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Abstract

In this paper, we try to calculate R, (S) for algebraic numbers S in order to show the
existence of symmetric monoidal functors between Deligne categories Rep(S;) — Rep(S)).
We first evaluate R (S) for rational S (R4 (S) = Z[1] = Z[2]). In the case where S = /n,
we use the gained intuition from the rational case as well as quadratic reciprocity to reach
certain conclusions about the possibilities of R (S). We not only get Z[\/n] C Ry(y/n), but
also the stronger statement for n = 2 that R, (v2) = Z[>, X, ..., L .. ][v/2] for primes p;

) 1,_1710_27‘ 717_1.7
such that <—) # 1.
Di

Summary

Representation theory is a branch of mathematics that studies algebraic structures by
representing their elements as vector spaces and linear transformations of these vector spaces.
It allows one to utilize linear algebra techniques to simplify problems in abstract algebra.
In this paper, we evaluate the properties of a specific algebraic structure R, (S) which is
generated from a set of binomial coefficients of an algebraic number S. In order to further
study this specific structure, we use number theoretical techniques to evaluate R (S) for

rational S and for S = /2.



1 Introduction

Representation theory as a field has been around since Gauss in the beginning of the 19th
century, but was formally created by Frobenius about 100 years ago when he investigated
characters of finite nonabelian groups. [I]

Representation theory allows one to study specific algebraic structures by representing
their elements as vector spaces and linear transformations. Combining the fields of abstract
algebra and linear algebra makes it possible to investigate many properties of algebraic
structures.

Specifically, consider the Deligne category Rep(.S;), for ¢ € C. One can think about it as
a kind of algebraic continuation of the regular tensor categories of representations of .S, —
Rep(S,) for integer n. One interesting question about such categories is whether there is
a symmetric monoidal functor between Rep(S;) and Rep(Sy) for ¢,t' € C. The existence of

such functors is dictated by the following lemma:

Lemma 1.1. Symmetric monoidal functors between Deligne categories Rep(S;) — Rep(Sy)

with t,t" ¢ Zq exist iff t € Ry ().

/

t
k> (see definition 2.1 be-

low). One important consequence of this result used below is that R, (t) is closed under

Here, Ry (') is the set of positive linear combinations of (

composition. This means that if ¢, € Ry (t3) and t5 € R (t3), when t; € R, (t3) and so
R, (t2) C Ry (t3) (indeed, take a composition of functors).

Hence, in order to study functors between Deligne categories, we need to calculate R ()
for different values of ¢. This is done in the current paper for rational ¢ and for some algebraic
t satisfying quadratic equations.

For a more detailed discussion of the above see [2].



2 Methods

x
For z,k € N, the binomial coefficient (k:) is the number of ways to choose k objects
from z total ones such that order does not matter. We can calculate it for > k using the
x
formula (k) = #lk),
This fact only works for non-negative integer values of x and k. However, we can generalize

the definition of binomial coefficients to work for non-integer values of z. For x € C and

keN, <z) _ m(z—l)(m—2)(i!—3)~~~(ac—k+1)‘

Definition 2.1. Given vy, v9,vs,...,v, € C, a positive linear combination of these num-
bers is any expression of the form byvy + bove + b3vg + - - - + b,v, for non-negative integers

b17 b27 b37 EE) bn

We define a positive linear span, Z" (v1,vq, ..., v,) € C to be the set of all positive linear

combinations of a given set of numbers.

Now, we can define R, (95).

Definition 2.2. Let S € C. We define R, () as the positive linear span Z* ((S> , (S> , (S> , ) )

We now prove some basic properties of R, (S).
Lemma 2.1. R, (S5) is a closed ring under multiplication.

r
Proof. In order to prove the lemma, it’s sufficient to show that the product of () and
i

(T) can be expressed as a positive linear combination of </:) for some k. This specifically
J

follows from the fact that (14 2)"(1+w)" = (14 (2 +w + 2w))". We can expand this to get

¥ (T) (r) Zwl =3, (;) (2 4+ w + 2w)*. Tt follows that <r> (T) is equal to the coefficient
vt/ \J vt \J

. r r
of z'w? in ¥y i (z + w + zw)*, which is a positive linear combination of I since all

coefficients in the expansion of (z +w + zw)* are positive integers. ]

Lemma 2.2. Ift € R (S) andt' € R.(t), thent' € R.(S).
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Proof. This follows from Lemma 1.1 in the introduction as well as [2]. ]

The main objective of our research is to study R (S) for some values of S.

We can easily figure out R, (S) for integer S.

Theorem 2.3. For integer values of S, there are two possible cases for R, (S). If S > 0,

then R, (S) is all positive integers. If S < 0, then Ry (S) is all integers.

Proof. First consider the case of S > 0.

k

Thus, we are looking at Z* 5 , 5 - S . The numbers S , S - S ,
0 1 S 0 1 S

are all integers greater than zero, which implies we can’t achieve any negative integers in our

Note that <S) =0ifS<k.

S
span. We can use the number (0) = 1 to span all positive integers.

Then, we look at the case of S < 0.

Lemma 2.4. For S <0, it holds that Z* ((ﬁ), (f)) = 7.

S S
Proof. We know that (O) =1 and (1) = S, a negative number. We can add (=S —1) -1

and S to get —1. Then, we can use 1 and —1 as generators to create the entirety of Z. [

S
Since all ( k) are integers, we conclude from the statement of our lemma that R (S) = Z
for S < 0. O

2.1 Facts about Z/p?Z

It’s useful for us to now show a few properties of Z/pZ for prime p. These facts will be

used in later proofs.

Lemma 2.5. Multiplication by n such that p t n maps Z/pi7Z to Z/p'Z bijectively.



Proof. Denote the map of multiplication by n f : Z/p?Z — Z/p'Z. Let’s start with proving
that f is injective. Given elements x1,xo € Z/p?Z, we want to show that iff f(x1) = f(x9),
then z; = x,.

If f(x1) = f(x2), then we get that n-zy = n-zy (mod p?). Thus, n(z;—z2) =0 (mod p?),
and as ged(n,p) = 1, we get x1 = x5 (mod p?) and z; = x4 as elements of Z/p?Z.

Next, we prove that f is surjective.

Since we know that f is injective, we know that each a € Z/p?Z maps to a unique element
of Z/piZ. So it follows that the image of f has p? unique elements. However, we know that
|Z/p1Z| = p?, hence the image of f has to cover the whole |Z/p?Z|. This shows that f is

surjective, and the fact that f is bijective follows. m

Lemma 2.6. Any equation of the form x? —m for m € Z has ezactly 2 solutions in Z/p'Z

for p # 2 if the Legendre symbol (T) s equal to 1.
p

Proof. We use induction on ¢. In the base case of ¢ = 1, this is true by the definition of the
Legendre symbol.

For the inductive step, assume that there are exactly 2 solutions in Z/p?Z, namely n,
and ns.

Since a solution in Z/p?'Z must be a solution in Z/p?Z, we know that all solutions in
Z/pTZ are of the form n; + kp? where k € N ranges from 0 to p— 1 and i = 1, 2.

We now check if these are solutions to the equation > —m = 0 (mod p?™!). Substituting,
we have n? + 2n;kp? + k?p** = m (mod p?™'). This is equivalent to n? + 2nkp? = m
(mod p?*1). We also have that n? = m (mod p?), so n? = m + [;p? (mod p?™') and [; € N
such that 0 < [; < p. After plugging this in, we finally have ;p? + 2n;kp? = 0 (mod p?t1).
As p 1 n;, Lemma 2.5 tells us that there exists exactly 1 solution for each n;, so there are 2

total solutions for the original equation. O



3 S is rational

We now consider R (.S) for rational S.
Theorem 3.1. For rational values of S ==, R, (S) is equal to Z[+] = Z[%].

In order to prove this theorem, we need to first prove a few lemmas.

m

Proposition 3.2. All numbers of the form (I"C) can be written in the form of #

where ny,Nay, ..., Ny, are prime factors of n.

Proof. Using the definition for (i), we have

my (=1 (B -2) (k)
N k!
. Multiplying the numerator and denominator by n*, we get

m(m—n)(m—2n)...(m—(k—1)n)
nk-k! )

Denote the numerator of the above fraction, xy = m(m —n)(m —2n)...(m — (k — 1)n).

Furthermore, define the p-adic valuation of a number z, written as v,(z), to be the largest
exponent of p that divides x.

Now, we will show that for all primes p such that p { n, v,(zx) > v, (k!).

In order to find v,(x), we denote the terms of zy in the following way: ag = m, a; = m—n,
as = m — 2n and more generally, a; = m — ni. Note that in each set of p consecutive
terms, {ag, a1, ..., ap—1}, {@p, aps1, ..., a2p—1}, and more generally, {a;p, dipi1, ..., Gp(i+1)-1}, it
is obvious by Lemma 2.5 that there is 1 term divisible by p where p t n. Thus among a;,
there are at least L%J numbers divisible by p in the first £ terms.

Given the set of remainders modulo p?, {p%i (mod p?),...,p(i+1) —1 (mod p?)}, this is
equivalent to Z/piZ.

From our Lemma 2.5, we have that {np% (mod p?),...,n(p?(: + 1) — 1) (mod p?)} is
also equivalent to Z/piZ.

We can shift each term by —m to get {np% — m (mod p?),...,n(p?(i + 1) — 1) —m

(mod p?)} which is also equivalent to Z/p?Z, since Z/piZ is a group under addition..
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From this, it follows that the set contains 0, so among {aye, ..., Gpa(i+1)—1}, one number is
divisible by p? and thus, there are at least LI%J numbers divisible by p? in the first k£ terms.
However, in the first k£ positive integers, there are exactly L%J numbers divisible by p?.
We now have that v,(z;) > v,(k!). From this, it follows that if p { n, then there are no
factors of it in the denominator after simplification, since there are enough powers of p in

the numerator to cancel out all the powers of p in k!. O
Lemma 3.3. For m,n co-prime, Z[] = Z[%].

Proof. In order to show this, we need to show that Z[%] C Z[+] and Z[%] C Z[Z]. The
first part is obvious. For the second part, note that Bezout’s identity tells us that there
exist positive integer solutions to the equation Am + Bn = 1 for integers A, B. Dividing
by n, we get A™ + B = % which means that % € Z[]. It immediately follows then that
23] € Z[2). s

Lemma 3.4. For S € Q, we have R..(S) C Z[S].

Proof. Let S = % for relatively prime positive integers m,n. We will instead prove that

R.(S) C Z[1] (Lemma 3.3).

By Proposition 3.2, we get that all numbers of the form (Z) can be written in the form
of Ln where ny,ns, ..., n, are prime factors of n. Since we can write this number in
n n

the form, nMa/ where a, M € 7Z this number is in Z[+] as we can take +, raise it to the ath
m

power, and multiply by M’. It follows that (Z) € Z[1] and thus R, (S) C Z[9]. O
Lemma 3.5. For S € Q, we have Z[S] C R.(95).

Proof. If we can show that 1, ™, —1 € R, ("), then we can show that Z[S] C R, (S5). Indeed

take y € Z[™], we have y = > y; (m)Z where y; are integers. Since R, (S) is closed under

n

addition, it’s sufficient to show that each term belongs to R, (S). To create each term, raise



m

™ to the i-th power and if y; > 0, multiplied by y;. It y; < 0, then we multiply by —1 and

—Yi-
m m

We have (g) =1 and (?) =" s0 1,7 € R (™)

m

From Proposition 3.2, we have that all numbers of the form <Z) can be written as

——7, — where ny, no, ..., n, are prime factors of n. Also, note that there exists & such that
W2l
m

(2) < 0 since we can simply take the first k& such that &k > 2 if ™ is positive and k = 1

otherwise.
For such a k, then consider ——2——-plt .n%..... nin + (=M — 1) = —1 (which works
2.
as (=M — 1) is positive) and thus, —1 € R (™). O

Now, we can finally prove Theorem 3.1, R, (S) = Z[2] = Z[™].

Proof. From Lemma 3.3, we have that Z[1] = Z[”] Lemma 3.4 tells us that R, (2) C Z[Z].

Lemma 3.5 tells us that Z["] C R (™). Combining these lemmas, we finally have that

Ry(2) = 2[2] = Z[}] =
We now define the notion of an algebraic number.

Definition 3.1. [3] A complex number ¢ is called an algebraic number if it satisfies some

polynomial equation f(x) = 0 where f(x) is a polynomial over Q.

We know that all rational numbers ™ are algebraic, they are roots of polynomials of the
form nz — m = 0. It’s natural then to try to calculate R, (S) for more general algebraic

numbers, which is the goal of our research.

4 S=n

In this section, we take S to be of the form, y/n for nonsquare n > 0.

We calculate R, (S) for S = /n.



Theorem 4.1. We have Z[\/n] C Ry(y/n) for nonsquare n > 0.
In order to prove this theorem, we need to first prove a few lemmas.

Lemma 4.2. All numbers of the form (\/ﬁ) can be expressed in the form aj — by/n for

k
even k or cg\/n — dy for odd k where ay, by, ¢y, dy, are non-negative rational numbers.

Proof. We prove this by induction. The base cases of k = 0 and k& = 1 give values of 1 and

\/n respectively.
Now for the inductive step. Note that ( \/ﬁl) equals ({j) - ¥k Take k to be odd.

k+ s

We have the number kn to be of the form cgxy/n — di, and the next number for even k is

of the form ”CZi’fdk — (d’“tﬁ’{)‘/ﬁ. Take k to be even. We have (f) of the form ay — b\/n,

k+1 k+1

and the next v
k+1

) is of the form (@atkbe)vn _ nbytkay

In both cases, k is odd and £ is even, we have a ( I +n1> of the desired form, so we are

done. ]
Let ‘Z—: = hy, for even k and ‘i—: = hy, for odd k.
Lemma 4.3. If there is an hgjiy that is larger than hy; fori,j € N, then —/n € Ry(y/n).

Proof. Let’s take a linear combination of ag; — be;v/n and caj414/n — daji1. Multiply the first
equation by dy;1, the second by ag; and add them.

We thus have (ag;caj11 — baidaji1)v/m. If bydaji1 > agicojq (this is equivalent to hojyq >
ho;), we get a negative rational multiple (say —% for positive integer M, N) of \/n. We can

then multiply by N and add (M — 1)/n to get the desired —/n. O

Lemma 4.4. We can get a recursive formula for h; for positive integers j. Namely hj 1 =

jih:+n . .
]}L;—ijOTjZQ with hy = n.



Proof. We show this is true for j is odd and j is even. If j is odd, then we have h;y; =

aj+1 o cjn—i-jd]- . jhj+n . o cjn—i-jd]- . _ dj+jcj ..

b T g T hoay 8 Gl = T and bj;1 = Fr If j is even, then we have
_ djt1 _ byntja;  jhitn — ; — ;

hivn = ool = agin = hoag 8 di = bin+ ja; and ¢ = a; + jb;. O

Let m; = h; — y/n. Note that m; is positive if h; > \/n and negative if h; < y/n.

Lemma 4.5. The sequence m; is monotonic for j > /n.

12
nhj

Proof. Take the difference hj.; — h; = g

This means that we have hj > h; iff h; < y/n.

m;(G—+v/1n)

Calculate m,.; = .
I+ T my/nt

For j > /n, we know that m;;, has the same sign as m;. As j + 1, j + 2, and so on are
all greater than \/n, we get a chain of terms all of the same sign after j > \/n.
Thus after j > /n, we have all h; > /n (m; > 0) or h; < \/n (m; < 0), so h; is

monotonic after j > /n. O
Proposition 4.6. —/n € R, (S5)

Proof. Given that the sequence is monotonic after j > /n, it is true that we can simply
choose any pair of consecutive terms after j > \/n such that the term with odd j is greater
than the term with even j. If the sequence is increasing, simply take hay,, hoy 1 for 2n > \/n.

If the sequence is decreasing, simply take ho, i1, honyio for 2n > /n. O
Recall that we are trying to show Z[y/n] C R, (y/n) for nonsquare n > 0.

Proof. Note that if we show 1,+/n,—1, —y/n € R, (S), then it is sufficient to conclude that
Z[\/n] C Ry (S). Indeed, from this using positive linear combinations, we can get any a+b+/n.

We have (?) =1 and (\/15> = y/n. From the conclusion of Proposition 4.6, we have
that —y/n € R,(S). To get —1, we take \/n - —/n and add n — 1 (a positive number). [



4.1 Denominators of fractions of the form (f)

We now consider the fractions ( > where k is a natural number.

k

From Lemma 4.2, we know all numbers of this form can be expressed as ay — b2 for
even k or cxv/2 — dj, for odd k where ay, by, cx, dy are non-negative rational numbers.

We can combine these numbers into simplified fractions over the denominator, and we
are specifically interested in the prime factors of these denominators.

Before we proceed, we need some more definitions of some concepts in algebraic number

theory.

The general concept of an algebraic field is as follows.

Definition 4.1. [3] An algebraic field is any subset of the set of all algebraic numbers which
is a field itself.

Then, we define algebraic integers.

Definition 4.2. [3] An algebraic number ¢ is called an algebraic integer if it satisfies some

monic polynomial equation f(z) =z + byjx" ' + -+ + b, = 0 with integral coefficients.
Now, we move on to the definition of a norm.

Definition 4.3. [3] Denote the norm N(«) of a number o = (a + by/m)/c in Q(y/m) as the

a?—b*m

product of a and its conjugate. Thus, we have N(a) = 4=

A unit is defined as an element having norm 1. It is known that all units are invertible.

Furthermore, we need the definition of an associate.

Definition 4.4. Two numbers are associated in an algebraic field if they differ by multipli-

cation by a unit.

Finally, we can define primes in an algebraic field.
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Definition 4.5. An algebraic integer «, not a unit, in a quadratic field Q(y/m) is called

prime if it is divisible by only its associates and the units of the field.
We now move on to the classification of primes.
) 2
Proposition 4.7. (Theorem 9.29 in [3]) Primes in Q(v/2) are given by: p for (—) =—1,
p

2
pairs p; # py such that N(py) = N(p2) = p = pipe, for (—) =1, /2, and all their associated
p

primes.
After these definitions, we move on to the main theorem we want to prove in this section.
Theorem 4.8. Denominators of the simplified fraction I where k € N only contain

2
multiples of primes p such that (—) =0,—1.
p

We start by proving a lemma.

Lemma 4.9. The sum YI—Jv,[N(v/2 —4)] is more than 2 times v,(k!).

Proof. We want to show inductively that for ¢ > 1, there are at least 2 times L%

| factors of
p? in the numerator. This is shown if we can say that there are exactly 2 solutions to 2% — 2
(mod p?) from ip? to (i + 1)p? — 1 for any i.

This is true by Lemma 2.6. [

From the previous lemma, we know that the denominator of the norm of the fraction

2
(\2_) has no factors of p. Now, we want to show it for the fraction itself.
Lemma 4.10. If L, and Ly are two integers from ip? to (i+1)p?—1 such that p?|N(v/2— L)
and pI|N (v/2— L) (which exist from the previous lemma,), then (v/2—Ly)(v/2—Ls) is divisible
by p?.
Proof. Expanding, we want to now show that 2 — v/2(L; + Ly) + L1 Ly is divisible by p?. As

Ly and L, are solutions to x> — 2 = 0 in Z/p?Z, it follows that L; = —L, (mod p?). Then

we get that Ly + Ly =0 (mod p?) and LiLs = —2 (mod p?), so we are done. O
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Now we can prove Theorem 4.8.

Proof. From Lemma 4.10, we get that (v/2 — L;)(v/2 — L) is divisible by p?. From a similar
reasoning to Proposition 3.2, there are enough factors of p in the numerator to cancel all the

factors of p in the denominator. O

2
After showing this, we can say that there are no powers of p such that (—) =1 in the
p

2
denominator of the simplified fraction (\2_)

Now, we want to more generally calculate R (v/2).

2
Theorem 4.11. R, (v/2) = Z[il Lo L V2] for all p; such that (—) # 1.

%

2
Proof. We first show that Ry (v2) C Z[-, -, -, ... L. ][V2] for p; such that (—) # 1.

) pa?” .
b2’ P3 Di pz

This is true from Theorem 4.8.
To show Z[pil, p%, pis, o piﬂ .J[V2] € R.(v/2), we just need to show 1, —1, /2, p%’ p%, o p%” .
R, (V9).

2
Lemma 4.12. The numerator of the simplified fraction ( i ) contains no powers of primes

2
p such that (—) =—1.
p

2
Proof. This follows from the fact that N( (é_) has no factors of p as n? —2 # 0 (mod p)

2
which is in fact equivalent to saying (—) =—1. O]
p

2
Given p such that <—> = —1. Because of Lemma 4.12, it’s true that in the simplified
p

2
fraction (\/_), there are no factors of p in the numerator that can cancel the factor of p in
p

the denominator.

2\ [(—V?2 2
We get that (\/_)( \/_) = (<\/—> which is equivalent to some fraction 25 for

p p p Np?
relatively prime M, N.
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We gather that zlz € RJF(]\%2 from Theorem 3.1. We also have that Nlpg € R, (V2) by
Lemma 2.2. This means that 110 € R.(V2).

This concludes the proof. O
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