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What is an Algebra?

Definition
An Algebra is a set A together with three operations:
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If @ € A and k is a scalar, then ka € A.
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If @ € A and k is a scalar, then ka € A.

Here, a scalar means an element of a field F'. F' could be:
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If @ € A and k is a scalar, then ka € A.

Here, a scalar means an element of a field F'. F' could be:

o Q: The rational numbers
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If @ € A and k is a scalar, then ka € A.

Here, a scalar means an element of a field F'. F' could be:

o Q: The rational numbers

o R: The real numbers
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Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

Here, a scalar means an element of a field F'. F' could be:
o Q: The rational numbers

o R: The real numbers
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

Here, a scalar means an element of a field F'. F' could be:
o Q: The rational numbers
o R: The real numbers

o C: The complex numbers

o Z/pZ: The integers modulo a prime.
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
@ Addition/Subtraction: If a,b € A, thena+b € A and a —b € A.
Q Multiplication: If a,b € A, then a-b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

Here, a scalar means an element of a field F'. F' could be:
o Q: The rational numbers
o R: The real numbers
o C: The complex numbers

o Z/pZ: The integers modulo a prime.

If F is the field of scalars for an algebra A, then we say that A is an
algebra over F.
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

For a,b,c € A and k is a scalar, we
must have:
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

For a,b,c € A and k is a scalar, we
must have:

eat+b=b+a
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

For a,b,c € A and k is a scalar, we
must have:

ea+b=b+a
o (a+b)+c=a+(b+c¢)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

For a,b,c € A and k is a scalar, we
must have:

ea+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

o0cAand1e€ A
For a,b,c € A and k is a scalar, we
must have:

ea+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

eo0eAandl1e€ A
For a,b,c € A and k is a scalar, we 0o 0+a=a
must have:

eat+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

eo0eAandl1e€ A
For a,b,c € A and k is a scalar, we 0o 0+a=a

must have:
el-a=a

eat+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

eo0eAandl1e€ A
For a,b,c € A and k is a scalar, we 0o 0+a=a

must have:
el-a=a

e a+(—a)=0

eat+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

eo0eAandl1e€ A
For a,b,c € A and k is a scalar, we 0o 0+a=a

must have:
el-a=a

o a+(—a)=0
o (a+b)-c=a-c+b-c

eat+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

eo0eAandl1e€ A
For a,b,c € A and k is a scalar, we 0o 0+a=a

must have:
el-a=a

o a+(—a)=0
o (a+b)-c=a-c+b-c
oa-(b+c¢)=a-b+a-c

eat+b=b+a
o (a+b)+c=a+(b+c¢)
o (a-b)-c=a-(b-c)
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What is an Algebra?

Definition

An Algebra is a set A together with three operations:
O Addition/Subtraction: If a,b € A, thena+b € A and a—b € A.
© Multiplication: If a,b € A, then a -b € A.
@ Scalar multiplication: If a € A and k is a scalar, then ka € A.

o0cAandlc A

For a,b,c € A and k is a scalar, we 0o 0+a=a
must have: ol -a—a
eat+b=b+a o a+(—a)=0
o (a+b)+c=a+(b+c¢) o (a+b)-c—a-c+b-c
o (a-b)-c=a-(b-c) oa-(b+c)=a-bta-c
o k(a-b) = (ka)-b=a-(kb)
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amples of Algebras

o The complex numbers C is an algebra with field of scalars R.
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (14 2i) + (24 6i) =3+ 9i
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (14 2i) + (24 6i) =3+ 9i
» Multiplication: (1 + 27)-(2+6i) = —10+ 10¢
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (1+2¢) + (2+6:) =3+ 9:
» Multiplication: (14 2i)- (2 + 6i) = —10 + 10i
» Scalar Multiplication: 7(1 4 2i) =7+ 144
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (1+2¢) + (2+6:) =3+ 9:
» Multiplication: (14 2i)- (2 + 6i) = —10 + 10i
» Scalar Multiplication: 7(1 4 2i) =7+ 144

o Polynomials over a field form an algebra. For example:

Q[z] = {ao + a12 + agaz® + - -- + anz™ | ap, . .., a, € Q}

is an algebra with field of scalars Q.
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (1+2¢) + (2+6:) =3+ 9:
» Multiplication: (14 2i)- (2 + 6i) = —10 + 10i
» Scalar Multiplication: 7(1 4 2i) =7+ 144

o Polynomials over a field form an algebra. For example:

Q[z] = {ao + a12 + agaz® + - -- + anz™ | ap, . .., a, € Q}

is an algebra with field of scalars Q.
» Addition: (322 4+ 1) + (22 +5) = 322 + 22 + 6
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (1+2¢) + (2+6:) =3+ 9:
» Multiplication: (14 2i)- (2 + 6i) = —10 + 10i
» Scalar Multiplication: 7(1 4 2i) =7+ 144

o Polynomials over a field form an algebra. For example:

Qlz] = {ag + a1z + agx® + - - + an2™ | ag, . . ., an, € Q}

is an algebra with field of scalars Q.
» Addition: (322 4+ 1) + (22 +5) = 322 + 22 + 6
» Multiplication: (322 +1) - (22 +5) = 62® + 1522 + 22 + 5
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Examples of Algebras

o The complex numbers C is an algebra with field of scalars R.
» Addition: (1+2¢) + (2+6:) =3+ 9:
» Multiplication: (14 2i)- (2 + 6i) = —10 + 10i
» Scalar Multiplication: 7(1 4 2i) =7+ 144

o Polynomials over a field form an algebra. For example:

Qlz] = {ag + a1z + agx® + - - + an2™ | ag, . . ., an, € Q}

is an algebra with field of scalars Q.
» Addition: (322 + 1)+ (224 5) =32+ 2z +6
» Multiplication: (322 +1) - (22 +5) = 62® + 1522 + 22 + 5
> Scalar multiplication: 1(2z +5) = 2z + 2
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Commutative Algebras
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Commutative Algebras

o All three algebras from the previous slide had the property that
multiplication was commutative. This means that the equation:

a-b=b-aforalla,bec A

is true when A = C or A = Q[z] (or any other polynomial algebra).
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Commutative Algebras

o All three algebras from the previous slide had the property that
multiplication was commutative. This means that the equation:

a-b=b-aforalla,bec A

is true when A = C or A = Q[z] (or any other polynomial algebra).

Definition

An algebra A is called a Commutative Algebra if:

a-b=b-a

for all a,b € A.
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Noncommutative Algebras

Not all algebras are commutative!
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Noncommutative Algebras

Not all algebras are commutative!
o Consider:

M 2(R) = {(‘c‘ g) la,b,c,d € R}

We have our familiar operations:
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Noncommutative Algebras

Not all algebras are commutative!
o Consider:

M 2(R) = {(‘c‘ g) la,b,c,d € R}

We have our familiar operations:

.. 1 7 3 1 4 8
» Addition: (_1 2) + <8 5) = (7 7)

AARON KAUFER (MENTOR: LUCAS MASON- May 20 2017 6 /15



Noncommutative Algebras

Not all algebras are commutative!
o Consider:

M 2(R) = {(‘c‘ g) la,b,c,d € R}

We have our familiar operations:
. 1 7 31 4 8
» Addition: (_1 2) + <8 5) = (7 7)
e 1 7 3 1 59 36
» Multiplication: <_1 2) . (8 5) = <13 9)
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Noncommutative Algebras

Not all algebras are commutative!
o Consider:

M 2(R) = {(‘c‘ g) la,b,c,d € R}

We have our familiar operations:
. 1 7 31 4 8
» Addition: (_1 2) + <8 5) = (7 7)
e 1 7 3 1 59 36
» Multiplication: <_1 2) . (8 5) = <13 9)

R LT 6 42
» Scalar Multiplication: 6 <_1 2) - <—6 12)
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Noncommutative Algebras

Not all algebras are commutative!
o Consider:

M 2(R) = {(‘c‘ g) la,b, ¢, d € R}

We have our familiar operations:

.. 1 7 3 1 4 8
» Addition: (_1 2) + <8 5) = (7 7)

e . 1 7 3 1 59 36
» Multiplication: <_1 2) . (8 5) = <13 9)

R LT 6 42
» Scalar Multiplication: 6 <_1 2) - <—6 12)

o To see that M o(R) is not commutative, set A = (8 (1)) and

B=(} 9)
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Noncommutative Algebras

Not all algebras are commutative!
o Consider:

M 2(R) = {(‘c‘ g) la,b, ¢, d € R}

We have our familiar operations:
. 1 7 31 4 8
» Addition: (_1 2) + <8 5) = (7 7)
e 1 7 3 1 59 36
» Multiplication: <_1 2) . (8 5) = <13 9)

R LT 6 42
» Scalar Multiplication: 6 <_1 2) - <—6 12)

o To see that M o(R) is not commutative, set A = (8 (1)) and
B=(] §)- Then:
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Dimension

Suppose A is an algebra over F.
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Dimension

Suppose A is an algebra over F.

Definition
Suppose ai, ..., a, are all elements of A. A linear combination of
ai,...,ay is a finite sum of the form:
kra1 + keaz + - + knpan
where k1, ..., k, are all scalars.

AARON KAUFER (MENTOR: LUCAS MASON-

May 20 2017 7/ 15



Dimension

Suppose A is an algebra over F.

Definition
Suppose ai, ..., a, are all elements of A. A linear combination of
ai,...,ay is a finite sum of the form:
kra1 + keaz + - + knpan
where ki, ..., k, are all scalars.

For example, set A = M 2(R) and F' = R. Then the matrix (8 (2)) is

. .. . 1 0
a linear combination of the matrices (0 0) and (O 1

(0 2)=5(0 0)+2( 1)
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Dimension

o As a matter of fact, every matrix in Ms2(R) is a linear
combination of the matrices:

6 0) o) (a6 v)
(¢ a)=lo o) o) e o) e )

AARON KAUFER (MENTOR: LUCAS MASON- May 20 2017 8/ 15



Dimension

o As a matter of fact, every matrix in Ms2(R) is a linear
combination of the matrices:

6 0) o) (a6 v)
(¢ a)=lo o) o) e o) e )

o Likewise, every element of the algebra C is a linear combination of
the numbers 1 and i, because:

a+bi=a(l)+b(:)
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Dimension

Suppose A is an algebra over F.

Definition
A set of elements a1, ...,a, € A is said to span A if every element of
A can be written as a linear combination of a1,...,a,.
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Dimension

Suppose A is an algebra over F.

Definition
A set of elements a1, ...,a, € A is said to span A if every element of
A can be written as a linear combination of a1,...,a,.

For example:
o 1 and 7 span C.
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Dimension

Suppose A is an algebra over F.

Definition
A set of elements a1, ...,a, € A is said to span A if every element of
A can be written as a linear combination of a1,...,a,.

For example:
o 1 and 7 span C.

10 01 00 00
° (0 0>,(0 O)’(l O),and (0 1> span M 2(R)
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Dimension

Suppose A is an algebra over F.

Definition
A set of elements a1, ...,a, € A is said to span A if every element of
A can be written as a linear combination of a1,...,a,.

For example:
o 1 and 7 span C.

1 0\ /0 1\ /0 0 00
° (0 0)’(0 0)’(1 0)”’““1 (0 1) span M2 (R)

Definition
The dimension of A is the minimum number of elements in A needed
to span A. The dimension of A is denoted dim(A).
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Dimension

Suppose A is an algebra over F.

Definition
A set of elements a1, ...,a, € A is said to span A if every element of
A can be written as a linear combination of a1,...,a,.

For example:
o 1 and 7 span C.

1 0\ /0 1\ /0 0 00
° (0 0)’(0 0)’(1 0)”’““1 (0 1) span M2 (R)

Definition

The dimension of A is the minimum number of elements in A needed
to span A. The dimension of A is denoted dim(A).

For example:
o dim(C) =2
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Dimension

Suppose A is an algebra over F.

Definition
A set of elements ay,...,a, € A is said to span A if every element of
A can be written as a linear combination of a1,...,a,.

For example:
o 1 and 7 span C.

1 0\ /0 1\ /0 0 00
° (0 0>’(0 0)’(1 0)”’““1 (0 1) span M2 (R)

Definition

The dimension of A is the minimum number of elements in A needed
to span A. The dimension of A is denoted dim(A).

For example:
o dim(C) =2
(*] dim(MQ,Q(R)) =4
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What is a d-Algebra?
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What is a d-Algebra?

Definition

A d-Algebra over a field F' is a regular algebra A together with a
function d, called the “differential” of A, which satisfies the properties:
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What is a d-Algebra?

Definition

A d-Algebra over a field F' is a regular algebra A together with a
function d, called the “differential” of A, which satisfies the properties:

Q d is linear:
d(a+b) =d(a) + d(b) and d(ka) = kd(a)
whenever a,b € A and k € F.
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What is a d-Algebra?

Definition
A d-Algebra over a field F' is a regular algebra A together with a
function d, called the “differential” of A, which satisfies the properties:
Q d is linear:
d(a +b) = d(a) + d(b) and d(ka) = kd(a)
whenever a,b € A and k € F.
Q d is a derivation:

d(a-b) =d(a)-b -d(b
for all a,b € A. (a-0) (@)-b+a-d(b)
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What is a d-Algebra?

Definition
A d-Algebra over a field F' is a regular algebra A together with a
function d, called the “differential” of A, which satisfies the properties:
Q d is linear:
d(a +b) = d(a) + d(b) and d(ka) = kd(a)
whenever a,b € A and k € F.
Q d is a derivation:

d(a-b) =d(a)-b -d(b
for all a,b € A. (a-0) (@)-b+a-d(b)

Q=0
d(d(a))=0forallaec A
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What is a d-Algebra?

Definition
A d-Algebra over a field F' is a regular algebra A together with a
function d, called the “differential” of A, which satisfies the properties:
Q d is linear:
d(a +b) = d(a) + d(b) and d(ka) = kd(a)
whenever a,b € A and k € F.
Q d is a derivation:

d(a-b) =d(a)-b -d(b
for all a,b € A. (a-0) (@)-b+a-d(b)

Q=0
d(d(a))=0forallaec A

Q@ d-commutativity:
a-b=>b-a+d(b)-d(a)
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Examples of d-algebras

o Trivial d-algebra:

» Suppose we are given a commutative algebra A over a field F'.
» Then we can turn A into a d-algebra by setting d(a) = 0 for all A.
» This is boring.

o We are interested in noncommutative d-algebras.

Quick sidenote: we also must assume that F' is algebraically closed and
char(F) = 2.
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» Dimension 1: No
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» Dimension 1: No
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» Dimension 3: No
» Dimension 4: No
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Noncommutative d-Algebras

@ Question: Can we find any noncommutative d-algebras?

o Solution Attempt: Try looking at d-algebras of small dimension.
» Dimension 1: No

Dimension 2: No

Dimension 3: No

Dimension 4: No

Dimension 5: No

Dimension 6: No

Dimension 7:

vV VY VY VY VY
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Noncommutative d-Algebras

@ Question: Can we find any noncommutative d-algebras?

o Solution Attempt: Try looking at d-algebras of small dimension.
» Dimension 1: No

Dimension 2: No

Dimension 3: No

Dimension 4: No

Dimension 5: No

Dimension 6: No

Dimension 7: Yes!

vV VY VY VY VY
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7-dimensional d-Algebras

o We can actually construct a 7-dimensional d-Algebra.
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7-dimensional d-Algebras

o We can actually construct a 7-dimensional d-Algebra.
o Our algebra A has basis (over F) {1,v1,ve, v3, w1, ws, ws}, and we
define:
d(l) = d(’l)l) = d(vg) = d(’l)g) =0

d(w;) =v; and d(wy) =vy and d(ws)=v3

o It has multiplication table:

L o [ v [vs [wi|ws]uws|

U1 0 V3 0 0 w3 0
(%) V3 0 0 ws 0 0
V3 0 0[]0 0 0 0
w1 0 ws 0 0 (OR} 0
wo ws 0 0 0 0 0
ws || 0 000 0 0

o A is noncommutative because wy - we = v3, but ws - wy; = 0.
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7-dimensional d-Algebras

o Question: Are there any other (up to isomorphism) 7-dimensional
(noncommutative) d-algebras?

o For reference, there are infinitely many (up to isomorphism)
commutative algebras of dimension 7 (Poonen, 2008).

o Main Result:

Theorem

Up to isomorphism, there exists only one noncommutative d-algebra of
dimension 7.
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