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Abstract

Given a prime p and positive integers n and k, consider the ring
M,.(Z/p*Z) of nxn matrices over Z/p*Z. In 1989, Friedman and Washing-
ton computed the number of matrices in M, (Z/p*Z) with a given residue
modulo p and a given cokernel G subject to the condition p*~'G = 0.
Cheong, Liang, and Strand generalized this result in 2023 by removing
the condition p*~!G = 0, completing the description of the distribution
of the cokernel of a random matrix uniformly selected from M, (Z/p*Z).
In 2015, following the work of Friedman and Washington, Clancy, Kaplan,
Leake, Payne, and Wood determined the distribution of the cokernel of a
random n X n symmetric matrix over Z,, and Bhargava, Kane, Lenstra,
Poonen, and Rains determined the distribution of the cokernel of a ran-
dom n xn alternating matrix over Z,. In this paper, we refine these results
by determining the distribution of the cokernels of random symmetric and
alternating matrices over Z, with a fixed residue modulo p.
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1 Introduction

Throughout the paper, let p be a prime and k and n be positive integers. We
adopt the following notation.

Definition 1.1. For any nonnegative integer m and positive integer ¢, we write

m [my/2)
Pm(q) = H(l —q¢77)  and  Wp(q) = H(l —q ).

In [7], Friedman and Washington studied the distribution of the cokernel
of a random matrix selected from M,,(Z,), the ring of n x n matrices over the
p-adic integers. They showed the following result, where we identify Z/pZ with
the finite field F,,. We recall an explicit formula for |[Aut(G)|, the order of the
automorphism group of G, in Lemma 2.28.

Theorem 1.2 ([7, pp. 232-233]). Suppose that G is a finitely generated torsion
module over Z,. For a random matriz X selected from M,,(Z,) with respect to
additive Haar measure, the probability that cok(X) ~ G is

1 én(p)?
Pl = @ )

where r = dimg, (G/pG).

Friedman and Washington were motivated by the study of Cohen-Lenstra
heuristics for p-parts of ideal class groups of number fields; see the introduction
to the paper of Cheong and Huang [3] for additional discussion of the connection
between ideal class groups and cokernels of p-adic matrices and the motivation
behind the work of Friedman and Washington. In addition, the cokernel of a
matrix X € M,,(Z,) carries the same information as the Smith normal form of
X, which has a variety of applications throughout combinatorics and number
theory; see, for example, the survey of Stanley [13].

Friedman and Washington also studied the distribution of the cokernel of
a random matrix uniformly selected from M,,(Z/p*Z), which is equivalent to
counting the number of matrices in M,,(Z/p*Z) whose cokernel is a given finitely
generated module G over Z/pFZ. A main idea of their work is to fix some matrix
X € M,,(Z/pZ) and count the matrices in M,,(Z/p*Z) with the given cokernel
G whose residue modulo p is X. They showed the following result.*

n the equation preceding Equation (18) in [7, p. 236], Friedman and Washington stated
their result in terms of cok(X — I,) instead of cok(X), where I, is the n X n identity matrix.
This does not affect counting since the map X — X — I, is bijective.



Theorem 1.3 ([7, pp. 235-236]). Suppose that G is a finitely generated module
over Z/p*Z satisfying p*~1G = 0. For any X € M,,(Z/pZ) such that cok(X) ~
G/pG,
X € M, (Z/p*7Z) : p(kfl)n2+r2
# cok(X) ~ G =
and X =X (mod p) |Aut(G)]

where r = dimg, (G/pG).

ér(p)?,

It is striking that the count in Theorem 1.3 does not depend on the fixed
residue X as long as cok(X) ~ G/pG. Since cok(X) ~ G/pG is equivalent to
rank(X) = n—r, the number of such residues X is well-known; see Lemma 2.25.
Multiplying the result of Theorem 1.3 by the number of admissible residues X
gives the total number of matrices X € M, (Z/p*Z) satisfying cok(X) ~ G
subject to the condition p*~'G = 0, which is enough to recover Theorem 1.2.

In Lemma 3.5 in [4, p. 14], Cheong, Liang, and Strand refined Theorem 1.3
to cover the case p*~1G # 0.2

Theorem 1.4 ([4_7 p. 14]). Suppose that G is a finitely generated module over
Z/p*Z. For any X € M,(Z/pZ) such that cok(X) ~ G/pG,

X S Mn(Z/ka) . (k—l)n2+7-2 d) ( 2
k(X)~G _Pb r(p) 7
# and )C(OE< )_() (mod p) |[Aut(G)|  Pu(p)

where r = dimg, (G/pG) and u = dimg, (p*~'G).

Combined with Lemma 2.25, Theorem 1.4 fully describes the distribution of
the cokernel of a random matrix uniformly selected from M, (Z/p*Z).

Following the work of Friedman and Washington, many mathematicians have
studied distributions of cokernels of families of random matrices over Z,. For
example, Clancy, Kaplan, Leake, Payne, and Wood [5] determined the distribu-
tion of the cokernel of a random n X n symmetric matrix over Z,, and Bhargava,
Kane, Lenstra, Poonen, and Rains [2] determined the distribution of the coker-
nel of a random n x n alternating matrix over Z,. We review symmetric and
alternating matrices in Section 2.4.

The following symmetric analogue of Theorem 1.2 is a consequence of The-
orem 2 in [5, p. 706]. We review partitions and related notation in Section 2.6.

Theorem 1.5 ([8, p. 305]). Suppose that G is a finitely generated torsion module
over Z, with the product decomposition

G =P/ n)"
=1

2Cheong, Liang, and Strand stated their result more generally in terms of a polynomial
pushforward P(X) of the matrix X. We are concerned with the special case P(t) = t.



as specified in Corollary 2.8 and type A = (A1,...,\.) as defined in Defini-
tion 2.24. For a random matriz X selected from Sym, (Z,) with respect to
additive Haar measure, the probability that cok(X) ~ G is

S

pSym(y) = p=n()—A_9n(P) 1
= b0 L0

Remark 1.6. Theorem 1.5 is enough to determine the total number of matrices
X € Sym,,(Z/p*Z) satisfying cok(X) ~ G subject to the condition p*~1G = 0.

In this paper, we seek a refinement to Theorem 1.5 analogous to Theo-
rems 1.3 and 1.4 by counting the matrices in Sym,,(Z/p*Z) with the given
cokernel G whose residue modulo p is some fixed matrix X € Sym,, (Z/pZ).
This is our main result for the symmetric case.

Theorem 1.7 (Main result, symmetric). Suppose that G is a finitely generated
module over Z/p*Z with the product decomposition

S
G~P@/pz)"
i=1
as specified in Corollary 2.8. For any X € Sym, (Z/pZ) such that cok(X) ~

G/pG,

X € Sym,,(Z/p*Z)
# cok(X) ~G
and X =X (mod p)

:\/p(k_l)n(n+1)+r(r+1) ¢r<p)1/Ju<p) - \/d)”‘i(p)
|Gl[Aut(G))| bulp) 7 Uri(p)

where

r = dimg, (G/pG) = Zm
i=1

and
71 Zf €1 = k,

= di F=1a) =
u = dimg, (p"G) {0 if e1 < k.

Again, since cok(X) ~ G/pG is equivalent to rank(X) = n—r, the number of
such residues X follows from Lemma 2.26. Multiplying the result of Theorem 1.7
by the number of admissible residues X gives the total number of matrices X €
Sym,, (Z/p*Z) satisfying cok(X) ~ G, which is enough to recover Theorem 1.5
as we discuss in Section 4. Our proof of Theorem 1.7, given in Section 3.1,
does not use the method of moments, a major tool in this subject. Instead,
we demonstrate that the methodology originally employed by Friedman and
Washington in [7] and later refined by Cheong, Liang, and Strand in [4] carries
over to the symmetric case.



In Theorem 1.3 in [14, pp. 919-920], Wood showed a strong universality
result for the distribution of the cokernel of a random n x n symmetric matrix
as n — 0o, namely that the distribution follows a variant of the Cohen—Lenstra
heuristics as long as the random symmetric matrix X comes from choosing each
entry X;; (¢ < j) independently from an e-balanced distribution. We show that
the cokernel distribution still follows a variant of the Cohen—Lenstra heuristics
when we restrict to symmetric matrices with a fixed residue modulo p.

Now, we move on to the alternating case. The following alternating analogue
of Theorems 1.2 and 1.5 is a restatement of intermediate results in the proof of
Theorem 3.9 in [2, p. 287].3

Theorem 1.8 ([8, p. 304]). Suppose that G is a finitely generated torsion module
over Z, with the product decomposition

G~ P/ z)
i=1

as specified in Corollary 2.8 and type A = (A1,...,\.) as defined in Defini-
tion 2.24, where every r; is even. For a random matriz X selected from Alt,, (Z,)
with respect to additive Haar measure, the probability that cok(X) ~ G is

S

Altgyy _ o —n(x)_n(P) 1
rt o= gy

Remark 1.9. Theorem 1.8 is enough to determine the total number of matrices
X € Alt,,(Z/p*7Z) satisfying cok(X) ~ G subject to the condition p*~1G = 0.
The probability in Theorem 1.8 is zero if at least one r; is odd.

Similar to Theorem 1.7, we seek a refinement to Theorem 1.8 analogous to
Theorems 1.3 and 1.4 by counting the matrices in Alt,,(Z/p*Z) with the given
cokernel G whose residue modulo p is some fixed matrix X € Sym,,(Z/pZ).
This is our main result for the alternating case.

Theorem 1.10 (Main result, alternating). Suppose that G is a finitely generated
module over Z/p*7 with the product decomposition

G~ P@/p )"
i=1

as specified in Corollary 2.8, where every r; is even. For any X € Alt,(Z/pZ)

3In Lemma 3.1 in [8, p. 304], Fulman and Kaplan stated this result in terms of the type \’
of the finitely generated torsion module H over Zj in the product decomposition G ~ H @ H.
Hence,
A= ()‘llr )‘/17 )‘l27 )‘/27 ] )"l,«/gv )‘1/2)

It is straightforward to show that |[A| = 2|\/| and n(\) = 4n(\) + |N|.



such that cok(X) ~ G/pG,

X € Alt,(Z/p*Z) -
# cok(X) ~ G
and X =X (mod p)

:¢ ph=Dn(= D4 C=DIG| ¢, (p)vhu (p) TT V/0r. (D)

|Aut(G)| Pulp) 13 Wr(p)
where
r = dimg, (G/pG) = Z
1=1
and
R

Remark 1.11. The count in Theorem 1.10 is zero if at least one r; is odd.

Once again, since cok(X) ~ G/pG is equivalent to rank(X) = n — r, the
number of such residues X follows from Lemma 2.27. Multiplying the result of
Theorem 1.10 by the number of admissible residues X gives the total number of
matrices X € Alt, (Z/p*Z) satisfying cok(X) ~ G, which is enough to recover
Theorem 1.8 as we discuss in Section 4. Our proof of Theorem 1.10, given in
Section 3.2, is analogous to our proof of Theorem 1.7. Again, our proofs do not
use the method of moments.

In Theorem 3.9 in [2, p. 287], Bhargava, Kane, Lenstra, Poonen, and Rains
determined the dlstrlbutlon of the cokernel of a random matrix selected from
Alt,,(Z,,) with respect to additive Haar measure in the limit as n — oo. Theo-
rem 1.8 is enough to recover this result.

Our results fit into a body of literature about cokernels of families of p-adic
matrices with algebraic structure and variations of the Cohen—Lenstra heuris-
tics. For example, Cheong and Huang [3] studied the cokernel of a polynomial
pushforward of a random matrix, Yan [15] worked with random matrices over
a Dedekind domain, and Lee [9] investigated Hermitian matrices.

2 Preliminaries

In this section, we review some preliminary concepts and results.

2.1 p-adic integers and the additive Haar measure on them

Definition 2.1 (p-adic integer). A p-adic integer is an infinite sequence a =
(a1,az,as,...) of residues a; € Z/p'Z satisfying a; = a; (mod p*) for all i < j.
The set Z, of p-adic integers forms a commutative ring under elementwise ad-
dition and multiplication over their respective rings Z/p‘Z. The ring of integers



is embedded in Z, through the monomorphism
n — (n mod p,n mod p*,n mod p?,...).
We identify the quotient ring Z,/p*Z, with Z/p*Z as they are isomorphic.

Definition 2.2 (additive Haar measure on Z,). Let ¥ be the o-algebra on Z,
generated by subsets of the form a + kap where k is a positive integer and
a € Z,. The additive Haar measure fv: ¥ — [0, 1] is defined by

wla+p*zy) =p~*
for all aforementioned subsets a + p’“Zp.

Remark 2.3. If a is a random p-adic integer selected with respect to additive
Haar measure, then its residue @ mod p* is uniformly distributed in Z/p*Z.

2.2 Principal ideal domains and finitely generated mod-
ules over them

Definition 2.4 (principal ideal domain). An integral domain is a nontrivial
commutative ring in which the product of two nonzero elements is always non-
zero. A principal ideal domain is an integral domain in which every ideal can
be generated by a single element.

Definition 2.5 (torsion). Let M be a module over a ring R. A torsion element
of M is an element that becomes zero when multiplied by some nonzero element
of R. The torsion submodule of M is the submodule consisting of the torsion
elements of M. The module M is a torsion module if it equals its torsion
submodule.

The following theorem is known as the invariant factor form of the structure
theorem for finitely generated modules over a principal ideal domain.

Theorem 2.6 ([6, pp. 462-463]). Let M be a finitely generated module over a
principal ideal domain R. Then, M has a product decomposition

m
M~ R & R/a;R
i=1
for some nonnegative integer r and nonzero non-unit elements a; € R satisfying
ar || am.

This product decomposition is unique up to multiplication of a; by units. The
module M is a torsion module if and only if r = 0.

Definition 2.7 (invariant factors of a module). In the product decomposition
specified in Theorem 2.6, the invariant factors of the module M are the elements
a; with multiplicity. Invariant factors are defined up to multiplication by a unit.



For a finitely generated module G over the principal ideal domain Z,, we
may assume that every invariant factor of G is normalized to a power of p via
multiplication by an appropriate unit. We arrive at the following corollary of
Theorem 2.6.

Corollary 2.8. Every finitely generated torsion module G over Z, has a unique
product decomposition

G~ P/ z)
=1

where e; and r; are positive integers such that e; > --- > es. Fach p® is an
invariant factor of G with multiplicity r;.

Remark 2.9. Every finitely generated module over Z/p*Z can be viewed as
a finitely generated torsion module over Z, via the identification Z/p*Z ~
Z,/p*Z,. Thus, Corollary 2.8 also applies to such modules with e; < k.

2.3 Cokernels and the Smith normal form

Definition 2.10 (cokernel). Let M, (R) be the ring of n x n matrices over a
commutative ring R. FEach matrix X € M, (R) represents an endomorphism
v — Xv of the module R" over R. The image im(X) of the matrix X is defined
as the image of this endomorphism, and the cokernel of the matrix X is defined
as the quotient module

cok(X) = R"/im(X).

Definition 2.11 (invariant factors of a matrix). Suppose that R is a principal
ideal domain. The invariant factors of a matrix in M, (R) are the invariant
factors of its cokernel.

We use diag(ai,...,a,) to denote the diagonal matrix or diagonal block
matrix with entries ay,...,a, on the diagonal.

Theorem 2.12 (Smith normal form). Suppose that R is a principal ideal do-
main and X € M, (R) has rank r. For any nonnegative integer i < n, let d; be
the greatest common divisor of all i X i minors of X, defined up to multiplication
by a unit. In particular, dg is a unit. Then, dy, ...,d,. are nonzero and satisfy

d0||dr

while dpy1 = -+ =d, =0.
For any positive integer © < r, there is an element o; € R such that d; =
a;d;_1. Again, «; is defined up to multiplication by a unit. Then,

o | | a,
and there are invertible matrices S,T € My, (Z,) such that
SXT = diag(ay,...,ar,0,...,0).

This diagonal matriz is the Smith normal form of X.



Remark 2.13. The nonzero diagonal entries of the Smith normal form of X
comprise the invariant factors of X, which uniquely describe cok(X) up to iso-
morphism. Thus, cok(X) carries the same information as the Smith normal
form of X.

The p-adic integers form a principal ideal domain. For any matrix X €
M,,(Z,), we may assume that every invariant factor of X is normalized to a
power of p via multiplication by an appropriate unit. The same applies to
nonzero entries in the Smith normal form of X.

Given a matrix X € M, (Z,), the following lemma translates a constraint
on the smallest invariant factor of cok(X) and its multiplicity to an equivalent
condition on the expansion of X in terms of powers of p.

Lemma 2.14. Suppose that the nonzero matriz X € M,(Z,) can be expressed

as
k-1
X = ZpiXi
i=0
for some positive integer k, where each X; takes entries in {0,1,...,p—1}. For
any nonnegative integer e < k and positive integer r < n, the smallest invariant
factor of X is p¢ with multiplicity r if and only if Xg = -+ = Xeeq1 =0

and rank(X.) = r over Fp,.

Proof. Let diag(asq, ..., Qmn,0,...,0) be the Smith normal form of X. The small-
est invariant factor of X is p® with multiplicity r if and only if oy = ... = . =
pe:# Qpy1.-

Let d;(X) denote the greatest common divisor of all ¢ x ¢ minors of X,
normalized to a power of p. In particular, do(X) = 1 and d;(X) = 0 for all
i>n.

(<) Suppose that Xy =--- = X._1 = 0 and rank(X,) = r over F,. Then,

X = p*X’ where
k—e—1

X'=>"p'X;
i=0
has rank 7, so d;(X’) =1 for all 0 <4 < r while d,4+1(X’) # 1. Since

di(X) = di(p°X") = p“d;i(X'),

we have
di(X) e di(X')
Q; = =p N
di—1(X) di—1(X")
SO ) =+ = = P° F# Q1.
(=) Suppose that a; = -+ = @ = p® # a,-41. Then, di(X) = p°, so every
entry of X is a multiple of p¢. Hence, Xo = ... = X._1 =0, 80 X = p*X’ where
k—e—1

X'=>"p'X;
=0



Reasoning analogously to the previous case, we see that d,.(X) = p® and thus
d.(X") = 1, whereas d,,1(X) # p°"*Y) and thus d,1(X’) # 1. It follows that
rank(X') = r, so rank(X.) = r over F,,. O

The following lemma relates the cokernel of a matrix in M,,(Z/p*Z) to the
cokernel of its lift in M,,(Z,) under the identification Z,/p*Z, ~ Z/p*Z.

Lemma 2.15. Suppose that X € M,,(Z,) is a lift of X € M,,(Z/p*Z). Then
cok(X) ~ cok(X)/p* cok(X).

Proof. We have cok(X) = Z/im(X) and cok(X) = (Z/p*Z)"/im(X). Con-
sider the epimorphism f: cok(X) — cok(X) defined by f([v]) = [v mod p*] for
all v € Zy. Since f factors through the projection cok(X) — cok(X)/p* cok(X),
we obtain the epimorphism

f: cok(X)/pF cok(X) — cok(X)

defined by f([v]) = [v mod p¥] for all v € Zy.

It remains to show that f is a monomorphism. Suppose that u,v € Z; and
f(u) = f(v). Then, (u—v) mod p* € im(X), so (u — v) mod p* = X for some
w € (Z/p*Z)". Fixing a lift w € Z] of w, we have

u—v=Xw (modp"),

so [u] = [v] in cok(X)/p" cok(X).
Therefore, f is an isomorphism. O

We can extend Lemma 2.14 to matrices in M,,(Z/p*Z) using Lemma 2.15.

Corollary 2.16. Suppose that the matriz X € M,,(Z/p*Z) can be expressed as

k-1
X=X
i=0
for some positive integer k, where each X; takes entries in {0,1,...,p—1}. For
any nonnegative integer e < k and positive integer r < n, the smallest invariant
factor of X is p® with multiplicity r if and only if Xg = -+ = Xeeq1 =0

and rank(X.) = r over Fp.

2.4 Symmetric and alternating matrices

Recall that we use M,,(R) to denote the ring of n x n matrices over a ring R.
We use GL,,(R) to denote the ring of n x n invertible matrices over a ring R.

Definition 2.17 (symmetric matrix). An nXxn matrix A over a ring is symmet-
ric if AT = A. We use Sym,,(R) to denote the set of symmetric n x n matrices
over the ring R.

10



Definition 2.18 (alternating matrix). An n x n matrix A over a ring is alter-
nating if AT = —A and all diagonal entries of A are zero. We use Alt,, (R) to
denote the set of alternating n x n matrices over the ring R.

Remark 2.19. We make a distinction between alternating matrices and skew-
symmetric matrices, the latter of which are defined without the condition that
all diagonal entries are zero. This condition is significant for rings R in which
a = —a for some nonzero a € R.

2.5 Congruence

Definition 2.20 (congruence). Suppose that A and B are n x n matrices over
a commutative ring R. The matrices A and B are congruent if B = QAQT for
some matrix @ € GL,(R).

Remark 2.21. Matrix congruence is an equivalence relation on M,,(R). Given
Q € GL,(R), the map X — QXQ" is an automorphism of M,,(R) that maps
symmetric matrices to symmetric matrices and maps alternating matrices to
alternating matrices.

The following corollary of Lemma 7 and Theorem 4 in [1, p. 391] shows that
every symmetric or alternating matrix over a field is congruent to a relatively
simple matrix.

Lemma 2.22 ([1, p. 391)). Any symmetric matriz over a field F is congruent

to some matriz of the form
diag(0, A)

where 0 is a zero matrix and A is an invertible symmetric matriz over F.
Any alternating matriz over a field F is congruent to some matriz of the

form
diag(0, A)

where 0 is a zero matrix and A is an invertible alternating matriz over F.

2.6 Partitions
Definition 2.23 (partition). A partition
A= (Aly"'a)\T‘)

is a finite sequence of positive integers \; > --- > \.. We define

T

IA| = Z/\ and  n(\) =) (i— 1\

i=1

11



Definition 2.24 (type of a finitely generated torsion module over Z,). Sup-
pose that G is a finitely generated torsion module over Z, with the product
decomposition

G =@/ "
i=1
as specified in Corollary 2.8. The type of G is the partition

(€1, ey €1yeneyCsynnnyCs).
—— ——

71 copies of e rs copies of eg

2.7 Useful enumerations

In this section, we review some enumerations used in the proof of Theorem 1.7.
We start with a well-known formula for the number of n x n matrices over a
finite field with a given rank.

Lemma 2.25 ([12, p. 6]). Let F, be a finite field and r be an integer such
that 0 <r <n. Then

r—1 ;
(@"=d)? _ con-n  On(0)?
#{X e M,,(F,) : rank(X) =r} = — =g .
{ (Ea) <0 J g q—-q ér(q)bn—r(9)?
In particular, setting r = n gives
n—1
IGL,(F) = [[(¢" = ¢') = ¢" énla)-
i=0

The following formula is the analogue of Lemma 2.25 for symmetric matrices.

Lemma 2.26 ([11, pp. 154-155]). Let F, be a finite field and r be an integer
such that 0 <r <n. Then
[r/2] 2; r—1

#{X € Sym,, (F,) : rank(X) =r} = H q2?_ : H(qn—¢ —1)

i=1 =0

_ etz 9@
Pn—r(Q)¥r(q)

The following formula is the analogue of Lemma 2.25 for alternating ma-
trices. MacWilliams and Sloane proved this formula for the case ¢ = 2 in [10,
pp. 436-437], but we show that their proof is applicable to any prime power q.

Lemma 2.27. Let F, be a finite field and r be an integer such that 0 < r < n.
If r is even, then

T/2 9o r—1

#X € Alty(B,) s rank(X) = ) = [ = [T = 1)

i=1 =0

— qr(2n—r—1)/2 d)ni(q)
Pn—r(0)¥r(q)

12



If r is odd, then
#{X € Alt,,(F,) : rank(X) =r} = 0.

Proof. Let

N(n,r) = #{X € Alt,,(F,) : rank(X) = r}.
Note that N(n,r) = 0 if r > n. We seek a recursive formula for N(n,r). Fix
some A € Alt,(F,) such that rank(A) = r. There are ¢™ alternating matrices

of the form N
—v
e[

where v € Fy is a column vector. Since [im(A)| = ¢", there are ¢" choices of v
that are in the column space of A, in which case rank(B) = r. Otherwise, v is
not in the column space of A, so [A f’u] has rank r 4+ 1. Moreover, [UT O]
is not in the row space of [A —v], so rank(B) = r + 2. Therefore,

N(n+1,r)=q¢" N(n,r)+ (¢" — ¢ ?*)N(n,r - 2)
when r > 2.
It remains to show that

T/2 9i_ o9 r—1 _
N(n,r) = H 21 (q —1) if riseven,

=1 =0

0 if r is odd.

We use induction on n. For the base case n = r = 0, we have N(0,0) = 1. For
the inductive step, suppose that the result holds for N(n,r) for all 0 < r < n.
We have N(n+1,0) =1 and N(n+1,1) =0. For 2 <r < n+ 1, our recursion
formula shows that N(n + 1,r) =0 if r is odd and

T/2 9i_ o r—1

N+ 1) =q [[ +— [[@ " -1
=1

21 __
q 1 =0

(r=2)/2 9;_5 -3
q2 2

+(" =) ][ 5 . [[@" -1

i=1 =0

_ r n__ r—2 qr -1 1
- <q + (q 4q ) qr—2 (qn—r+2 _ 1)(qn—r+1 _ 1))

r/2 g9 -1

q2i

q n—1i
’ H 2 _ (q -1)
palell' Sl Resdr
-1 /2 22 r—1
p——— T (¢
o 1oge% -1

T/2  9i 9 =1
q

- H 2i _ H(qnﬂ_i -1

i=1 q =0

if 7 is even. This concludes the induction. O
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The following formula calculates |Aut(G)| in terms of the product decompo-
sition of a finitely generated module G over Z/p*Z.

Lemma 2.28 ([7, p. 236]). Suppose that G is a finitely generated module over
7./p* 7 with the product decomposition

G =P/ z)
i=1

as specified in Corollary 2.8. Then

GL., (Fq” ﬁ f[ qmin(e?‘»@j)“ﬁj

i=1j=1

=T @II I g o,
=1

i=1j=1

Aut(G)| = [«
i=1

3 Proof of main results

3.1 Symmetric case: Theorem 1.7

A major step toward proving Theorem 1.7 is to consider the special case where
n =r = dimg, (G/pG). Let X € M,(Z/p*Z) and let X € M, (Z/pZ) satisfy
X = X (mod p). Suppose cok(X) ~ G. Since dimg,(G/pG) = n — rank(X),
we see that n = dimg, (G/pG) if and only if X is the zero matrix.

Lemma 3.1. Suppose that G is a finitely generated module over Z/p*7 with
the product decomposition

G ~@Pz/pz)
i=1

as specified in Corollary 2.8. Then,

#{X € Sym,(Z/p"Z) : cok(X) ~ G}
_ PPt b (p)Yu(p) f[ v ¢, (p)
VCTAw@] oup) L)

r = dimg, (G/pG) = Zri
i=1

where

and
T1 Zf €1 = k,

w = dinng, (5*16) = {o o<k

14



Proof. We use induction on s. We consider two base cases.
The first base case is when G is trivial, so r = s = v = 0 and |G| =
|[Aut(G)| = 1. We have

#{X € Symr(Z/ka) : cok(X) ~ G}

pkr(r+1) H \/W .

|G| Aut(G ) Y, (p

in this case.
The second base case is when G ~ (Z/p*Z)", so s =1, e; = k, and u = 7.
For any X € Sym,.(Z/p*Z), we have cok(X) ~ G if and only if X =0, so

#{X € Sym,.(Z/p"Z) : cok(X) ~ G} = 1.
On the other hand,
Pt g (p)hu(p) . ¢, (P)
GIAWG] oulp) 70, ()

_ Y b)) Vor() _

p’"'H’"Q o (p) Or (p) Py (p)

by Lemma 2.28, concluding the proof for this case.
Now, we provide a proof of the inductive step. Suppose that the result holds
for G ~@;_,(Z/p“Z)" and consider the finitely generated module

s+1
G =G o @/prn)y e = P/

i=1

over Z/p*7Z, where e; and r; are positive integers such that k > ey > -+ > e 1.
Let v = dimg, (G/pG) = >;_,r; and v/ = dimg, (G'/pG’) = r + reyq. Our
choice of base cases allow us to assume that es11 < k, so we may write u =
dimg, (p"~'G) = dimg, (p"~'G’). We would like to show that

#{X’Gsymr/(Z/p’“Z) Cok( )~ G

pkr’(r’-‘rl) ‘ﬁ /¢r1

IG’HAut(G’) Uri(p

To this end, consider an arbitrary matrix X’ € Sym,.(Z/p*Z) satisfying
cok(X') =~ G’. Tt follows from Corollary 2.16 that X' = p®+1 Xy + p+171 X,
for some symmetric X, taking entries in {0,1,...,p — 1} and symmetric X;
taking entries in {0,1,...,pF=¢+1=1 — 1} such that rank(Xo) = rs41 over F,,.
There are

P2 vtz O (@) PP T 1)/2 o (p)

P 6 (). 2 (D) (D) trors (p)

15



choices for Xy by Lemma 2.26.
Fix some choice of Xy. It follows from Lemma 2.22 that there is some
Q € GL,/(F,) such that
QXoQ" = diag(0,%)
where ¥ € Sym, . (Fp) is invertible. Pick an arbitrary lift @ € GL (Z/p*7)
of Q. The map X’ — QX’'Q' is an automorphism on Sym,.,(Z/p*Z), and
cok(X') =~ cok(QX'QT). Hence, we may assume Xy = diag(0, %) without loss

of generality.

Write )

Xl = |:BT g:|

where A, B, and C are r X r, 7 X rs41, and Tsy1 X rsy1 matrices respec-
tively, all taking entries in {0,1,...,pF ¢+1=1 — 1}, Note that A and C are
symmetric. Leaving A unchosen, there are p(=€s+1=177s+1 choices for B and
plb—est1=Drsp1(rst1+1)/2 chojces for C.

Fix some choice of B and some choice of C'. It is straightforward to verify
that

PX'PT = [pe-*““(A—pB(E+pC)‘lBT) 0
0 pet (X +pC)

where

- -1
=[G PG care@mta

Ts4+1

and I,, denotes the m x m identity matrix. Corollary 2.16 shows that the
Ts+1 X I's4+1 matrix p®»+1 (X 4 pC) has an invariant factor p®+! with multiplicity
T's41, SO

cok(p®t (X + pC)) =~ (Z/p*TZ)"*.
Since
cok(X") ~ cok(PX'PT)
~ cok(p®+* (A — pB(S 4+ pC) ' BT)) & cok(p®+* (L + pC))
~ cok(p™* 1 (A~ pB(S +p0) ' BT)) & (Z/p By,

it remains to count the number of choices for A such that
cok(p® A - pB(X 4+ pC)~'B")) ~G.
The inductive hypothesis shows that

#{X € Sym,.(Z/p*Z) : cok(X) ~ G}

_ \/W 6, (D)0 (p) H NEN)
|G||AU‘t(G)‘ ¢u(p) i1 %i(p) .
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Corollary 2.16 shows that any such X satisfies X = 0 (mod p°). Since e; >
es+1 + 1, there is a unique A such that

X =p*+ (A -pB(S+pC)~'B).

The choice of A concludes the determination of X'.
Multiplying the quantities involved in this process, we have

#{X' € Sym,(Z/p*Z) : cok(X') =~ G}

rep1(2r+rsyr1+1)/2 ¢T'( ) (k—est1—1)rs41(2r+rsy1+1)/2

¢T5+1 (p)¢r( )
phr(r+1) H \/@7

IGHAut(G) br: (p

\/ k’l‘(’l”Jrl)Jr(k) 85+1)T5+1(2T+7‘5+1+1) ¢’I’ Sﬁl /¢7"l

br. (P)|Gl[Aut(G))| r.(p

\/pkr/(r/+1) es+17s+1(2r+7rs+1+1) ¢ ﬁ \/W

=D

br.r (P)|G[AUt(G)| Vr, (P
Note that ,
”ame
. AWEN e
e — e, )

by Lemma 2.28. Therefore,
#{X' € Sym,.(Z/p*7Z) : cok(X') ~ G}

www>W@m@ﬁ¢%@

G'NAut(G)] dulp) =} Urlp)

This concludes the induction. O
Now, we are ready to prove Theorem 1.7 in the general case.

Proof of Theorem 1.7. As in the proof of Lemma 3.1, we may assume X =
diag(0, X) without loss of generality.

Write
y_|PA pB
pBT X4 pC

where A, B, and C are r xr, rx (n—r), and (n—r) X (n—r) matrices respectively,
all taking entries in {0,1,...,p*~!—1}. Note that A and C are symmetric. Leav-
ing A unchosen, there are p*~D7("=7) choices for B and p*k—D(n—r)(n—r+1)/2
choices for C.

17



Fix some choice of B and some choice of C. It is straightforward to verify
that

+ [A=pB(E+pC)"'BT 0
pxp _[ 0 S+ pC

where
P [IT —pB(Z —|—pC’)_1

k
i i } € GL,(Z/p*Z)

and I,,, denotes the m x m identity matrix. Since ¥ + pC' is invertible, we have

cok(X) ~ cok(PXPT)
~ cok(A — pB(Z +pC) 'BT) @ cok(Z + pC)
~ cok(A — pB(X +pC)~'BT),
so it remains to count the number of choices for A such that cok(A — pB(X +

pO)~iBT) ~G.
Lemma 3.1 shows that

#{A" € Sym, (Z/p*7Z) : cok(A) ~ G}

PPt o (p)Yu(p) Y7 VO (D)
GI[AW(G)]  dulp)  +5 ¢r(p)

For any such A’, there is a unique A such that
A'=A—-pB(X+pC) 'BT.

The choice of A concludes the determination of X.
Multiplying the quantities involved in this process, we have

X € Sym,,(Z/p*Z)
# cok(X) ~G
and X = X (mod p)

= p(k—l)("—T)(n+r+1)/2 phrir+D) dju f[ Vv ér. (p)
i=1 i

IGHAut(G)I (p)

_ \/pkr(r+1)+(k1)(nr)(n+r+1) br (D) thu(p ﬁ \/W

ClTAW(G)] (D) 7. ()
B p(kfl)n(nJrl) r(r+1) ¢r S /(bm (p
‘\/ GlTAW@)] ) H (D) -

3.2 Alternating case: Theorem 1.10

Similar to the symmetric case, a major step toward proving Theorem 1.10 is to
consider the special case where n = r = dimg, (G /pG).

18



Lemma 3.2. Suppose that G is a finitely generated module over Z/p*7 with
the product decomposition

G =P/ )
i=1

as specified in Corollary 2.8, where every r; is even. Then,

#{X € Alt,(Z/p"Z) : cok(X) ~ G}
_ [P CDIG] br(p)u(p) H Vor.(p)
[Aut(G)] dulp) % ¥r(p)

r = dimg, (G/pG) = Zri
i=1

where

and
T1 Zf €1 = k‘,

= di F=1g) =
u = dimg, (P C) {0 if e1 < k.

Proof. We use induction on s. We consider two base cases.
The first base case is when G is trivial, so r = s = v = 0 and |G| =
|[Aut(G)| = 1. We have

#{X € Alt,(Z/p"Z) : cok(X) ~ G}
_[pPrUVIG] ér(p)Yu(p) H Vor.(p) _
[Aut(G)|  dulp) % ¥r(p)
in this case.

The second base case is when G ~ (Z/p*Z)", so s =1, e; = k, and u = 7.
For any X € Alt,.(Z/p*Z), we have cok(X) ~ G if and only if X =0, so

#{X € Alt,(Z/p"Z) : cok(X) ~ G} = 1.
On the other hand,

[pFr =G| ¢ (p)tu(p) H vV ¢r: (p)
|Aut(G)| bu(p) i Yr, (p)
_ PR 6 (p)ihe(p) Ve () _
pkr2¢T(p) (br(p) Ql)r(p)

by Lemma 2.28, concluding the proof for this case.
Now, we provide a proof of the inductive step. Suppose that the result holds
for G ~ @;_,(Z/p“Z)" and consider the finitely generated module

s+1
G =G (Z/pnD) = D@/ D)

i=1
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over Z/ka, where e; and r; are positive integers such that k > e; > --- > eg41.
Let v = dimg, (G/pG) = >°;_, 7 and v/ = dimg, (G'/pG’) = r + rey1. Our
choice of base cases allow us to assume that es11 < k, so we may write u =
dimg, (p*~'G) = dimg, (p"'G’). We would like to show that

#{X' € Alt,(Z/p"7Z) : cok(X’) ~ G’}

- B e ﬁ W
|Aut(G)]| Yr,(p
To this end, consider an arbitrary matrix X’ € Alt,.(Z/p*Z) satisfying
cok(X’) ~ G’. Tt follows from Corollary 2.16 that X’ = p®+1 X + p®+1T1 X,
for some alternating X, taking entries in {0,1,...,p — 1} and alternating X,

taking entries in {0,1,...,pF=¢+1=1 — 1} such that rank(Xo) = rs41 over F,.
There are

pTS+1(2T,7Ts+171)/2 ¢r (p) _ p7’5+1(2r+rs+171)/2 ¢ (p)
¢ (p)tr.1 (P) ér(p)tr ., (P)

choices for Xy by Lemma 2.27.
Fix some choice of X,. It follows from Lemma 2.22 that there is some
Q € GL, (Fp) such that
QXoQ" = diag(0,%)

where ¥ € Alt,_,, (F,) is invertible. Pick an arbitrary lift @ € GL,(Z/p*Z) of
Q. Themap X’ — QX’'QT" is an automorphism on Alt,. (Z/p*Z), and cok(X") ~
cok(QX'QT). Hence, we may assume X, = diag(0, X)) without loss of generality.
Write
A -B
a-lgr ¢

where A, B, and C are r X r, v X rgy1, and 7541 X rgp1 matrices respec-
tively, all taking entries in {0,1,...,pF¥ ®+1=1 —1}. Note that A and C are
alternating. Leaving A unchosen, there are p(F=¢s+1=Drs+1 choices for B and
pli—est1=Dre1(re11-1)/2 chojces for C.

Fix some choice of B and some choice of C. It is straightforward to verify
that -

px/pT — {p€3+1+1(A+pB(Z+pC)‘1B ) 0
0 pes+1 (E + pC)

where

p_ |l PBE+pC)!
= o I

Ts+1

€ GL.(Z/p*7)

and I,, denotes the m x m identity matrix. Corollary 2.16 shows that the
Ts+1 X I's4+1 matrix p®+1 (X 4 pC) has an invariant factor p®+! with multiplicity
Ts41, SO

cok(p®+t (X 4 pC)) ~ (Z/p“+Z)"+.
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Since
cok(X") ~ cok(PX'PT)
~ cok(p® (A + pB(X 4+ pC)~'BT)) @ cok(p®+ (X + pC))
=~ cok(p™ A+ pB(X +pC)~'BT)) @ (Z/p*+1Z) "+,
it remains to count the number of choices for A such that
cok(p®+ YA+ pB(X +pC)"'BT)) ~ G.
The inductive hypothesis shows that
#{X € Alt,«(Z/ka) : cok(X) ~ G}

k:r r 1 |G‘ ¢r H /QS“
|Aut Gl u(P) er, (p
Corollary 2.16 shows that any such X satisfies X = 0 (mod pe). Since e5 >
es+1 + 1, there is a unique A such that
X =p*+ A+ pB(L +pC)~'B).

The choice of A concludes the determination of X’.
Multiplying the quantities involved in this process, we have

#{X' € Alt,/(Z/p*Z) : cok(X') ~ G}

rst1(2r+rsp1—1)/2 d)T' (p) (k—est1—1)rsp1(2r+rsp1—1)/2

-F um <p>¢r< )

prIG] ¢r H \/¢n
|Aut(G))| p (7

\/ k}’I‘(T 1)+(k) €b+1)TS+1(2T+T:,+1 1)|G| ¢T ﬁ /Q‘)rl

Dr i (P)[Aut(G)| U, (p
\/pkw(wn eat1res1 (2rrai—1) |G ¢T sﬁl /(bn

Groia (P)[Aut(G)] Ur,(p

Note that @
= pCetiTstt
G|
. Au(@)
ut
il Sl es+17s+1(2r+7s41)
|Aut( )| p ¢Ts+l(p)

by Lemma 2.28. Therefore,
#{X' € Alt,.(Z/p"7Z) : cok(X’) ~ G’}

_[pFrer- 1>|G'|¢ ﬁ\/mf
—VAw(@)) b (p)

This concludes the induction. O
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Now, we are ready to prove Theorem 1.10 in the general case.

Proof of Theorem 1.10. As in the proof of Lemma 3.2, we may assume X =
diag(0, ) without loss of generality.

Write
y_|prA -—pB
pBT ¥ +pC

where A, B, and C are r X r, » X (n — r), and (n — r) X (n — r) matrices
respectively, all taking entries in {0,1,...,p*"! — 1}. Note that A and C
are alternating. Leaving A unchosen, there are p*~D7("=") choices for B and
plk=D(n=r)(n=r=1)/2 chojces for C.

Fix some choice of B and some choice of C. It is straightforward to verify
that

PXPT = [A+pB(Z+pC)_1BT 0 }

0 Y+ pC

where

-1
. [Io pB(ZI‘L rC) } € GL,(Z/p"Z)
and I,, denotes the m x m identity matrix. Since ¥ + pC' is invertible, we have
cok(X) ~ cok(PXP")
~ cok(A + pB(Z +pC)'BT) @ cok(X + pC)
~ cok(A+ pB(X +pC)~'BT),

so it remains to count the number of choices for A such that cok(A 4+ pB(X +
pO)~'BT) ~G.
Lemma, 3.2 shows that

#{A € Altr(Z/p"'Z) : cok(A) ~ G}

kr(r 1)|G‘ ¢T H \/W
|Aut(G)| u(P) Yr, (p

For any such A’ there is a unique A such that

A'=A-pB(X+pC) 'BT.

The choice of A concludes the determination of X.
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Multiplying the quantities involved in this process, we have

X € Alt,,(Z/p*7Z) :
# { cok(X) ~ G }
and X =X (mod p)

_ kD=2, [PTOVIG] 6 H \/W
|[Aut(G)| ¢u oo

_ \/pkr<rl>+(“><nr><n+”>a 6 (P)0u(P) T VS (D)

|Aut(G)] $ulp) 11 ¥ri(p)
B p(k Dn(n—1)+r(r— 1)|G| (b'r‘ /¢r7
‘\/ Aut(G)] H (o -

4 Consequences of main results

4.1 Theorem 1.7 implies Theorem 1.5

In order to count the total number of matrices X € Sym,,(Z/p*Z) such that
cok(X) ~ G, we multiply the result of Theorem 1.7 by the number of residues
X € Sym,,(Z/pZ) satistying cok(X) ~ G /pG.

Lemma 4.1. Suppose that G is a finitely generated module over Z/p*7Z with
the product decomposition

G~ P@/p )"
i=1
as specified in Corollary 2.8. Then
#{X € Symn(Z/ka) cok(X) =~ }

pkn(nJrl) u(

)
it P [[

where

r = dimg, (G/pG) = Zrz

and
T1 Zf €1 = k‘,

= di F=1g) =
u = dimg, (pC) {0 if e1 < k.

Proof. For any residue X € Sym, (Z/pZ), the condition cok(X) ~ G/pG is
equivalent to rank(X) = n — r. Hence,

. k() _ =)tz a(p)
#{X € Sym,(Z/pZ) : cok(X) ~ G/pG} =p (D) ()
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by Lemma 2.26. Multiplying this count by the result of Theorem 1.7, we see
that

#{X € Sym,,(Z/p*7Z) : cok(X) ~ G}

_p(n—r)(n+r+1)/2\/p(k Dnntb)+r(r+1) (bn Yu(p) H \/¢n(p

|G[|Aut(G)] wn r(p) 25 Ur(p)
pkn(n+1) ) ¢7’1
_ Y 0
|G[|Aut(G )|¢u % »(p) H U (p

Now we apply Lemma 4.1 to prove Theorem 1.5. We emphasize that this
argument is different from the one appearing in [5].

Proof of Theorem 1.5. Pick any k > e1, so p"G = 0. For a random matrix X
selected from Sym,,(Z,) with respect to additive Haar measure, its residue X’
modulo p* is uniformly distributed in Sym,,(Z/p*Z), and cok(X) ~ G if and
only if cok(X’) ~ G. Therefore, we see that

#{X' € Sym, (Z/p*Z) : cok(X') ~ G}

P™(N) =
W Sym, (Z/9')
= pkn(nt1)/2 phn(nt) () H ¢, (p)
|Gl|Aut(G)] ¢u r() 15 Uri(p)
_ 1 n(p) H Vor, (p)
[GI[Aut(G)] Yn—r(p) 1 r (D)
by Lemma 4.1 (note that u = 0). Since
G| =[] pom =p™
i=1
and
(Aut(@)] = [[ o () [ [T
i=1 i=1j=1
— H ¢T1‘ (p) H Hpmin()\i,kj)
i=1 i=1j=1
~ [T e [T
i=1 i=1
_ p2n()\)+|)\\ H¢r7 (p)
i=1
by Lemma 2.28, we have
pm(N) = p M= 9n(p) 11 ! 0

VYn—r(p) i1 U (p)
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4.2 Theorem 1.10 implies Theorem 1.8

In order to count the total number of matrices X € Alt, (Z/p*Z) such that
cok(X) =~ G, we multiply the result of Theorem 1.10 by the number of residues
X € Alt (Z/pZ) satisfying cok(X) ~ G /pG.

Lemma 4.2. Suppose that G is a finitely generated module over Z/p*Z with
the product decomposition

G~/
i=1

as specified in Corollary 2.8, where every r; is even. Then

#{X € Alt,,(Z/p"Z) : cok(X) G}
_ [ 1>|G\ ¢n <> HW'
|Aut(G)| ¢ —(p) Ur, (P

S

r =dimp (G/pG) = Zri

=1

where

and

1 Zf €1 = k;

=di gy =
u = dimg, (p7G) {0 if e1 < k.

Proof. For any residue X € Alt,(Z/pZ), the condition cok(X) ~ G/pG is
equivalent to rank(X) = n — r. Hence,

X co. (n—r)(n+r— 1)/2%
A ol = Gl = ’ ¢r(P)¥n—r(p)

by Lemma 2.27. Multiplying this count by the result of Theorem 1.10, we see
that

#{X € Alt,,(Z/p"Z) : cok(X) ~ G}
_ p(n—r)(n+r—1)/2\/ G it /o

|Aut(G)] u(P)¥n—r(p) ;-7 ¥ri(P)

B kn(n 1)‘G| ¢n u /Qbrl
ARG sl w K H Gr(p -

Now we apply Lemma 4.2 to prove Theorem 1.8. This provides a different
proof of Theorem 3.9 in [2, p. 287].
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Proof of Theorem 1.8. Pick any k > e1, so p*G = 0. For a random matrix X
selected from Alt,,(Z,) with respect to additive Haar measure, its residue X’
modulo p* is uniformly distributed in Alt,,(Z/p*Z), and cok(X) ~ G if and only
if cok(X") ~ G. Therefore, we see that

 #H{X € Alt,,(Z/p"Z) : cok(X') ~ G}
B |Alty, (Z/p*Z)]

— p—kn(n-1)/2 pkn(n—1)|G| ¢7L(p) u(p) - ¢ri(p)
P [Aut(G)] %(pwnq(p)g U, ()

_ 1G] éulp) T Vor(p)

~\ AU (G)] $nr (p) [[ U, ()

by Lemma 4.1 (note that v = 0). As shown in the proof of Theorem 1.5, we
have

PN

G| = pl
and .
[Aut(@)| = p*" N TT ¢, (),
i=1
SO s
PAlt A) = —n(A) d)n(p) 1 ) ]
Ho =t o U
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