THE B(cc) CRYSTAL FOR A FAMILY OF GENERALIZED QUANTUM GROUPS

UMA ROY AND SETH SHELLEY-ABRAHAMSON

ABSTRACT. In [1] Bozec gave a definition of generalized quantum groups that extends the usual definition
of quantum groups to finite quivers with loops at vertices, and in [3] he introduced a theory of generalized
crystals for this new family of Hopf algebras. We explicitly characterize the generalized crystal B(oo)
associated to a certain family of comet-shaped quivers with multiple loops by providing a complete set of
relations among the Kashiwara operators themselves.
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1. INTRODUCTION

To a finite quiver without loops one can attach a Kac-Moody algebra and, as in [10], a quantum group.
More recently, the relevance of quivers with loops has become apparent. For example, a certain class of such
quivers, the comet-shaped quivers, have appeared in the work of Hausel, Letellier, and Rodriguez-Villegas on
the topology of character varieties [4], and quivers with loops also appear in considerations of quiver varieties
[12] and quantum cohomology [11].

In [1], Bozec introduces a natural generalization of quantum groups associated to an arbitrary finite
quiver, possibly with loops. In particular, Bozec associates to any finite quiver @ a Hopf algebra U = U(Q)
over C(v) which coincides with the usual definition of quantum group in the case @ has no loops. U
shares many properties with usual quantum groups, and in particular admits a triangular decomposition
U=U"@U°®@UT. In analogy with the theory of crystal bases developed in [7] for usual quantum groups,
in [3] Bozec introduces a theory of generalized crystals for an arbitrary quiver, and in particular defines the
crystal basis (£(00), B(c0)) for the negative part U~ of the generalized quantum group U. The crystal B(o0)
carries much information about the algebra U itself and about its representation theory. For this reason, the
crystal B(oo) associated to quivers without loops has been studied extensively previously, for example in [5],
[8], [9].

In this paper, we initiate the explicit description of the generalized crystals B(co) associated to quivers
with loops. The existing knowledge in the loop-free case and the local nature, with respect to the underlying
quiver, of the algebra U and the crystal B(co) emphasize the importance of performing a local study of the
underlying quiver at a vertex with loops. With this in mind, we focus on the case in which the quiver is
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a comet-shaped quiver with all leg lengths equal to 1. More specifically, given integers w > 1 and r > 0,
let Q(w,r) denote the (unoriented) quiver with vertices {i, j1, ..., j»} with w loops at vertex 7, no loops at
or edges connecting vertices ji, ..., j, and exactly one edge connecting the vertices ¢ and js for 1 < s < r.
We will provide in the “non-isotropic” case w > 1 a remarkably simple description of the generalized crystal
B(co) associated to the quiver Q(w,r) for any r > 1 by giving a complete set of relations among the
corresponding Kashiwara operators on B(co) defined in the following section. These relations should be seen
as degenerations of the commutation and Serre relations defining U .
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3. BACKGROUND AND DEFINITIONS

In this section we recall the relevant definitions from [1] and [3].

3.1. The Algebra U~. Fix a quiver @, possibly with loops, with vertex set I. Let
() ZIXZI - Z

be the unique symmetric bilinear form on the free abelian group ZI with (i,i) = 2 — 2w;, where w; is the
number of loops at vertex i € I, and with (i,j) = —n;;, where n;; is the number of edges connecting the
vertices i,j € I. A vertex i € I is called real if there are no loops at 7, and otherwise is called imaginary. We
denote by I™ the set of real vertices, and by I the set of imaginary vertices. An imaginary vertex i € I‘™
is called isotropic if w; = 1, and non-isotropic otherwise. We denote by I'°® C I™ the set of imaginary
isotropic vertices. Define
I :=I1"U{(i,1):ie€I™1>1}

and extend the pairing (-,-) by defining (j, (4,1)) = ((i,1),5) = I(j,i) for j € 1", i € I'™ and | > 1 and
((j, k), (3,1)) = kl(j,i) for i,j € I"™ and k,l > 1.

Let A = C(v)(F, : ¢ € I) be the free C(v)-algebra on the generators F, for ¢ € I,. We give A a ZI
grading by setting deg(F;) = —j and deg(F{;;)) = —li for j € I"®, i € I'™, and | > 1. For an integer n € Z,
define the v-analogue of n by

[n] := % ="t
v—v
and, for n > 1, the v-analogue of n! by
[n]!:=[n]---[1].

We set [0]! = 1. For k,n € Z with k > 0, the v-analogue of the binomial coefficient (}) is defined by
[n}  Illn—1]---[n—k+1]

k [k]!
For a real vertex j € 1" and an integer n > 0, define its n*" divided power by
m _ 1 o
B = [n]!Fj .

We define U™ as the quotient of the free algebra A by the ideal generated by the relations
[F,,F;]=0
for all ¢, k € I with (¢, k) =0 and
Y )FEPRFY =0
t+t'=1—(j,0)
for all j € I"® and ¢ € I, with ¢ # j. The relations of the first type are called commutation relations and the

relations of the second type are called Serre relations. Note that both types of relations are homogeneous,
so U™ inherits a ZI-grading from A.



THE B(cc) CRYSTAL FOR A FAMILY OF GENERALIZED QUANTUM GROUPS 3

For a homogeneous element u € U™, let |u| = deg(u) € ZI denote its degree. For d € ZI let
UTld ={uelU :|z|=d}
denote the homogeneous subspace of U™ of degree d.

3.2. Kashiwara Operators and the Crystal B(co). In [3], Proposition 3.11, Bozec defines certain ele-

ments b;; € U~[—li] for all imaginary vertices i € I'™ and positive integers [ > 1. We do not fully reproduce

their definition here, but we recall some of their relevant properties. In particular, we have b; ; = F; 1 and
big—Fi; € C(U)(Fi)k 1<k <),

For an imaginary vertex i € I'™ and a nonnegative integer [ > 1, if i is isotropic let C;; denote the
set of partitions of [, and otherwise let C;; denote the set of compositions of I. Let C; := [[;5Cii. We
denote partitions or compositions by finite lists of the form ¢ = (c1, ¢, ...), where for partitions these lists
are unordered. For such ¢ = (c1,c¢a,...,cx) € Cy, let b = b; ¢, -+ by, Observe that {b;.: c € C;;} forms a
basis for U~ [—li]. For convenience, if j € I"® is a real vertex, let b; = F}, so that we have defined b, for all
t € I. Then we observe that the set {b, : ¢ € I} generates U~ as an algebra and we will see in Corollary
10 that the assignment F, — b, extends to an algebra endomorphism of U~.

By Proposition 3.14 in [3], for each ¢ € I there exists a unique C(v)-linear function e} : U~ — U~
characterized by the properties:

(1) elyz) = ei(y)z + o Wyel(z) vy, ze U™
(2) e (by) =0, VK€ I.
For a real vertex j € 1", let K; = ker(e};), and for an imaginary vertex i € I'™ let K; = Ni>1 ker(e’(i7l)). We

then have the following proposition, which is Proposition 16 in [3]:

Lemma 1. For a real vertex j € I™® there is a direct sum decomposition
- _ OFss
U- =P rk;
1>0
and for an imaginary vertex i € I, there is a direct sum decomposition

U™ =P bicKi.

ceC;

We can now define the Kashiwara operators é,, f, : U~ — U~ for 1 € I, as in Definition 3.17 of [3]. First

)

suppose j € I"® is a real vertex. For v € U™, by Lemma 1, we can write uniquely u = 3,5, F;l z; with

z € kere;. The Kashiwara operators €;, fj are then defined by
fitw) =3 F"a gy =3 F T a,
1>0 1>1

Next, suppose i € I'™ is an imaginary vertex. Given v € U™, write u = >_
c € C; as in Lemma 1. Then we define

cec, bicze with z. € K; for all

> bie) % i g I

~ ceC;
fig(u) = Z 1 _
7171',)@12)\ 1€ I*°
AeC; ml(A) +1
and .
> bz i ¢ I's°
N ( ) ceCi:cr=l
€ i\u) = by .
Z ml( )bi,)\\lz)\ 1€ 1*%°
AEC;:leX
where if ¢ = (c¢1,¢2,...) is a composition then c\c; = (e2,¢3,...) and (I,¢) = (I,¢1,¢9,...), and if A =

(A1, A2,...) is a partition then my;(A) is the number of parts of A equal to I, A\l denotes the partition
obtained from A by removing a part of size [, and A Ul denotes the partition obtained from A by adding a
part of size [.
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Let A C C(v) denote the subring consisting of rational functions in v without pole at v~! = 0, in other
words the localization of C[v™!] at the maximal ideal (v=!). Let £(oo) denote the sub-.A-module of U~
spanned by the elements f,, --- f,..1 where s > 0 and ¢ € I for 1 <k < s. Finally, we define the set

L(00)
={f, 1. I} C ——7——.
Bloc) = A+ Fud s e Inh € 5o
We have the following theorem, which is Theorem 3.26 of [3]:

Theorem 2. The Kashiwara operators é,, fL for v € I, are still defined on B(o0), and there are functions
wt : B(oo) = ZI and €; : B(oo) — C; U {—o0} such that B(co) together with these maps forms a generalized
Q-crystal in the sense of Definition 3.18 of [3].

Note that the Kashiwara operators f,,é, : U~ — U~ for v € I, are graded operators of degrees —j
and +j, respectively, for ¢ = j € I"® and are graded operators of degrees —li and +li, respectively, for
v = (i,1) with i € I'™ and | > 1. In particular, £(c0) and hence B(cc) inherit ZI-gradings as well, and
the Kashiwara operators are graded operators of the same degrees as on U~. In the special cases of the
comet quivers Q(w,r) defined in the introduction, we describe the ZI-graded set B(co) and the Kashiwara
operators defined on it explicitly in terms of sequences with special properties.

4. RELATIONS IN B(co) CORRESPONDING TO NON-ISOTROPIC COMET QUIVERS

Recall from the introduction that Q(w,r) is the quiver with vertex set I = {4, j1,...,Jr} with w loops
at the imaginary vertex ¢ and exactly 1 edge pairwise connecting ¢ and real vertices ji,...,J,.. Writing j
without a subscript refers to any real vertex. In this paper we deal with only the non-isotropic case (w > 1).
To state our main theorem, we first define crystal Serre relations among elements ﬁ and fjk

Definition 3 (Crystal Serre Relation) For v € I and a real vertex j € 1", say that f, satisfies the I-th
order crystal Serre relation with fJ if fJ fbfl folH as operators on B(c0).

Definition 4 (Commutatlon Relation). For i,i/ € I, say that that fL and ﬁ/ satisfy the commutation
relation if f,f, = fu f, as operators on B(co).

Theorem 5 (Main Theorem). In the generalized crystal B(oco) associated to the quiver Q(w,r) for w > 1
and r > 0, the operator f ) satisfies the I-th order crystal Serre relation with the operators fj, for all
1<k <r, and the operators fJ and fJ, commute for any j,j’ € {j1,...,jr}. Furthermore, every equality

le o f = le . f, .1 in B(oo) follows from the commutation relations and crystal Serre relations.

In this section we show that the relations in the theorem hold, and in Section 5 we will show by a
combinatorial argument with Bozec’s character formula for U~ (given in [2]) that the these relations imply
all equalities in B(co) among compositions of Kashiwara operators applied to 1, giving a complete description

of B(c0).

Recall from Section 3.1 the Serre relation, which states for all ¢« € I, ¢ # j,

(1) S (-)'EYEFY =o.

' =1—(j,0)

We define the notion of an a-th order Serre relation for any element x € U~
Definition 6. An element v € U™ satisfies the a-th order Serre relation with Fj if

a+1

a+1— a+1—t t
S (=n)rt et e p O < o,
t=0

Lemma 7. Let x € U™ satisfy the I-th order Serre relation with F;. Then for n € N,

l
(I4+14n) 1) T+n—1] (414n—t) )
.%‘Fj E F F
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Proof. We induct on n. When n =0, (—1)"**["""~] = (=1)"**, 50 the above is exactly the I-th order Serre
relation of x with F}.
Now take n > 0. By induction on n we have

Ut #xFl(l+n)Fj
! l+1+n]""
l
l+n—1-—t _
1)+ (I4n—t)  (t) 1
l+1+n; [ n—1 }Fj el Fj
1 = Ln—1—1t] Jnt) 1) n-1]
e —— t+ 1](—1 t+l T FH'"t Ft+1 1 1 Jals Fl+1
[z+1+n]<t_o[+]< I |
1 -1 I+ l X I .
n—t t n + t
:M<Z[t+ 1](- )t“[ 01 }F” JeFY 4 1) E S (1) >F<>>
t=0 o

To prove the lemma, it suffices to show that

44EL4%7UFHJZ+n7t (7nktltigil+1+n—t::Gﬂyﬂl+n7t.
[[4+14n] n—1 [+ 1+n] n n
Simple algebraic manipulation reveals this equality is equivalent to proving

f+14+n]l+1—t]+[t]n]=[1+1l+1+n—t],
which can readily be checked using the definition of quantum numbers. O

Lemma 8. Fora,b,c >0,

- b+s|lla+s||b+c+1 a—b—1
2 —1)° = .
g L DN el sl e
Proof. To prove this identity, we transform Equation (2) to the g-analogue of the natural numbers defined
for n > 0 by

iy = L
q 1— q .
The g-analogue of n! is defined as [n],! := [n],---[1], and the g-analogue of the binomial coefficient is
defined by
[n} g n—k+1]
k1, [K]q!
For q = v2 we have [n], = ¢ =" [n]q, so Equation (2) becomes equivalent to showing
- o °xs_ o |b+s] la+s| [b+c+1 etel@a—b—1
® P O A A o R B
5=0 5 lql € dql €75 1g ¢ a

To prove Equation (3), we view both sides as polynomials in the ring Q(a,b) := Q(q)[q%, ¢°], where ¢*

and ¢® are formal variables. Viewing [‘H'S]q as a polynomial in the variable ¢®, we claim that for 0 < s < ¢
the polynomials [ats] form a basis for Q(¢)[¢*]<c, the subspace of Q(g) of polynomials of degree at most
c. Assume there is some non-trivial relation between [ajs]q, such that 5oy [“7°] , = 0. Evaluating the

“+S]q at a < ¢ — s gives 0 and at a = ¢ — s gives 1. It follows that the [ats]

g-binomial coefficient [ . form a

basis of the free Q(q)[¢’]-module Q(q)[¢*][¢*]<c (the < c referring to the a degree). In particular, there exist
zs € Q(q)[¢*] <. such that

C

" 2 |
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For a particular fixed value of s, we see for b € {—c—1,...,—1}, x5 evaluated at b # —s — 1 gives 0, and
z, evaluated at b = —s — 1 gives ¢***¢. Thus (¢* — ¢ " H(g®* — ¢ ) - (¢ — ¢ 1) /(¢® — ¢~*7 1) divides zs.
Multiplying through by the appropriate constants in Q(q), we see that

- :KSFH_S] [b+c+1],
s c—s
where K is some constant in Q(q). Evaluating x5 at b = —s—1 gives that x,(q~*~1) = g(-s~Dete = [—Sl] qKS.
52 s
Solving gives K = (—1)%q 7 —cs |
Thus
So4s {b-kS] {b—kc—k 1}
Ts=4q 2 ,
s J,L e—s |,
and the identity in Equation (3) and the lemma are proven. |

Having proven Lemma 8, we can now show that all homogeneous elements of U™ satisfy Serre relations
with all real vertices, with the order of the Serre relation depending only on the homogeneous degree.

Theorem 9. Given elements x,y € U™ satisfying respectively the a-th order and b-th order Serre relations
with Fj, then xy satisfies the (a + b)-th order Serre relation with Fj.

Proof.
a+b+1

3 (cpyiser-0 ey 0

J
t=0
b
_ Z(_1)1+a+b—tFj(1+a+b7t) t) + Z (1+a+b (5+b+1))Fj(1+a+b7(s+b+1))xyF](s+b+1).
t=0
By Lemma 7, we have

b b
a a—s b —k s—
:Z( 1)Lrath— tF(1+ +b-t), F(t)+z (a s F( mz (b+l~c [ +s ]Fj(b+1+ k)ij(k)
k=0

t=0 s=0 §
) Hatb—t ptatb—o) atbti—s) |0F S =t L(a—s)  (b+1+s—1) (t)
fz Fitet=n, |3 ) P e yF!
s=0

It sufﬁces to show that the expression in the brackets in the line above is 0 for 0 <t < b.
To use the a-th order Serre relation for x, we must have that b+1+s—t>a+1ie. s>a—b+1t.

atb—t p(1+atb—t - atbii—s) 0TS =] (a- btlts—t
(—1)+eth tFj( a )erZ(,l)( Fbtt ){ }Fj(“ s)ij( s=t)

s=0 §
a—b+t—1 b+8 n
_ 1+a+b—t pp(1+a+b—t) (a+b+t s) - (a—5)  g+(b+14s—t)
= (-1) F T+ ; { ) ]Fj k|
b—t
£ (~1)fatbr—(stasbro) b+(sta—b+t)—t F(a (s+a—b+t)) F(b+1+(s+a b+t)—t)
pord s+a—b+t
( T bts—t ( )
_ 14a+b—t p(1+atb—t atb+t—s - (a—s) b+1+s—t
= (-1) F x> (=) >[ ) ]Fj oF)|
s=0
- sta | pe-t-9) a+s—il ) (i)
s b—t—s a+l - a+s+1—1 [
-1 F: F
D OCI DAL e
) a—b+t—1 b+8 n )
_ 1 14+a+b— tF(1+a+b t (a+b+t s) - F»(a_s) F.(b+1+3_t
(-1) @+ Z .|

a b—t .
i Z(_ ys+a= Z[a—l—s—z][ s+a :|[a+b_2_t+1:|F(bt+a+1i)wF(i)

_ o J J
== s st+a—b+t b—t—s
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To show that this sum is equal to 0, it suffices to show for 0 <i < a
) b—t )
- -1 a+s—1] s+a a+b—i—t+1

-1 (ati—1)|? _ s+a % =0

(=1) b—t +§< s |lsta—-b+t b—t—s
Substituting ¢ = b — ¢t and rearranging, this is equivalent to proving
EC:( 1y at+s—i|[ s+a |[atc—i+1] [i—1

s s+a—c|| c—Ss N c

s=0
Observe that this is exactly the statement in Lemma 8 with b = a — 4. The theorem follows. O

Corollary 10. The element b;; satisfies the orderl Serre relation with b; = F};. In particular, the assignment
F, — b, for . € I extends to an endomorphism of the algebra U~ .

4.1. Crystal Serre Relations. We start by proving the following equality.
Lemma 11. For all¢>1 and n > 0, fi,gff*”*l.l = fjf;-,lfﬁ”.l in B(co).

To prove this lemma, we prove special properties regarding the decomposition of b; ; I j(c) into @,~ F j(l)le
as given in Lemma 1. B

Definition 12. Define zﬁ)c for allc¢ >0 and ¢ > k > 0 such that
1 lF(C) Z F(k l

This provides a unique definition of zj , by Proposition 3.16 in Bozec. For k < 0 or ¢ < 0, we define

zﬁ’c = 0. Note that the superscript for zx . is always ¢ for the following sections, thus we often omit the
superscript.

Lemma 13. For all k,c > 0 and £ > 1, the following recursion holds:
1 _ ek B o
Zk,c = E(Zk,clej —pm ek I)szi,cq + [kJv 2 k)Zkfl,c71)~

Proof. We observe that |z .| = —li—(c—k)j, as \z£70\+|pj(’“)| = \bi,le(C)‘ . Thus —(|zk.c|,j) = —€+2(c—k).
From the proof of Proposition 3.16 in [3], we can write

Zk,c—le = (Zk,c—le _ Uf(lzkﬂil‘,j)szk,Cfl) + U*(\Zk,c71|’J)szk7C71,
where the first term in parenthesis lies in K;.

-1

Q

F-(k)zk’c,le

- k c 1 c— 1 1
ZF]( )Zk,c = bi,le( ) b lF( J T j

[ ™

-0 k=0
1 c—1
k — c—k— — c—k—
B EZFJ‘( ((2hem1 Fy — v AR Dy ) 4o 2R D ),
k=0
The lemma now follows from the uniqueness of the decomposition in Propsition 3.16 of [3]. |

Lemma 14. For all k,c >0 and £ > 1, z,‘;’c = phle—h— l)zo k-

Proof. We define z{, ; = b;; and define zj . = ﬁ(z&c_le - v(*e+2(‘3*1))Fj2670_1) for ¢ > 0. Then we define
z,’w for 0 < k < ¢ by lee,c = vk(c_k_l)z(’)yc_k. It follows from Lemma 8 and the fact that z9o = b;,; that
). = #0,c. We need only to check that the z; . satisfy the recurrence of Lemma 8. This is checked in the

following calculation.
1

[¢]

(Uk(cflfkfé)zéyc_l_ij _ ,U(fé+2(cfk)fl)Fjvk(cflfkfé)zéyc_l_k I [k},v72+2(cfk)U(kfl)(cfkff)zé’c_k)

(2p.e1Fj — U(feJrz(kafl))szllc,c—l + (Ko tr2emR 1)

1

[c
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1 c— c— - — c— c— c—
- @( T D TS B e T L )
1 ke b e
= lom Rz ez )
1
= E([C — ko™ 2+ R )
[c — Ko™ + [kve*
= Zk,c
[c] ’
= z,;,c.
O

Lemma 15. Forc </, z§ .= ﬁylfj‘?.l.
Proof. We use induction on c¢. For ¢ =0, z&c =b = fiJ.I € L(00).

For ¢ > 0, by definition we have

z lF(C) Z F(k)
= 20,c = fi,lfjcj- — ZF](k)Zk
k=1
= Fuaff 1= Y FP T 05
k=1
Since 2g,c—k € Kj, Fj(k)zoﬁc,k = fj’?.zo’c,k.
Thus we have
0. = firf 1 =Y MO FE 0
k=1

vk(c_k_l)ffzoﬁ,k € v 1L(c0) because k(c —k —1) < 0 for 0 < k < ¢ <[ and £(0c0) is stable under f]’?.

Thus 7. = ﬁlfj‘?.l in B(c0). O

Now we prove a particular identity involving quantum binomial coefficients that occurs in the proof of
Lemma 11.

Lemma 16. Forr > 0 and n > 1, the following quantum binomial identity holds
Z ok (1) {n —k+ r} {r + Z + 1] _ pr(nri)
n

Proof. We use induction on r to show this claim, where the identity for » = 0 is obvious.
First we note for all »,n > 0,

(5) k:Ofokr(il)kfr {n —7/;7 +T} o {r—;n]
" b gl o

where the last equality follows from a well known quantum identity.
By the Pascal identity, which states

r+n+1l]  Llr+n Cr—mak_1|TtT
A R S A o
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we see that the original summation identity is equivalent to considering

- —kr(__ k—rn_k—’_r —r—n+k—1 r+n
kZ:lU (-1 { N ]v [k—l
. —k+r||lr+n

_ ,—r—n—1 —k(r—1) -1 k—r [T
e R

r—1 .
e Z U_(j+1)(r_1)(_1)j+1_T [n —j+r— 1} [r —|— n]
=0

n J

n J

r—1 .
. i (r —Jj+r—=1{|{r+n
_ U—r—n—l—(T—l) § :U—J(T—l)(_l)]—(T—l) [n J :| [ . :|
Jj=0

— U—T'—n—l—(r—l) X v—(r—l)(n+(7'—1)+1) — U(—T(n-{-r—i—l))’

where the penultimate equality follows from the inductive hypothesis.

Proof of Lemma 11. We have by Lemma 7

l
R " l+n—t n
fi,lfjl‘+1+n-1 _ bi’le(l-i-l-i- ) _ Z(_l)t+l |: :|Fj(l+ +1— t)bz,le(t)

t=0 n
l
Z )t [l +n— 1 F(z+1+n t) Z F(k)
t=0 k=0
! i H_ll—l—n—t (I+14n— t+k)l+1+7’b—t+k
=22 (1 P o
n k
t=0 k=0
I+1+n s—n—1
(s) I+14+ +k_(+ll+n—(l+l+n+k—s) S

l T
—k+r|[r+n+1
_ F_(r+n+1) . —kr ] k—r|TV .

By Lemma 16, the above equals

=0
Recall by Lemma 15 that zg;—, € L£(00) for 0 < r < {. Since —r(n+ 7+ 1) < 0 for 0 < r <[, we have
ﬁ7lﬁ+1+".1 = Fj(nﬂ)zoyl = ff“zoyl. By Lemma 15, z9; = fi’lfjlul, thus we have ﬁ,lﬁJrH".l = f]m'lﬁylfjl..l.
This is precisely the equality we want for n = 0. If n > 0, then similarly we have ﬁ,lj?r".l = fj"ﬁ’lﬁ.l.
Composing with another fj on the left, we get fjlef]l"'”l = f}”lﬁlf;.l = ﬁ7lﬁ+1+”.1 as desired. O

4.2. Validity of Crystal Serre Relations. Having proven that foJHH”.l = ﬂﬁ71ﬁ+7l.1, we extend this
equality to show for any k € £(00), fjlefjlk = f“f;“.k in B(c0).

Lemma 17. Let 2 € K; CU™ and let x € U~. Then f;.(x2) = (f;.x)z and fi1.(xz) = (fi.x)z for all l.
Proof. By Lemma 1, write z as ), Fj(")zn where all 2, lie in ;. Then

(7) fj(mz) = fj ZFJ-(n)znz = ZFJ-(nH)znz,

since K; is closed under multiplication. But Equation (7)
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= <Z Fj(nﬂ)zn) 2= (f;.x)z.

The equality ﬁl(xz) = ( f”x)z follows from the associativity of U~ as an algebra, as the left action of
fi1 is simply left multiplication by b; ;. O

Corollary 18. L£(o0) is stable under right multiplication by elements in KC; N L(00).

Proof. Let k € L(o0) and z € K; N L(00). Decomposing k into the sum of sequences of Kashiwara operators
applied to 1, it suffices to show the statement holds for f;.l where v is a sequence of elements of I, and
fw denotes the associated sequence of Kashiwara operators. By Lemma 17, we can write ( ﬁ,.l)z = fw (2),
which is in £(o00) since £(00) is stable under Kashiwara operators.

O

Corollary 19. When z € L(c0) is written as ZZ:O Fj(")zn for z, € Kj, then in fact z, € L(o0) for all n.

Proof. We use induction on k. If k = 0, then clearly z = zp € £(00).

For the inductive step, we consider é?. Zi:o Fj(n)zn =z, € L(00), as L(00) is stable under €;. The result

follows by applying the inductive hypothesis to z — Fj(k)zk. (|

Theorem 20. For all k € L(c0), ﬁ-,lﬁﬂ.k = f]ﬂlfjlk in B(c0).
Proof. By Lemma 11, we know fi,lﬁ*'"*'l.l = ];]ﬁlf]lJr"l in B(co) for any n > 0. Thus we can write
ﬁ-Jﬁ"‘""‘l.l = fjﬁylf]lﬂ'".l + a where o € v L£(00).

Writing k as >, Fj(n)zn for z, € K;, by linearity it suffices to show that ﬁ,lﬂH.Fj(”)zn = fjﬁlﬁ-.F;”)zn
in B(co). This is equivalent to showing that for any n, ﬁlf]l."’”"’l.zn = f7f;lf]l+”zn Since z, € K;, by
Lemma 17, fiJf]l-Jr”Jrl.zn = (ﬂ)lﬁ.Jr"Jrl.l)zn = (fjfi,lﬂ.+".l + )z, = ﬁﬁJﬁ*”.zn + azp. By Lemma 19,
z, € L(c0) N K;. Thus by Lemma 18, az, € v~ 'L(c0) so az = 0. Thus ﬁ,lﬁ-Jr”H.zn = fjﬂlf]”"zn in
B(00), and the theorem follows. O
4.3. Kashiwara Operators for Non-adjacent Vertices Commute.

Lemma 21. Let ¢,/ € I, be such that (v,0') = 0. Then for allu e U™, fifouw=fufu.

First consider the case where both ¢, L~/ € I'™. Since (1,¢/) = 0, [b,,b] = 0, and the lemma follows trivially
from the fact that the action of f, and f,, are simply left multiplication by b, and b,s respectively. If exactly

one of 1,1/ € '™ without loss of generality assume ¢ € I'™ and let ' ;= j € I"®. Then write u =Y Fj(n)zn

for z, € K;. Then
e n+1 n+1
Ffiu=>"bF" 2 =3 F"p 2,
because [Fj,b,] = 0 as (¢,5) = 0. Also, b,z, € K; because K; is a subalgebra of U™, and thus the above

summation equals
STEM bz = 5 F bz, = fi o

It remains to prove Lemma 21 for the case where ¢,/ € I"®. For the rest of this section, let « = j,// =k
where j, k € I".

Lemma 22. [e},e;] = 0.

Proof of Lemma 22. Tt suffices to show that €’(e},(b.,,....,)) = €,(€}(b.,,....,)) for any sequence (t1,...,¢,)
where all ¢, € I, and ¢, = (44, ¢;) for i, € I, where b,,,.,. =b, ---b,,.
Denote by, ..., by a. Then by Property (1) of €} and e} mentioned in Section 3.2,

& (eh(bur,n)) = € (b ) + 0T, € (@) = € (e (biy)a) + v TH T4 (b, e (a))

= (e lbu)a+ oD ()€l @) + o (€ B el (@) + 0T, € (¢ ()
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Since €], is a homogeneous operator of degree k, we have that |e (b,, )| = —c1i1 +k. Thus (—j, —c1i1+k) =
(=4, —c1iq) since (j, k) = 0.

The middle two terms of the expression are symmetric in j and k because (j,k) = 0. €j(ep(b,)) =
er(ei(b.,)) for degree reasons. The last term is symmetric in j and k because we can assume by induction
on n, the length of the product, that e;- and ej, commute on «. Thus the entire expression is symmetric in j
and k, and thus €} and ) commute. O

It follows that K; is stable under the e} operator and Ky is stable under the e’ operator.

d F(”)

Lemma 23. Given z € Ky, writing z = _, i Zn where z, € K;, then z, € Kj.

Proof. By induction on d, it suffices to check z4 € K. because F}, and then also F j(d)zd, is in K}, It follows
from Lemma 22 that e;-d(z) € K. But it is also clear from the fact that e has the skew derivation property
(1) given in Section 2 that e;d(z) = czq with ¢ € C(v) a non-zero constant, and the claim follows. O

Proof of Lemma 21. Letuw € U~. Then writeu =) Fj(")zn with z, € K; and write each z,, = ) F,im)zmm

with 2y, ;m € Ki. By Lemma 23, 2, ., € K; as well. Because 2z, € KpNK;, f]fku =Y m F;"H)Fémﬂ)zmm
since F; € Ky, and Fy, € IC;. But because [F}, Fj;] = 0, we get that

n,m n,m

as needed. O

5. SUFFICIENCY OF COMMUTATION AND CRYSTAL SERRE RELATIONS

In this section we finish the proof of Theorem 5 by showing that the commutation and crystal Serre
relations proved in Section 3 imply all equivalences f,,...f, .1 = fb/l...f;;”.l in B(oo) for the quiver Q(w,r)
with w > 1 and r > 0. To achieve this we give a combinatorial analysis of Bozec’s formula for the graded
dimension of U~.

5.1. Character Formula. Similar to the classical case, in [2] Bozec gives an explicit character formula for
the graded dimension of the algebra U~ associated to any finite quiver (). The formula and its proof are
analogous to the case of Kac-Moody algebras, for example in §11.13 of [6]. We state here this character
formula in the special case of the quiver Q(w,r) for w > 1,7 > 0, which we denote as ChU .

Fix r > 0. Let x1,...,2,,y be commuting indeterminates, let R := {x1,...,2,}, let P(R) denote the
powerset of R, and for a subset S C R let m(S) denote the product of all elements in S. Then define

-1 ._ _1)ely _ m(p)y
U= 3 () (1- 7).

The coefficient of y™z{"* - - - 2" in the power series Ch U~ gives the number of elements in B(co) of degree
—ni —myj; — ... — myj, for the quiver Q(w,r) for any w > 1.

5.2. A Combinatorial Description.

Definition 24. Let i’ be a finite sequence of elements of I. U is called steep if it is of the following form:

— iy s . . . -p s . o . . .pn’ D

L= (]1017"'7.]71’]()‘ 7(7’701)’]11 177"‘7.77{)1' 7(7’702)7"'7(2707@)7‘71 17"']713 ’ )7
where the notation j,"" indicates p; i, successive occurrences of ji, and where ¢; > p;y for 1 < i < n and
1<k<r.
Definition 25. Given a sequence U'= (t1,...,tn) of elements of I, define fr= le 0--:0 an.

Lemma 26. For any finite sequence v of elements of I, there is a steep sequence v such that f7 = fy on

B(c0).

Proof. The lemma follows from the commutation relations and the crystal Serre relations proved in Section
3. O
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Definition 27. The degree of a sequence U= (1, ...,1,) of elements of Io is [t} := — > _; |tk|, the degree
of the associated composition of Kashiwara operators fr.

Lemma 28. The number of steep sequences of a given degree p is equal to #B(co)[p].

Proof. We derive a recursion for the coefficients of Ch U~ and show that the number of steep sequences of
a particular degree also satisfy the same recursion and initial values.
Notice that rChU~ = Ch U~ — 1 where

r=1—-(ChU")! = Yy Z (—1)Plx(p) (1 _ W(p)y> )

1-— 1-—

Y et m(p)y

The equality r Ch U~ = Ch U~ —1 can be interpreted as a recursion on the coefficients of the power series
because r has zero constant term. We let ¢(n,m) := ¢(n,my, ..., m,) denote the coeflicient of y™z]" - -z

in ChU~. We now make this recursion explicit. Note

r:Zyk_ Z ( \p\ +Z Z \p\ k+1yk.

k>1 peP(R)\0 k>1peP(R)\0
For p € P(R), let  denote the tuple (d1,...,d,) where §; = 1 if x; € p and 0 otherwise. Then r ChU~ =
ChU~ — 1 implies for (n,m) # (0,0),

®) clnm)=> cn—kam)— Y (DPlemm—p)+> > (=)Ple(n— ki — (k+ 1)p).

k>1 peP(R)\0 k>1 peP(R)\w

Note ¢(0, 6) =1, and for negative n or negative m;, ¢(n,m) = 0. Thus the number of steep sequences of
a particular degree satisfies the same intial values.

We explain why the recursion given in Equation (8) also gives a recursion for the number of steep sequences
of a given degree. There are 2 cases to consider. In the first case, the sequence ends with fj for some
r>i>1. Since the f;, commute by Lemma 21, the number of sequences ending with a f;, can be counted
with the principle of inclusion-exclusion, noting that if a steep sequence ends with fj then it remains steep.
This corresponds to

- > (=D)Ple(n,m - p).

peP(R)\D

If the sequence ends with a fi’l, which is a disjoint condition from ending with an fj, this corresponds to

Zc(n —k,m).

E>1
However, we must also subtract the steep sequences to which concatenating a f“ makes the sequence not

steep. Such sequences end with f]pl e fjpr"' where for at least 1 index k, pr, > [. Such sequences are counted
by

S (—)Plen — ki — (k+1)p)

k>1peP(R)\0
The recursion in Equation (8) follows. Since the number of steep sequences satisfy the same base case
and recursion as Ch U™, we have shown the lemma. O

We can now finish the proof of our main theorem (Theorem 5):

Proof of Theorem 5. We saw in Section 3 that the commutation and crystal Serre relations of Theorem 5
hold. It follows, as in Lemma 26, that every element },.1 of B(c0) is equal by a series of applications of
the commutation and crystal Serre relations to an element f;.l for a steep sequence r. It follows by Lemma
28 that, for any degree p, the elements f;.l for ¢"a steep sequence of degree p are pairwise inequivalent and
comprise every element of B(co)[p]. The theorem follows. g
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