = G(21, 72). (3.36)

By a general result about Gaussian free field, mentioned in [I1], and the first chapter of
[17], we get the correlations along the space-like path.
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Corollary 3.1. For any N =1,2,---, let »; = (1/},77;) € D be any distinct N points.
Denote the critical points of different s¢; by QU = Q(v;,n);). Then

y E(ﬁH( ) {0, N is odd,
1m t\¥j5)) = N/2 .
Lo e ZaeFN sz/l G (Qa(ijlﬁ Qa(gj)) , N is even,

where Fn denotes the set of (2n — 1)!! pairings of the indices.

Remark 3.5. Note that theorem 1.3 in [1] is more general in the sense that it can
describe the correlations of height functions at different time.

Actually, we can deal with the correlations of height functions evaluated at different
time using Duits’ method [I3]. Since Duits’ arguments are based on the determinan-
tal structure of the correlation functions, and we have the determinantal structure by
theorem [3.1] already.

We have a discretization form of inner product similar to : for ¢ € C2(H),

(F6) = (Fo)y = -5 S Flem ) A0(Q(z/Lm/L.t/0)J(x/Lm/L.t/L),
(z,m,t)eLD
(3.37)
where J = Jq is the Jacobian of Q: D — R2, F: Z x N x Z>o — R and ¢ € C2(H).

We have theorems similar to theorem [3.3] and corollary

Theorem 3.4. Let ¢ € C>(H), and h be the height function defined in Section 2. Then

g1 e?
2

Ll;m Elexpi{(h — Eh,¢)] = e (3.38)

As L — oo, the pushforward of the random surface defined by Hy(v,n,7) :=

V7 (h([vL],[nL],[TL]) — Eh([vL],[nL],[TL])) under Q converges to GFF(H), with
TN STp<--<TN, N 2N22: 27N

In particular, at a given point, Hy, is centered Gaussian with O(ln L) fluctuations.

As a corollary, we have a counterpart for theorem 1.3 in [I]

Theorem 3.5. For any N =1,2,---, let »; = (v;,n;,7j) € D be any distinct N triples
such that

T <Tp< - <TN, M Z=M2>cc 2N, (3.39)
and denote

Then

N Nﬂg Q_o: Q_o: N is even
lim E(J] Hi(x)) = {Oszefw =9 (Yoei- o) Noisoqs (340

where F denotes the set of all pairings on [N].
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Notice that condition (3.39) is sufficient for the determinantal structure (3.2)) to hold,
and that theorem [3.3] and [3.4] has the same proof except that theorem [3.3]is dealing with
kernel defined on two-dimensional spaces and that we need to be more careful when

proving theorem

3.3 Proof of theorem [3.4]

Now let’s start to prove theorem using the methods in [I3]. To do this, we may
consider the limit behavior of Var (h —Eh, ¢). And we need the following constructions,
which are the modifications of the sketch of proof in [13].

Definition 3.2. For f : ZxNx Ny — R with finite support, define the linear statistics
(random variables) X5 by

Xp= > flz,m1), (3.41)

(z,m,t)eC

where C is a random configuration. With kernel K given in (3.4), by definition 3,

EX; = Z flz,m,t)K(x,m,t;x,m,t) (3.42)
(z,m,t)€ZxNxNg
Var Xy = Z f(z,m,t)>K (z,m,t;x,m,t)—
(z,m,t)€ZxNxNg
> f(@1,my, th) f (2, ma, t2) K (21, M1, t1; w2, Mo, t2) K (22, ma, t2; 21, ma, t).

(11,m1,t1)€Z><N><N0,
(z2,ma,t2)EZXNxNy

(3.43)

Lemma 3.1.

> K1, mu, tr; wa,ma, tg) K (w2, ma, ta; 21,ma, t1) = K (21,1, 1)y my 0t 4, (3.44)
ro€Z

for (x1,mq,t1) € Z x N x Ny, and (ma,t2) € N x Ny, and either (mq,t1), (ma,t2) com-
parable under relation < (see (3.1)), or (my,t1) = (ma, t2).

Remark 3.6. Before proving lemma [3.1, we note that this lemma does not deal with
all triples in Z x N x No, while a similar lemma in [15] deal with all doublets in Z x
N. Newvertheless, all our future tasks deal with either the variance of Hy at a point
(corresponding to coinciding (mq,t1), (ma,t2)) or covariance of Hy'’s at multiples points
satisfying the relation (corresponding to the case when (mg,t;)’s are comparable
under <), lemma works for all cases we consider.

Proof. Write kernel K as with £} = F for one of the four types we discussed earlier,
and oy = 1.

(I) If my > ma, t; < tz, we deform I'y so that it contains I'g. Due to (w — z)71,
we pick up a residue that gives a single integral over I'g. In this case, the integrand of
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the single integral has no pole inside I'g, so it vanishes and we are left with the double
integral only.

(IT) If my < mag, t1 > to, or if m; = mg, t1 > to, we deform I’y so that it contains I'y,
which is exactly the form for (mq,t1) < (ma,t2).

So we can rewrite for this case as (with the contours further extended)

—_

(F(=)™ 2m (1 — w)*e 1
K(x1,m1,t1;00,ma, ta) = (2mi)? jl{/ dzjgl dw F( I Ve w ((1 — z))xl —2)w—-2)
(3.45)
where I'] contains I, and I'{ also contains T'y if my > mo, t1 <ty or if my = ma, t1 < to;
{, contains I}, and I'} also contains Ty if m1 < mag, t; > to, or if my = mo, t1 > to.

The sum is over terms (1=%)2, where (w, z), (w',2') are the coordinate systems of

the kernels K $1,m1,t1,$27m2,t2) K (9, mg,to; 21, m1,t1) respectively, and we have

f{ }'{ )" 2 (1 - w)® dwd? 1 ?{ dw
(2mi)? )tz w2 (1 — 2/)72 ] (w — 2)(w' — 2/) - 2mi r (w—z)(w —w)

(3.46)
The r.h.s vanishes if w’ and z are on the same side with respect to contour I'f,, that is
precisely when my # mgo or mj = mg with t; # to. Thus we prove for the case
when 8,y my 0ty 1, = 0. Finally, if my = ma, t1 = t2, @' is in the region enclosed by I,
and hence the Lh.s of , by using and taking the residue at w = w’, which is

dw dz dw 1_2 S Gl i 1
1
r _7w Yo w'™m (1 — z)T1+ (w — 2)(w' — w)
ot e
2m / )t w,ml (1 —2)m (1 —2)(w —2)’
where I'g contains I'}, which is K(xl,ml,tl; x1,my,t1) by (3.4). O

As the diagonal of K? agree with K, we can rewrite the variance of linear statistic
as follows

Proposition 3.1. Denote by D the difference operator such that D f(xz,m) = f(x,m)—
f(x —1,m) for real-valued function f defined on Z x N. Then

Var Xy = Z D f(x1,m1,t1)D f(x2, m2, ta) R(x1,m1, t1; 22, ma, t2),

(z1,m1,t1)€ZXNXNp,
(Z’Q,mg,tg)EZXNXNo

(3.47)
where R (y1,n1, $1; Y2, N2, $2)
_ lezyl quﬂ K(21,n1, s1; 22, n2, 52) K (22, n2, $2; 71,01, 81), Y1 = Y2, (3.48)
le<y1 ZmzZyz K(‘rhnh S1; T2, N2, Sg)K(sz, n2,52;T1, N1, 81)7 Y1 < Y2.
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Using the definition of the h; in the comments under definition 5, and letting ¢ €
C2(H), we can rewrite (h, ¢) as X s, where

flem )= YT S AG(Qy/Lom/Lt/L) J/Lom/Lt/L).  (3.49)
y<z
(y,m,t)eLD

To describe Var (h, ¢), we need one further lemma from [13], where we need to check
its validity since our R is defined for different kernel K, see remark at the end of the
section.

Lemma 3.2. Fiz 0 > 0, and set x; = [Lv;|, m; = [Ln;], t; = [L7i], i = 1,2. Then for

(vi,mi, ) ’s lie in some compact subset of D and ||(v1,m1,71) — (v2,m2,72)|| > L2t

) 1
lim R(x1,m,t1; 22, ma,ta) = ;g (Qvi,m, 1), Uva,m2,m2)) ~ O(In L)

L—oo

Combining proposition with lemma we obtain the limit of Var (h — Eh, ¢):

Proposition 3.2. Let h be the height function, ¢ € C2(H), and {-,-) defined as (3.37)),
and let || - ||v denote the Sobolev norm induced by (3.31). Then

lim Var (h —Eh, $) = ||6]|%. (3.50)
L—o0
Proof. (Slightly modified from [13]) Writing (h,¢) as Xy. By (3.49), we have Df =
—gAqﬁ. And using proposition and lemma we obtain
Lh—{go Var (h — Eh, ¢) = ngr;o Var X

=— lim %ZZA¢(91)A¢(92)R(V1,771771;1/2,772,T2)J(V1,771771)J(V27772772)

L—oo

:/"'/A¢(91)A¢(Q2)g(91,Qz)J(Vl,771,Tl)J(VQ,Uz,Tz)dVldTlldﬁdeddeQ
__ / [ A0 ARG Qo) (S ()

_ /H S AG(Q)dm() = ||¢]|%

where dm denotes the planar Lebesgue measure, and the second last equality follows
from the fact that G is the Green’s function for the Laplace operator on H with Dirichlet
boundary conditions. O

The strategy of proving theorem is to use cutoff to reduce the case to functions
with bounded support. Writing (h, ¢) as Xy with f in the form (3.49)), we observe that
supp(f) is unbounded. Following [I3], we split the function as

f=fi+fo, with fo = fxp,, (3.51)
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where y for characteristic function, D, = {(v,n,7) € D|Im Q(v,n,7) > €}, so that f has
bounded support, and € small enough so that D, contains supp(Ag o Q).
By [13], we have the following two results: variance of Xy, tends to zero as € — 0;

limy, 00 (E (eig(sz_]EXh)) — e‘égvarxf?) = 0 uniformly for £ in compact subsets of

C. We take the first result for grant since it does not depend on the actual expression
of the kernel K nor the corresponding R:

Lemma 3.3. For e > 0, and fi defined as (3.51). There exists a positive function g
with ime o gy (€) = 0, such that

lim sup Var X, < (g4(e))?.

L—oo

The second result is restated below:

Proposition 3.3.
lim (]E (eié(thIEXfQ)) B e,%gzvarxfz) —0
L—oo

uniformly for & in compact subsets of C.

To prove theorem using (3.49)), it suffices to show that
. . _ £lel%
Lhrn Eexp(i{(Xy —EXy)) = exp 5 ) teR.
— 00

Split f = f1 + fo, and write Yy, := Xy, — EXy,, it suffices to show that

[Eexp(i€Yy) — Eexp(ifYy, )| — 0, (3.52)
Eexp(i€Yy,) — exp(—%ﬁQVar Yy,)| — 0, (3.53)

2 2
exp(—%ﬁQVar Yy,) — exp <—§H;§HV) ‘ — 0. (3.54)

1) follows from the Lh.s is bounded by §,/VarY},, which by lemma tends to 0,
when ¢ — 0; (3.53)) follows from proposition (3.54]) is a result of proposition

since limsup;,_, . |VarYy, — Var Yy| 0, 0 using Cauchy-Schwartz inequality, and then
use limy,_,o, Var Yy = ||¢]|%. Hence we prove theorem

Remark 3.7. Note that lemma [3.3 and proposition [3.3 are based on some further
asymptotic analysis of kernel K and the corresponding R. Writing (F(w))! in
as e!™F W) yhe analysis in [15] actually works for our case as well. The basic idea is
to rewrite as two parts Iy + Is similar to by taking the L limit, with S defined
as (3.7):
¢
h= gz | oS0 - S

1 dw
b= G . . (LS 0) = So0) T
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where ¢ and (' are the two intersection points of the steepest descent path 'y and T'y
(meaning Re(S1(¢) — S1(Q1))—Re(S2(C) — S2(22))), and the direction of the integration
contour of Iy is given in .

Note that the function “S” in our paper has the same utility as function “F” in [13);
S is well behaved in Q(D) (e.g., S”() is bounded from below), and the expressions of S
and Duits’ F are quite similar.

To prove lemma[3.9, first write R as a quadruple integral, and apply the technique
in the proof of lemma[3.1] to discuss the contours. Next rewrite the quadruple integral in
scaling limit. For details, see [135].

4 Continuous case

The continuous-time anisotropic 2-dimensional growth model can be described as follows:
consider a Markov chain on the state space of interlacing variables

n(n+1)
S = {{aihnarem € 275l <o <ot} mezt
=1l,,m

where the double-indexed z}" (which also refers to the particle itself) can be interpreted
as the position of particle with label (k,m). The initial condition we consider is fully-
packed, that is z3'(0) = k —m — 1 for all k,m.

The particles evolve according to the following dynamics. Each of the particles x}
has an independent exponential clock of rate one. When the z}*—clock rings, the particle
attempts to jump to the right by one: if 27" = :czﬁ‘*l — 1, then the jump is blocked; else
we find the largest ¢ > 1 such that z}" = :):Zfll == x?jcc:ll and all these ¢ particles
jump to the right by one.

Similarly to the discrete case, for a triplet » = (v,7,7) in the (2+41)-dimensional
space-time in the continuous model, we consider h([(v — n)L] + 3, [nL], L), where the
brackets stand for the floor function. Define the x—density as the local average number
of particles on unit length in the x—direction. Then for large L, one expects the density
to be L7'9,h. And it is known that the domain D € Ri’_, where the z—density of our
system is asymptotically in (0,1) is given by |\/7 — /7| < /¥ < /T + /7, that is we
have map our s to the upper complex plane by Q : D — H such that |Q(v,n,7)| =
vn/m, |1 —Q(v,n,7)| = \/v/n. The preimage of any point in (D) is a ray in D with
constant ratios (v : n: 7). The limit shape h(s) satisfies h(as) = ah(s) for any a > 0,
that is, the height function grows linearly in time along the array, where

Eh([(v —n)L] + 3,[nL],7L)

h = 1i .
() = g L
The velocity of surface growth, d;h =: v depends on the two macroscopic slopes

h, := d,h, h, := 0,h. The anisotropy comes from the fact that the Hessian of
v = v(hy, h,;) is strictly negative for (v,n,7) € D.

CONTINUOUS CASE AS THE LIMIT OF THE DISCRETE CASE
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As mentioned in [I], the above continuous process can be realized as a limit of the
discrete-time analog (B), (D) by taking f~,7~ — 0 for the Toeplitz F;(z) = (1+ 5~ /2)
or (1 —~~/z)~! respectively, and then the transition probability of the Markov chain

generated by Ty, (a1, -+, aup; 1487 /2) converge to (similar for the case in which Fy(z) =
(1=v7/2)7")
ﬁlim (Tm(oq, oy am; L+ ﬁ_/Z»[t/B_](va Ym) by "
——0
 det(a iJj);LJ L det (tV i (y; — 25 > 0)/(yi — xj)!):;.:l
det( @, )Zj 1 eXp(t Zyil ai) .

Remark 4.1. In the view of our formalized discrete-analog setting, the continuous case
is equivalent to extending the domain of t to be R>q, and (F(2))! = exp(t/z), that is,

Fy(2) = exp(1/2). Factoring out e!*=% in (3.4), we have an alternative form for (3.7)
S(w) =—nlnw+rvin(l —w) + Tw,
then the corresponding domain, critical points, expressions for (3.25) , and (3.21} - are

D |l — V7l < VF < i+ VT (4.1)
Q0n, 7 =v/a/7, 11— Q1) = V)T, (4:2)

v =Im 1/ —Q,dv = lIrn Q, (4.3)
T/, T
1
h(v,n, 1) == (—1/02 +n(m —61) + 7Im Q) (4.4)

retrieving the result about the limit shape given in [1].

Remark 4.2. There is another kind of continuous-time growth model corresponding to
(A), (C) in which the particles jump to the left instead of to the right, and when the

xp'—clock rings, the particle is blocked if x}'"; - = z7'; else find the largest ¢ > 1 such
that )" = :UZ‘H +1=...= 932”0 Lie-1) and move all the ¢ particles to the left by
1. And the limiting Ft(z) = exp(z). Then the corresponding expression for (3.7)) is

1

S(w)=-nlnw+vin(l—w)—71

1—w
then the corresponding domain, critical points, expressions for (3.25) , and (3.21} - are

D:v+1<2nT, (4.5)
p=
= 1-— = 4.
1Q(v,n,7)| W 1= Q(v,m, 7)| —t (4.6)
1 1 1 Im®Q
velmo L/ oo™ =M ise T oo (47)
Im Q
h(l/ n,T ) ; —1/92 + 77( 01) + Tm . (48)
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Remark 4.3. Note that the corresponding analog of the processes discussed in remark
and comment under remark|[3.4] can be described as follows (similar to the construc-
tion in [3]): We can also consider a continuous-time growth model in which the particles
jump to both left and right. The base discrete analog has F; as

Fos(2) =142, Fogpi(z) =145 /2 (4.9)

(We can talk about alternatively choosing the four base F functions as well, but to keep
things concise, we only consider two of them here.)

We consider a, = 1, k € Z and some smooth positive increasing functions a(t), b(t) with
a(0) = b(0) = 0. Then, let B = a(t), B; = B(t), then the left jump rate of particle
k is By, = alt), while the right jump rate is By /oy = b(t) Then slightly modifying
the arguments in [5], and combine with those in remarks and by factoring out
M=) in kernel K, see , and using the geometric averaging mentioned in remark

we will obtain the corresponding expression for (3.7)),

olt), b
L L(1—w)

=-—nlnw + Vln(l — ’U)) + CNL(T)U/ - 5(7—) !

S(w) =-nlhw+vin(l —w) +

T (4.10)
We assume the increments of a (resp. of b) for partitions of Ry are mutually inde-
pendent, which can be provided by any one-dimensional Lévy process. As L — oo, the
convergence of a(t), and b(t) are tail event, so by Kolmogorov’s zero-one law, it either
converges almost surely (for example, if we choose them to be Lévy processes) or diverges
almost surely. We assume the geometric averages may converge to some @, b. Then we
can compute the domain, and the critical points. With these we obtain the expressions

for (3.21)) as follows:

1 b
h(Vana T) = ; (—1/92 +77<7T — 01) +7 Im Q (d—f- ‘1_52|2>> . (411)

Another construction is discussed in [1]: for any two continuous functions a(T), b(T)
on Ry with a(0) = b(0) = 0, consider the limit as ¢ — 0 of the Markov chain with

alternating Fy as in (4.9)),
B (t) = calet), 5 (t) = cb(et).

Then the Markov chain converges to a continuous time Markov chain, whose generator
at time s is a(s) times the generator of the left jumping Markov chain plus b(s) times he
generator of the right jumping Markov chain. And we will get similar results as (4.11]).

Remark 4.4. Notice that in (4.3)), (4.7), and 7’s coefficient in (4.11)), we can rewrite

the imaginary part of Q0 as (sinf;sinfy)/(sinf3). Hence we can directly compute the
Hessian of v = v(h,, hy), and it is of signature (—1,1); by [16], both of the continuous
growth models mentioned above are anisotropic in KPZ class.
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Remark 4.5. It is shown in [1] that the h([(v — n)L] + %,[nL],7L) has a mean-zero
normal distribution with variance growing as In(L). And this can be seen as a corollary
of theorem|[3.4] using remark[{.1. We have a similar assertion about the left jumping and
alternating jumping cases.

The final main result in [I] is that © is a map from D to H such that on space-like
submanifolds, the multi-point (with order assumptions about 7, 7—components) fluctu-
ations of the height function are asymptotically equal to those of the pullback of the
Gaussian free (massless) field on H:

Theorem 4.1. For any N =1,2,---, let »; = (v;,n;,7j) € D be any distinct N triples
such that T,m satisfies condition (3.39)):

MM<m<--<7TN, M=7N2=-2TNN.

Denote

Hy (v, ) o= VA~ m) L] + 5, L] 7L) —~ B(((v ~ )L + 3, [9L], 7))

1
Qj = Q(”j?UJ'?Tj)? and g(zaw> = 7%111

Z—w

z—w‘

Then

N N/2 .

: Z H': g(902'717902‘)7 N is even

lim E(]] Hy () = { ~ocFn Lli=1 (27=1)7 %0 (2)) 4.12
(jHl £(4)) {o, N is odd (4.12)
where Fy denotes the set of all pairings on [N].

Since by Duits’ argument, theorem may hold whenever the process has a determi-
nantal kernel, and it is possible that the process has such a kernel without assumption
(3.39). We are interested in whether such a kernel exists without any restriction, or
equivalently, the above theorem holds without assumption , we run simulations to
test if the following conjecture:

Conjecture 4.1. Without assumption (3.39), theorem in particular (4.12)), still
holds.

5 Simulation results

/

Denote by M) (t) the measure for the evolution on S™. Obviously S c S™) for
n < n/, and by the definition of the evolution, M (t) is a marginal of M) (t) for
any t > 0. So we can think of M()’s as marginals of the measure M = @M(”) on

SIII&HS(”).
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5.1 Simulation for the continuous case

ALGORITHM
Inspired by the flash demonstration in [2], we design the simulation algorithm as follows:
Given s, -+, 2y and L, set T' = L - max(7;);e(n) and n = L - max(n;);en] as the

time upper bound and the size of marginal for our simulation.

e Approximate the distribution of the exponential clocks’ rings by generating a sequence
of exponential random variables s1,--- , s, of rate N which sums up to less than or equal
to T such that including one more such random variable will make the sum greater than
T, and let t; = Si_, s for i € [r], and assign t; to some z£, as a time of its clock ring
independently, uniformly at random.

e Simulate the process according to the rings with the time-increasing order and the
dynamic given in Section 1. Evaluate h for each > and the given L by counting at the
given time 7L on the given row [pL]. For the run of simulation, save a evaluation set
(h([(r = m) L)+ 3, I Ll ma L), -, (h([(v — ) L]+ 3, o L), mw D).

e Run the above procedures for many times and get the estimated expectation of
Eh([(v; — n;)L] + 3, [n;L], 7;L), and demean by these expectations each evaluation set
(h([(yl —m)L] + %v [mL],nL), -, (M[(v~ — nn)L] + %7 [nNL]vTNL))v gaining sets
of the form (Hp(sc1), -+, Hr(»n)), each for one specific run of simulation, and gain

E(T1, Hi(>4))-

5.2 Numerical results

The numerical results from our simulation agree with our conjecture:

e For N to be odd, we take N = 3, (5¢1; 323 33) = 755((4,1,5); (2,4,6); (8,7,10)) (with
the 7, T-components violating assumption ), when L > 2000, and the estimated
expectation taking over 10000 runs, the resulting IE?(H?:1 Hp (%)) is very close to 0
(with deviation within £ 0.01).

e For N to be even, we take N = 2 and N = 4, and we tave (31;0;53;304) =
WIO((ZL, 1,5);(2,4,6);(8,7,10); (6; 3;8)) such that all n, 7-components are pair wisely vi-
olating assumption . Then we have

G(Q1, Q) = 0.11762, G(Qs, Q) = 0.27125,

G(,Q3) = 0.16789, G(Q, Q) = 0.17242,
G(, Q) = 0.27163, G(, Q) = 0.21047.

We do simulations for (s1; 3¢2), (563; 324), and (31; 32 5¢3; 224). The only pairing for {1, 2},
{3,4}, and {2,4} are {1,2}, {3,4}, and {2,4} respectively; the pairings for {1,2,3,4}
are {(1,2),(3,4)},{(1,3),(2,4)}, and {(1,4),(2,3)}. We can easily get the correspond-
ing values of the r.h.s of for these two cases are 0.11762, 0.27125, 0.17242, and
0.11832, respectively.

We obtain the expected product by running more runs for larger L to achieve enough
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accuracy in the limit.

For N = 2, take the pair (s; ) = ﬁ((ll, 1,5);(2,4,6)).

Taking L = 200, the expected product is 0.165 + 0.03;

taking L = 500, the expected product is 0.160 4 0.02;

taking L = 2000, the expected product is 0.150 £ 0.001;

taking L = 5000, the expected product is 0.142 £ 0.004;

taking L = 6000, the expected product is 0.136 £ 0.01.

Then take the pair (s,30) = 155((8,7,10);(6,3,8)). We obtain expected product
0.341 +0.03 at L = 1000; 0.270 + 0.015 at L = 2000.

Next we take the pair (se,301) = 155((2,4,6);(6,3,8)). We obtain expected product
0.185 + 0.01 at L = 1000, and 0.189 + 0.01 at L = 2000.

For N = 4, our evaluation set is (321; 320; 5¢3; 3¢4) = ﬁ((4, 1,5);(2,4,6);(8,7,10); (6;3;8)).
Taking L = 200, the expected product is 0.342 + 0.003;

taking L = 500, the expected product is 0.28 + 0.01;

taking L = 1000, the expected product is 0.14 4+ 0.01;

taking L = 2000, the expected product is 0.23 + 0.02.

So we observe that E(Hf(s3)(HL(5))) converges to 0.271, E(Hf(01)(HL(32)))
should converge to some value near 0.118, and E((Hf,(301))(HL(322))(HL (323)) (HL(321)))
is likely to converge to some value in the interval [0.08,0.18] as L grows large.

We have another set of trials dealing with the same s set with s replaced by
2y = (4,2,5), and the new results are not so satisfactory.
For N =2, (5], ) = ﬁ((4,2,5); (2,4,6)), we have G(Q2],Q2) = 0.16943.
When L = 500, the expected product is 0.241 4 0.005;
when L = 2000, the expected product is 0.229 4+ 0.006;
when L = 10000, we have one estimated value for the product, 0.220 (over 60000 runs).
We observe that E(H [ (5] )H(52)) is likely to converge to some value less than 0.2.

For N = 4, the r.h.s of for (5], 52, 723, 724) is 0.21306.
When L = 200, the expected product converges to 0.174 £ 0.001;
when L = 500, the expected product converges to 0.184 4 0.001;
when L = 2000, the expected product converges to 0.19 4+ 0.02.
So we observe that E(Hp(5]) H?:Q Hp,(5;)) converges to 0.21.

But something weird happens when we increase L further. We have trials for
L = 5000 and L = 10000 with ~ 105 runs. When L = 10000, then {([vL],[nL], [rL])}
equals to {(400, 200, 500), (200, 400, 600), (800, 700, 1000), (600, 300, 800)}; we obtain an
estimated mean of the expected product as 0.410. By the simulation, the estimated
average heights are 134.274, 350.525, 469.645, 210.166, and it is not rare (~ 0.5%) that
in some simulations, all four heights deviate from the average heights by more than 1,
e.g. (136, 352, 471, 212). Since Hj is scaled by constant /7, the product is scaled
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by 72, so the example will result in a product 20.096. The standard deviation of this
10° products is huge: 4.973, and the standard deviation barely decreases as we increase
the number of runs from 100 to 10°, which is not the case for relatively small L. We
observe that when we remove the 40 extreme simulated products (mostly lying on the
right tails) outside £10 standard deviations interval centered at the mean 0.410, the
mean decreases to 0.320 , and the standard deviation to 3.094; when we remove the 500
products (with the newly removed locate relatively balanced on the two tails) outside
45 standard deviations interval centered at 0.410, the mean decreases to 0.234, and the
standard deviation to 2.486. One thing we should mention is that although each Hjp, is
Gaussian, we do not expect their product to be Gaussian as they are weakly correlated.
The case when L = 5000 is less dramatic: the original mean and standard deviation
from the simulation is 0.383, and 3.518. The results are similar: when we remove the
10 s.d. tails, mean decreases to 0.295 and s.d. to 2.559; the 6, 7 s.d. tails are quite
balanced on the two sides in size.

INTERPRETING THE RESULTS
N = 2: Notice that the Gaussian free field is the unique Gaussian process which satisfies

E(F(z1), F(z2)) = G(x1, 72),

it suffices to check for N = 2, as the higher moments of Gaussian processes can always
be written in terms of the moments of order 2. By the simulation result of N = 2, the
conjecture is true asymptotically.

Comparing the convergence of the trials, we find that as L grows, the expected prod-
uct of (33, 724) converges to the r.h.s of more quickly. One needs to note that this
can be explained by the norm of this pair is greater than the norms of the other pairs as
the convergence depends on the size of »’s and L. We first compare the convergence of
for (5c1, 52) and (5, 722). We observe that the rays of (1, s2) are farther apart in
the Euclidean space than (3, »2), and actually the former pair has faster convergence

of (4.12) than the latter.

One thing we observe by taking different sets of (34, 25)’s with (where the s, has
similar Euclidean norms), is that fixing sz, when the two rays of s, and sg starting
from the origin in D are farther apart in R, then E(H[ (5, )(HL(55)) converges to
G(Qq, Q) more quickly with L’s growth. Same for the case when there are four s’s:
if the rays of s, -+, 2y (with s, 53, 524 fixed) are farther apart, then the expected
product converges t0 Y ivings 9 (o (1): 0(2))G(Q0(3) o(4)) more quickly. Thus we form
the following conjecture:

s . .7 _>
Conjecture 5.1. For the non-coinciding 1, - - , 2n, fix 30, , 3¢y, and let 021 of fixed
length rotate in the domain. Then when the rays of 1 are farther apart from the rays
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of sy, -+, 2, in D, the convergence rate of

N/2
za pairings sz/l g (QJ(Qj—l)a Qo’(2j)) (’fl even)
0 (n odd)
(5.1)

E(Hp(31) - (Hp(50)) 222 {

1s faster.

The statement farther apart should be made more clearly, for example, in terms
of weighted coulomb potential energy, weighted norm, or sum of weighted squares of
differences in the three coordinates.

Another thing that we are interested in is the convergence of products of Hy, to its
expected value. We want to see if there is a there is a relationship between the angles of
rays through origin, on which lie the points where the H}’s are evaluated, and the con-
vergence rate of sample mean of the product (over runs of simulations) to its expected
value. So we do lots of tests about the more complicated case when N = 4.

N = 4: We capture a new phenomenon which is not significant in N = 2 case, that
is, the large tails and large standard deviation of the distribution. And it is quite possi-
ble that using other large L or other »’s will result in deviation of the estimated expected
product of Hy’s to values smaller than the result given by r.h.s of . Since the stan-
dard deviation is quite large when the sample size is ~ 10°, we might need increase the
size to ~ 107 or even larger in order to observe its convergence to the predicted value.
The results of (31, 32, 33, 24) and (¢, 52, 523, 524) supports the conjecture:

Conjecture 5.2. When the rays of sc1,- -+ , 3, are farther apart, the convergence of the
sample mean of [[;—, Hr,(>5) to its expected value is faster.

5.3 Simulation for the discrete case

We do similar simulations on the discrete case to test the counterpart of conjecture
for the discrete case where Fy(z) = 1 — 87 /z. The algorithm is different from that for
the continuous case in the following sense: the jumping time (which we assume to be in
N for the discrete case); there is no such clock-ring; each round of update goes from row
1 to row n thoroughly.

We take the same evaluation points as before, and choose Fi(z) = 1+ 0.527}; our
results so far are listed below.

N = 2: Our first evaluation set is (31; 52).

When L = 500, the expected product is 0.132 4 0.01;

when L = 1000, the expected product is 0.129 £ 0.007;

when L = 2000, the expected product is 0.131 4+ 0.01.

Our second evaluation set is (¢35 5¢4), where we only run the simulation for L = 1000,
and obtain the expected product as 0.29 4+ 0.01.
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N = 4: We take the evaluation set to be (s¢1;s9; 5035 224). When L = 1000, the ex-
pected product is 0.138 & 0.02; when L = 2000, the expected product is 0.134 £ 0.01.

Possible future research topics

Some further interesting topics for simulation might be testing the conjecture
and quantitatively examine the following fact: as the two points move away from each
other along the characteristic ray, the correlation of their Hy’s should eventually become
finite. The variance part (for two coinciding points) is given in theorem
Note that a similar study has been carried out by Préhofer and Spohn in [I8], ob-
taining
lim Var (h(x,t) — h(x’,t)) ~ In|x — x’|, (x and x’ are in R?),

t—o00

for large |x — x’| — o0, but not growing with ¢. But we are interested in the problem
for more general comparisons.

It may also be worthwhile to study about what happens to covariance on space-time
rays that are preimages under €2 of the same point in H. Another topic is the convergence
of the discrete growth model with alternating Fy’s.

Remark 5.1. We recently realize (thanks to Professor Borodin) that the determinan-
tal structure of the correlations functions holds for a much more general class of two-
dimensional growth models than the one we focus on. Recent results in [19] show that the
determinantal structure holds for less strict assumption than . Since our proof in
this paper using Duits’ arguments just require the existence of the determinantal struc-
ture, the scaled fluctuation of the random surface should converge to some 2—pullback
of the Gaussian free field on H for a family of two-dimensional growth models with less
restrictions. By our simulation result, we do expect that the same result holds without
any assumption on the evaluation points (in space-time).
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