Signatures of Multiplicity Spaces in Tensor Products of s,

and U,(sl2) Representations, and Applications
Shashwat Kishore

Abstract

We study multiplicity space signatures in tensor products of sly and U, (sl2) representations and their

applications. We completely classify definite multiplicity spaces for generic tensor products of slo Verma
modules. This provides a classification of a family of unitary representations of a basic quantized quiver
variety, one of the first such classifications for any quantized quiver variety. We use multiplicity space
signatures to provide the first real critical point lower bound for generic sl master functions. As a corollary
of this bound, we obtain a simple and asymptotically correct approximation for the number of real critical
points of a generic sl master function. We obtain a formula for multiplicity space signatures in tensor
products of finite dimensional simple U, (sl2) representations. Our formula also gives multiplicity space
signatures in generic tensor products of sl Verma modules and generic tensor products of real U, (sl2)
Verma modules. Our results have relations with knot theory, statistical mechanics, quantum physics, and
geometric representation theory.
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1 Introduction and results

Verma modules form an important class of infinite dimensional representations of classical Lie algebras
and quantum groups. Any simple Verma module with real highest weight (and |¢| = 1 if applicable)
carries a unique invariant nondegenerate Hermitian form known as the Shapovalov form. The signature of
the Shapovalov form is closely related to several topics in representation theory and topology, including
the unitary representation theory of quantized quiver varieties, the critical points of master functions, and
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the behavior of the Jones polynomial of knot sequences on the unit circle. In 2005, Yee used Kazhdan-
Lustzig polynomials to explicitly compute the signatures of the Shapovalov forms of Verma modules [[].
This development has opened the door to studying signatures and applications arising from constructions
based on Verma modules.

For any complex A ¢ Z, the sl; Verma module M)} is the unique simple highest weight representation
of sly of weight \. It has a basis {v; }3°, defined by v; = F'vy, on which E and H actby Ev; = i(A—i+1)v;_4
and Hv; = (A — 2i)v;. When ) is real and not in Z, the Shapovalov form on M, is nondegenerate and
satisfies the adjointness conditions H* = H, E* = F, and F* = E. Given a set of real Verma modules
My,, My,, ..., M), the tensor product @), M,, carries a Hermitian form equal to the product of the forms
on each factor.

A fundamental problem related to tensor products is the decomposition problem: Given a tensor product
of representations, rewrite it as a direct sum. In the case of simple real sly Verma modules satisfying the
condition that the sum of highest weights is not in Z, this type of decomposition exists and is unique.

More precisely, we have @', My, = @, _o M(s »,)—2m @ Er,, where each level m multiplicity space E,,, has

m+n—2

dimension ( A

) and is isomorphic to the space Hom (M5 x,)—2m, ®; M»,). Moreover, the Shapovalov
forms on the Verma modules induce a natural Hermitian form (and therefore a signature) on each multi-
plicity space. The direct sum over m of the product of the forms on Ms~(y,)-2,, and E,, equals the form on
the tensor product @', M,,.

The goal of this paper is to study the multiplicity space signatures and applications arising from Verma
module tensor products, in the context of the Lie algebra sl;. Our main results are Theorems [, I, and
3. In particular, we completely classify the definite multiplicity spaces in any generic tensor product ¥ of

slo Verma modules.

Theorem 1.1. The classification list in Appendix A classifies all definite multiplicity spaces in any tensor product of
generic sly Verma modules.

Remark. The definite multiplicity space classification gives the definite weight subspace classification as a

corollary.

The classification of definite multiplicity spaces given by Theorem [ is especially interesting because
it provides a classification of a family of unitary representations of a basic quantized quiver variety, one of
the first such classifications for any quantized quiver variety. The quantized quiver variety arises from the
universal enveloping algebra reduction and quantum Hamiltonian reduction given by Bezrukavnikov and
Losev [2].

We then use signatures of multiplicity spaces to study a problem in differential topology. There is a
family of sl master functions that arises in the study of Knizhnik-Zamolodchikov equations and spin chain
Gaudin models [B]. Each master function F, y ,, : C™ — C associated to the Gaudin model is indexed by
two sequences of n real parameters, denoted z = (z1,...,2,) and A = (Ay,..., Ay), and a positive integer
m. For an m-tuple (t1,t2,....tn) € C™, the master function F, ) ., is defined as F, x n(t1,%2,....,tm) =
Disc(Q) - [1; 1Q(z:)| ', where Q € Cla] is defined as Q(z) = [[}~, (x — t;) and Disc(Q) = [1,,;(t:i — t;)°
is its discriminant. A critical point of F, ) ,,, is said to be real if the corresponding ()-polynomial has all
real coefficients. The computation of the number of real critical points (denoted N ) of an arbitrary
master function F’, y ,, is an open and difficult problem. Recently, Mukhin and Tarasov [4] have shown that

1We call a set of reals generic if they are not nonnegative integers and their sum is not a nonnegative integer. We call a set of real
Verma modules generic if their highest weights are generic.
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signatures of Hermitian forms can be used along with the Bethe ansatz method to compute lower bounds
for the numbers of real solutions to topological problems. We study real critical points of the master function
using an approach based on Mukhin and Tarasov’s work, a Bethe ansatz setup due to Etingof, Frenkel, and
Kirillov [B], and a Bethe vector characterization due to Feigin, Frenkel, and Rybnikov [B]. Our second main
result, Theorem [, uses multiplicity space signatures to give the first lower bound for the number of real
critical points of a generic ? 5[, master function.

Theorem 1.2. For a generic sly master function F, x ,,, we have | sgn(E,,)| < N x m, where sgn(E,,) denotes the
signature of the space E,, in the decomposition of Q- M.

We use our Theorem L2 lower bound on N » ,, along with an upper bound on N » ,, given by Mukhin

and Varchenko [7] to show that dim(E,,) = (™", ) is a good approximation for N, .., for m large.

Corollary 1.1. For fixed generic A and z sequences, we have lim,,_, (]TL%";) =1.

2

Finally, we extend our work to quantum groups and compute signatures of Hermitian forms in ¢-
deformed multiplicity spaces. For generic ® ¢ on the complex unit circle, the quantum enveloping algebra
U, (sly) is the standard ¢-deformation of the enveloping algebra of sl, [8]. For each nonnegative integer q,
there is a unique (a + 1)-dimensional simple representation of U, (sl;), denoted V,, and this representation
carries a Shapovalov form. Moreover, a tensor product of two simple finite dimensional representations
V,®Visa representation of U, (sl;). The tensor product carries a unique invariant nondegenerate Her-
mitian form induced by the Drinfeld coboundary structure [4]. The form is induced as follows. There is a
standard universal R-matrix, defined for our choice of coproduct as R = ¢ = > >0 q(é) . % ‘F'@ E',
where [i] = 2=%r and [i]! = [1][2]...[i]. The matrix R of the Drinfeld coboundary structure is defined
in terms of the R-matrix by R = R(R2'R)~'/2. The form on the tensor product V, ® Vj is given by

(v1 @ w1, v2 @wa) = Y. (a;v1,ve) - (bjwy, w2), where R = Y. a; ® b; and the pairings (v, v2) and (w1, we) are

computed using the forms on V, and V. This construction can be extended to a construction of a unique
Hermitian form on any tensor product of finite dimensional simple U, (sl;) representations. The form on a
tensor product is contravariant due to the R factor, so the tensor product can be decomposed with multi-
plicity spaces, each carrying its own induced form. Our third main result, Theorem I3, is a formula for the
multiplicity space signatures in an arbitrary tensor product of finite dimensional simple U,(sl;) represen-
tations. A convenient feature of our formula is that it is combinatorial, in that it has only additions, and no
subtractions.

Theorem 1.3. We have the decomposition Q);._, Vo, D,.~o ‘7(Ei as)—2m ® B, where

n—1 i+1 ; . —
= 1 J 3V J N .
sgn(Ep,) = E : ]I sign [( + 21k — Y mk> ( k=1 j Zkzl mk)> (aﬁ.l) }
m; q m; q m; p

mi+mo+-+my_1=m j=1

Remark. Theorem [ lifts to an identical result for a tensor product of U, (sl2) Verma modules of real highest
weights. When ¢ = 1, the formula is still valid (even though 1 is not generic) and gives multiplicity space
signatures for a tensor product of generic sl; Verma modules.

The paper is organized as follows. In Section B, we cover definitions and background information. In

Section B, we prove the classification given by Theorem [ In Section B, we prove the critical point bound

2We call a master function generic if its real parameters are generic.
3We call a number on the complex unit circle generic if it is not a root of unity.
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given by Theorem [ and the approximation given by Corollary [l In Section B, we prove the signature
formula given by Theorem 3.

2 Preliminaries

2.1 Signatures in sl, weight representations

A weight representation of sl is a representation which carries a unique Hermitian form and is isomorphic to
a direct sum of finite dimensional H-weight spaces, with the weights bounded from above. The Hermitian
form on the weight representation must also satisfy the condition that the weight spaces are orthogonal and
H* = H, E* = F,and F* = E. For instance, the Verma modules are weight representations due to their
Shapovalov forms.

To any weight representation of sl,, we can associate a signature character, which is a (possibly infinite)
sum of powers of the formal symbol e with coefficients in the ring Z[s] /(s*> — 1). For a weight representation
V, the signature character, denoted by ch,(V'), is defined as ) (aq + bas)e®, where the sum is taken over
all weights a. For the weight space of weight «, the number of orthogonal basis vectors which pair with
themselves to give a positive real is a,, while the number of orthogonal basis vectors which pair with
themselves to give a negative real is b,. Hence, the dimension of the a-weight space is a, + b, while the
signature of the a-weight space is a, —b,. The signature characters satisfy some nice properties for standard
constructions involving weight representations. Namely, for any weight representations V;, their tensor
product and direct sum are both weight representations with ch,(Q), Vi) = [[, chs(V;) and ch,(D, Vi) =
S, chy (V).

Since Verma modules are weight representations, we can study their tensor product decompositions
using signature characters. Let Ay, Ag, ..., A, be generic reals. For simplicity, from here on out, we will
denote 5, = chy(My,).

Z;io sleri=2i lf/\z <0,

Proposition 2.1. We have chs(My,) = B, = 4 } ‘
Z}iﬁ eri—2) 4 Z;.;D\fl TNl pA—2) lf)\z < 0.

There is a unique decomposition of signature characters [[;—, Bx, = > ro_g(am + sbm) - Br—2m. This

m=0
decomposition exactly encodes the tensor product decomposition ®;L:1 My, = EB(:;):O My_om ® By, in the

m+n—2

%) = am + by, and signature equal to

sense that each multiplicity space E,, has dimension equal to (
am — b, Hence, determining when E,, is definite amounts to determining when a,, = 0 or b,,, = 0. The
signature character interpretation of the definite multiplicity space classification problem is useful because

it translates a representation theoretic problem into a more tractable combinatorial problem.

2.2 Quantum groups case

For g on the complex unit circle, the deformed algebra U, (sl2) over C[g, ¢!, ﬁ] is generated by £, F, K, K !

with defining relations KEK ! = ¢?E, KFK~' = ¢ ?F,and EF — FE = K-K ' For each a, the unique

_ q—q~!
(a+1)-dimensional simple Uy (sl2) representation V, is generated by a highest weight vector vy. In a certain

basis {v;}%_,, the operators E, F, and K actby Ev; = [a — i + 1|v;_1, Fv; = [i + 1]v;41, and Kv; = ¢* %,

where [k] = q:_—qul’“ . As in the classical case, the representation V, carries a Shapovalov form.
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Proposition 2.2. Under the Shapovalov form (,) and the normalization (vg,vo) = 1, we have (v;,v;) = (‘.l)q =

K2
a

5091
15— TS5 1]

From Hopf algebra theory, we know that any tensor product ", V,, can be made into a representation
of U, (sly) under the iteration of the coproduct map defined by A(F) = E®1+K®QFE, A(F) = 19 F+FoK !,
and A(K*!') = K*!' @ K*!. Furthermore, the Shapovalov forms and the Drinfeld coboundary induce a
Hermitan form on the representation @);._, V,.. This tensor product can be uniquely decomposed into
a sum of finite dimensional simple U,(sl,) representations tensored with multiplicity spaces, where each
multiplicity space carries an induced Hermitian form. We outline the proof of the Theorem I3 signature
formula for the induced forms of these multiplicity spaces in Section B

3 Classification of definite multiplicity spaces

In this section we use signature characters to prove the Theorem [Tl definite multiplicity space classification
for the decomposition of an arbitrary tensor product

My, @ My, ®---® My,

n

Throughout this section, let A = >""" | \;, and assume the )\;’s are reals in decreasing order, with the first p
of them positive (0 < p < n). Refer to the tensor product @, M), as the original tensor. By the formula
for signature characters, we have that the signatures of the multiplicity spaces depend only on the values
[Al, [ A1), -5 [An]. Thus, we define the explicit type of the original tensor to be (| A], [A1], ..., [Ar]) and the
implicit type to be (| A1], ..., [An]). We first classify definite spaces in the p = 0, n = 2, and n = 3 cases, and
then apply those results to solve the n > 4 case. Then we tie together our results to prove the classification
given by Theorem [T

31 Case:p=0
Take 0 > Ay > -+ > A,
Theorem 3.1. In the decomposition

n oo
Q) My, = P Mr—2m @ Ep,
i=1 m=0

each multiplicity space E,, is definite. The even-level spaces are positive definite and the odd-level spaces are negative
definite.

Proof. The proof of this classification is a standard counting argument. O

3.2 Case:n =2
Take arbitrary A\; > A9, and define a function g as in Appendix [AT.

Theorem 3.2. In the decomposition

e
Mkl X ng = @ MA—Q'm & E’m:

m=0
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every multiplicity space is definite. The level m space is positive definite if g(A1, A2, m) is positive and negative
definite if g(A\1, A2, m) is negative.

Proof. See Appendix B. O

33 Case:p=1,n=3
Take A1 > 0> Ao > As.
Theorem 3.3. In the decomposition
M>\1 & J\I)\2 & M)\;; = @ M)\72m ® Em7
m=0

we have the following classification for definite spaces. The definite spaces are exactly those with levels 0 through
max{0, [37}. The even-level spaces in this range are positive definite and the odd-level spaces in this range are

negative definite.

Proof. See Appendix O O

34 Case:p=2,n=3
Take A\ > XAy >0 > A3.

Theorem 3.4. In the decomposition
o0
M)q X M)\g & M)\g = @ M)\—Qm ® Ema
m=0

we have the following classification for definite spaces:

Casel. A< 0
There are [ Ao + 1] definite spaces. They are positive definite and have levels 0 through [\, ].

Case2. X >0and [A+1] < [A2]
There are [\y] — | A| definite spaces. They are positive definite and they have levels 0 and [ A+ 1] through [A2].

Case 3. A > 0and [A+1] > [A2]
Except for one exception, only the level 0 space is definite (it is positive definite). The exception is explicit type
(1,0,0, —1), in which there is one other definite space: it is the level 2 space and it is negative definite.

Proof. See Appendix . O

35 Case:p=3,n=3
Take A1 > Ay > )\3 > 0.

Theorem 3.5. In the decomposition

0
M)\l & M)\g @ M)\g = @ My _2m ® Ema
m=0
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we have the following classification for definite spaces. The spaces with level 0 through [As] are all positive definite.
Except for the following exceptions, these are the only definite spaces.

Exceptions:
o For d > 0 and explicit type (3d,d, d, d), the level 2d + 1 and 2d + 2 spaces are positive definite.

e For d > 0 and explicit type (3d + 2, d, d, d), the level 2d + 2 and 2d + 3 spaces are negative definite.

For d > 1 and explicit type (3d — 1,d,d,d — 1), the level 2d + 1 space is positive definite.

For d > 1 and explicit type (3d + 1, d, d,d — 1), the level 2d + 2 space is negative definite.
e For d > 1 and explicit type (3d — 2,d,d — 1,d — 1), the level 2d space is positive definite.
e For d > 1 and explicit type (3d,d,d — 1,d — 1), the level 2d + 1 space is negative definite.

Proof. See Appendix B. O

36 Case:p>1,n>4

Theorem 3.6. In the decomposition
n o0
Q) My, = P Mr—2m @ B,
i=1 m=0

we have the following classification for definite spaces.

Casel. p=1

There are 1+max{0, [ 5} definite spaces. They have levels 0 through max{0, [41}. In this range, the even-level
spaces are positive definite and the odd-level spaces are negative definite.

Case2. 2<p<n-—2

There is one definite space. It is the level 0 space and it is positive definite.
Case3. p=n—1

— If A <0, there are [\, + 1] definite spaces. They are positive definite and have levels O through [, ].

— IfX>0and [X\+1] < [Xp], then there are [\, | — | \| definite spaces. They are positive definite and they
have levels 0 and [X + 1] through [X,].

- If A > 0and [X+ 1] > [N,], then there is one definite space. It is the level 0 space and it is positive
definite.

Case4. p=n

Except for the exceptions listed below, there are [\, + 1] definite spaces. They have levels 0 through [\, ] and
they are positive definite.

Exceptions:

— For any p > 4, explicit type (0,0,0, ...,0) has 3 definite spaces. They are the level 0,1,2 spaces and they
are positive definite.
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— For any p > 4, explicit type (1,1,0,...,0) has 3 definite spaces. They are the level 0,1,2 spaces and they

are positive definite.

— For p = 4, explicit type (3,0,0,0,0) has 3 definite spaces. They are the level 0 and 1 spaces (which are
positive definite) and the level 3 space (which is negative definite).

— For p = 4, explicit type (4,1,1,1, 1) has 4 definite spaces. They are the level 0,1,2,4 spaces and they are
positive definite.

Proof. See Appendix B. O

3.7 Proof of Theorem T

Refer to the classification list in Appendix Al Theorem Bl gives the classification for Case 1. Theorem B2
gives the classification for Case 2. Theorem B3 gives the classification for Case 3. Theorem B8 gives the
classification for Case 4. Theorems B4 and B8 give the classification for Case 5. Theorems B3 and B8 give

the classification for Case 6.

4 Critical point bound

In this section we use the Bethe ansatz method to prove the lower bound on the number of real critical
points of the master function given by Theorem 2. Then we use the bound to derive the asymptotic ap-
proximation for the number of real critical points of the master function given by Corollary [T. Throughout
this section, fix a generic A-sequence and a generic z-sequence, each in R", and consider the master function

Fz,A,m

Foam(tisto, o tm) = [ [t = ) - T8 — 20) 7

i<j ik
4.1 Preliminaries for the proof of Theorem L2

We begin with some definitions and preliminary results.

Definition. For any X € U(sly) and any ¢ with 1 < ¢ < n, define an operator X; on ®?:1 My, by X; =
10---018X®11 -1
S—— ——
i—1 operators n—1 operators

Definition. For each i and j with 1 < i # j < n, define the Casimir tensor Q;; by Q;; = E, @ F; + F; ® E; +
H:®H;
5L

Definition. For each ¢ with 1 < ¢ < n, define the Gaudin model Hamiltonian H; by H; = Z#i z?_i;j .
Definition. For any (t1, ..., t,,) € C™, take the polynomial @ to be Q(z) = [T\", (z — ;).
Definition. For any complex ¢ with ¢ # z;, define an operator Z(t) = >, tflz .

n F;

Definition. For any complex t with ¢ # z; for each i, define an operator Y (¢) by Y (¢) = >

i=17—z"
Denote the highest weight vector of each M}, by v;, and denote v = ), v;.
Definition. For any complex critical point (s1, 2, ..., Sm ) of F;, x m, define a vector bg by bg = Y (s1)Y (s2) - - - Y (s )v.

We are now ready to begin with preliminary results. For the proofs of these preliminary results, we use

arguments similar to those developed in [H].
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Lemma 4.1. The H;’s commute with each other, and they are Hermitian under the induced Hermitian form on
HOI’II(M(ZL Ai)—2m> ®i M)n)

Proof. See Appendix G O
Lemma 4.2. We have Ebg = 0.
Proof. See Appendix G2 O

Lemma 4.3. We have

Proof. We write

— zj Sp —

T 5a % Sp Jz: ((Saﬂijb)(_sbsa)zj))

(o)

= [Z(Sa)> Y(Sb>]a

where in the last line we have used the commutation relations [H;, F;| = —2F; and [H;, F;] =0 (i # j). O

Lemma 4.4. We have [H;,Y (s1)Y (s2) -+ Y (sp)]v = %Z;()’Zi)bcg
As a corollary of Lemma B4, we have that bg is an eigenvector of each H; with eigenvalue %;()z) +

(/\7 SN ) . (This is just the eigenvalue computed in Lemma B4 plus the #;-eigenvalue of v.)

];él Zi—2Zj
Lemma 4.5 (known, see [B]). The joint eigenvalues of the operators H; each have multiplicity 1, and the eigenvectors
of the form Y (s1)Y (s2) - - - Y (s, )v are all the joint eigenvectors up to scalars.

Lemma 4.6. If the joint eigenvector bg has real joint eigenvalue, then the critical point (si, ..., sy,) is real. That is,
the corresponding Q-polynomial has real coefficients.

Proof. See Appendix G4. O

4.2 Proof of Theorem 2

We now tie together the results from Section Bl to prove the critical point bound. Since Ebgp = 0 and Hbg =
(=2m+)_; \i)bg, we have that b corresponds uniquely to a vector in the space Hom(M (s>, x,)—2m, &; My,),
which is isomorphic to the multiplicity space E,, in the decomposition of &), M,. Note that the Gaudin
Hamiltonians #; descend to commuting Hermitian operators on the space E,,,. Thus, each real eigenvector
of E,,, gives rise to a real critical point of the master function F, ) ,,,. Since the absolute value of the signature
of E,, is a lower bound for the number of real eigenvectors for the commuting Hermitian operators #;, it

is also a lower bound for the number of real critical points. Hence | sgn(E,,)| < N, x m.

10
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4.3 Preliminaries for the proof of Corollary LT

Definition. Define §,, for integer n by

Bn =€ Bnie
for any 0 < e < 1. This is well-defined.
Definition. For any real 4, let 3, be 3, evaluated at s = —1.

Definition. For each nonnegative integer n, define a polynomial V,, by
Vi(2) =14 22 4 222 + -+ + 22",

We state the following results without proofs.

Lemma 4.7. For an integer n, we have

BTy -e™ Visy(e™?) ifn >0

B, =
5:1 entl lf’ﬂ < 0.

Lemma 4.8. For any integer ny and any negative integer na, we have

enlﬂng = ﬂnﬁ»ng

ifny + ng < 0. Also, if ny + ng > 0, then e™ j3,,, can be written as a finite sum of signature characters.

4.4 Proof of Corollary T

Recall that N, » ,, denotes the number of real critical points of F, ) ,,. From Theorem I, we know
|sgn(Ep)| < Ny < dim(En,) = (™/",7). We will show, for fixed generic \;’s, that as m approaches
infinity, the ratio

| sgn(Em)|

("222”)
approaches 1. This will prove Corollary L.

The tensor product 7 = @, M), has signature character equal to [[;_, 8),- We need to examine

the signatures of the multiplicity spaces E,, in the decomposition of 7, which amounts to examining the

coefficients of §;_,,, in the decomposition of [[;_, 3, . We have

- KPR PY -
Hﬂ/\i = 62171{ b HﬂLAiJ
1=1 =1
p n
T (H B, - el .vn,,me—?)) A IT e
i=1 i=p+1

p
= eXin T (57,)" (H V(Aiw(€_2)>
=1
— XN i 5 (e m+n—2\\ ﬁv )
m=0 T n—2 Py [Ai '

11



5 SIGNATURES FOR THE QUANTUM GROUP CASE

Combining the above computation with Lemma B8, we obtain that for all sufficiently large m,

sgn(Ey,) - (—1)" = i ("” "o ) (1) e, (1)

; n—2
1=0

where ' = Y""_ [)\;] and the ¢;’s are defined by the polynomial identity
P T )

H Viag(x) = Z ¢z’

i=1

=0

The RHS in () is a polynomial in m of degree n — 2. Its leading term is

| (co—ec1+--+ (—1)TCT).

We will show that this leading term is nonzero and compute it explicitly. We have ZiTZO (=1)fe; = TTE_, Vias (=1).
But V7y,1(—1) is equal to +1 or —1 for each i, so ZiT:O(—l)ici also equals +1 or —1. Therefore, we obtain

that i("“;; is the leading term of a polynomial which equals sgn(E,,) - (—1)™ for all sufficiently large m.

n—2)!

We also know that 72" is the leading term of the polynomial in m defined by the binomial coefficient

(n—2)!
(™Fn?). Hence
. | Sgn(Em)|
lim ————~ =1
m—oo (Mtn—2
- (mnf2 )
as desired.

5 Signatures for the quantum group case

In this section we prove the signature formula given by Theorem [T3. Throughout this section, fix a generic

q on the complex unit circle and nonnegative integers a and b. We start by proving some preliminary results.

5.1 Preliminaries for the proof of Theorem .3

Fix highest weight vectors vy and wy in the simple representations 17@ and ‘71, of U,(sly), respectively. We
know that the tensor product V, ® Vj, admits a Shapovalov form (this form is defined using an R-matrix).
As a consequence of the Clebsch-Gordan formula, the tensor product decomposes as

min{a,b}
V(z & ‘/b = @ Va+b—2m X Ema
m=0
where each multiplicity space has dimension 1 and an associated scalar. The sign of this scalar (+1 or —1)
is the signature of the multiplicity space. For each subrepresentation V,;_g,, C V, ® V4, there is a unique

highest weight vector of the form

m
Vo & Wy, + E Cm,i " U & Wm—i,
=1

12



5 SIGNATURES FOR THE QUANTUM GROUP CASE 5.1 Preliminaries for the proof of Theorem 3

where ¢, ; are scalars. We will call the highest weight vector determined by these scalars the unit-normalized
highest weight vector. Given the unit-normalized highest weight vector u of Vaﬂ,,gm C ‘7a ® ‘71,, define the
R-normalized highest weight vector v’ of the twisted subrepresentation YN/aer_zm - 171, ® ‘7a by ' = TRu,
where T is the twist operator and R is the universal R-matrix

_ HeH n (q — qil)” n "
R=gq 2 Zq(z).i[n]! F"® E".
n>0

In the next two lemmas we explicitly compute the scalars for the unit-normalized and R-normalized highest
weight vectors.

Lemma 5.1. In the subrepresentation 17@+b_2m C 17,1 ® 1717, the unit-normalized highest weight vector w is

m
Z Cm,i " Vi @ Win—i,
i=0
where (bimﬂ)
S v Y4
(5),

i = (1) g4

Proof. We have ¢, o = 1 by definition. Write
u = Z Cm,i * Vi & Wy —i -
i=0
Since u is a highest weight vector, it is killed by the operator £:
0= A(E)u = (E ®1+ K ® E)U = Z Cm,i* E’Ui R Wyn—i + Cm,i—1" KUZ',1 X® Ewm,iﬂ.
i=1

Next,
E’Uz’ = [a7i+ 1] *Vi—1,
Kuvi_q = q* %12 v,

Ewm,iﬂ = [b —m + ’L] Wy —i -
Using the construction of tensor product bases, we obtain:
[a =i+ Uemi - viet @ Wi = =Cmi1-¢* 22D —m 4] - v @ Wy
SO

[b—m + 1

mi:_l'mif‘i.~
emi = )C’l[a—z—Fl]

Solving this recursion with the initial condition ¢, o = 1, we get

b—m-i
i _ai—il4i ( 7? 1)q
(=1)"-q I

B ()
v/q

as desired. O
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5 SIGNATURES FOR THE QUANTUM GROUP CASE 5.2 Proof of Theorem I3

Lemma 5.2. In the twisted subrepresentation I~/a+b,2m C 172, ® 171, the R-normalized highest weight vector u' is

m
D Coni 5 @ W,
=0
where
()
C/m,() _ ( 1)m . qO.Sabfamfbermem . 7;1 q
()
and ,
. (a—m+z)
C;n,i = drn,O : (_1)1 T . 4

Proof. Since the R-normalized highest weight vector of the twisted subrepresentation \7@+b_2m is a scalar
multiple of the unit-normalized highest weight vector of the twisted subrepresentation YN/aer,gm, it suffices
to show that ¢},  is the right value. Using the operation of F', we get that
m—1
TRu = ¢*®=2m™)/2 ., @ vy + Z Crni " Wi ® Uy

=0

Hence, we have the equation

S|

/ X (_1)m . qu—m2+m . (m)q — q0_5ab_am

cm,O

from which the lemma follows. O

5.2 Proof of Theorem
Consider the decomposition with multiplicity spaces which preserves the Shapovalov form

min{a,b}
Va & % = @ Va+b72m ® Em

m=0

To prove Theorem I3, it suffices to show that the signature of each E,, is equal to the sign (+1 or —1) of
() o b )y (“+b+1_m)q. (Iterating the two-factors formula gives the expression in Theorem [3.) Fix an m.

m m m

From the Clebsch-Gordan formula, we know that dim(Em) = 1. Thus, the signature sgn(Em) is equal to
+1 or —1. From R-matrix theory, we know that the sgn(En) equals the sign of (u,u’), where u is the unit-
normalized highest weight vector of the subrepresentation 17@+b_2m and ' is the R-normalized highest
weight vector of the twisted subrepresentation ‘N/ﬁb,gm. By Lemmas blland B2, we have u = Z?io Cm, iV ®

Wy—; and v/ = 2?;0 C;n,iwi ® Um—;. From the orthogonality of the canonical bases under the Shapovalov

14



6 CONCLUSION AND FURTHER WORK

/ . term in /. We have

form, we get that in (u,u’), the ¢,, ; term in u interacts only with the c;, ,,,

(Cm,iVi ® Win—i, C;n,mﬂ-wmfi ®v;) = Cm,iéin,mﬂ- (5, 0i) - (Wm—iy Win—s)

_ a b
= Cm,iC —i . ;
m,m—i i . m—i .
b—m-1

—(—)". & 0.q—bm+m2—m+ai+bi—2mi+2i. - )qlfm_*i)q . (a) ( b )
(Dy(nzs),  \iJg\m=i/y

— (_1)m . E;n,O . q—b7n+m2—’m . q(a+b+2—27n)i . (b - m + Z) (a’ - Z) )
q q

(3 m —1

Hence (u,u’) is

mo —bm4m?—m = a —2m)i b—m+i a—1t
(1) = (1) gt Y gl (PR (071
q q

: 7 m—1
=0

Using the relation (i;) .= (—1)k (12—;; ~!) and the quantum Vandermonde identity, we get:

m . .
(u7 u/) _ (_1)m . Ein,O . q—bm—i-mz—m . Z q(a+b+2—2m)i . (b — m + Z) (a — ’L.>
q q

) (3 m —1
=0

m
gtmmtem g NS glakb2zmi <m —b- 1) <m —a- 1)
i=0 L g\ M=V Jy

. <2m—a—b—2>
:Cm,O
m q

_ m [o+b+1—m
— g (1" ( )
m q

+bo+1— b
_ q—0.5ab+ma+mb—m2+m_ (a m m)q(m)q

(),

Dropping the powers of ¢ and taking the signs of the binomial coefficients gives Theorem 3.

6 Conclusion and further work

In this paper, we studied tensor product decompositions of sl Verma modules and their connections to
other problems. We completely classified definite multiplicity spaces in arbitrary tensor products, used
multiplicity space signatures to prove a critical point bound for generic master functions, and explicitly
computed multiplicity space signatures for tensor products of g-deformed finite dimensional simple repre-
sentations.

There are many possible directions for future work. The existence of a Shapovalov form-respecting
decomposition holds for tensor products of Verma modules over any Kac-Moody algebras. Thus, we can
ask for a definite multiplicity space classification for any Kac-Moody algebra. We expect that the answers
to these questions will give classifications of unitary representation families for more quantized quiver
varieties.

In addition, it would be interesting to further explore our real critical point bound. Specifically, we are

15



REFERENCES

interested in how tight this bound is. Based on computer tests, we have found that the bound is relatively
good for many A and z sequences, in the sense that the ratio % is usually close to 1. When m is small,
however, the bound breaks down at least in some special cases. For example, we have proven the following

results for m = 2 (the two-variable master function case).

Theorem 6.1. For any n > 3, there exists some A-sequence of length n such that for any z-sequence, we have the
strict inequality
\sgn(E2)| < Ns.

Theorem 6.2. For n an even square, there exists some A-sequence of length n such that for any z-sequence, we have
|sgn(Es)| = 0 and Ny > "=

It would be interesting to derive quantitative estimates, for general m, on how unusual it is for | sgn(E,, )|
to be significantly less than IV,,,.

Finally, there are several interesting problems related to multiplicity space signatures for quantum
groups. The problem of determining multiplicity space signatures in decompositions of tensor powers
V@™ arises in physical settings. For the a = 1 case, the multiplicity space signatures have been computed.
However, for a = 2 and higher, these signatures have yet to be computed. It would also be interesting to
study the relationship between multiplicity space signatures in tensor products of U,(sl;) representations
and real critical points of g-deformed master functions. We expect that these signatures will give rise to a
real critical point bound for the ¢g-deformed master function, as in the standard case.
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A CLASSIFICATION LIST

A Classification List

Consider an arbitrary Verma module tensor product

m=My @M, ® - M),

n

Assume the \;’s are in decreasing order, with the first p of them positive (here 0 < p < n). Define A =
>, Ai. Define the explicit type of the tensor product 7 to be the sequence (|A[, [A1], [A2], ..., [An]). Define
a function g as in Subsection [A7l. Then we have the following classification for definite multiplicity spaces
in the decomposition of 7:

Classification List. In the decomposition of , the level m multiplicity space has dimension (m+f_2

%) for each m.

We have the following classification for definite multiplicity spaces in the decomposition:

Casel. p=0
Every space is definite. The even-level spaces are positive definite and the odd-level spaces are negative definite.

Case2. n =2
Every space is definite. The level m space is positive definite if g(A1, A2, m) is positive and negative definite if
g(A1, A2, m) is negative.

Case3. p=1,n>3
There are max{1, [ 2321} definite spaces. They have levels 0 through max{0, [%1}. In this range, the even-level
spaces are positive definite and the odd-level spaces are negative definite.

Case4. 2<p<n—-2,n>4
There is one definite space. It is the level O space and it is positive definite.

Case5. p=n—1,n>3

a. If X\ <0, there are [\, + 1] definite spaces. They are positive definite and have levels O through [\, ].

b. If \ > Oand [X+ 1] < [A,], then there are [\, ] — | \| other definite spaces. They are positive definite
and they have levels 0 and [X + 1] through [,].

b. If A\ > 0and [ XA+ 1] > [A,], then except for one exception only the level 0 space is definite (it is positive
definite). The exception is explicit type (1,0,0, —1), in which there is one other definite space: it is the
level 2 space and it is negative definite.

Case6. p=n,n>3
The first [\, + 1] spaces (levels O through [, ]) are positive definite. Except for the following exceptions, there
are no other definite spaces.

— For explicit type (3d,d, d, d) where d > 0, the level 2d + 1 and 2d + 2 spaces are positive definite.
— For explicit type (3d + 2, d, d, d) where d > 0, the level 2d + 2 and 2d + 3 spaces are negative definite.

— For explicit type (3d + 1,d, d,d — 1) where d > 1, the level 2d + 2 space is negative definite.

{

(

— For explicit type (3d — 1,d,d,d — 1) where d > 1, the level 2d + 1 space is positive definite.

(

— For explicit type (3d — 2,d,d — 1,d — 1) where d > 1, the level 2d space is positive definite.
(

— For explicit type (3d,d,d — 1,d — 1) where d > 1, the level 2d + 1 space is negative definite.
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B PROOF OF THEOREM 3.2 A.1 Definitions

— For explicit type (3,0,0,0,0), the level 3 space is negative definite.
— For explicit type (4,1,1,1, 1), the level 4 space is positive definite.

— For explicit type (0,0,0, ...,0) where p > 4, the level 2 space is positive definite.

{
(
( )
— For explicit type (1,1,0, ...,0) where p > 4, the level 2 space is positive definite.

A.1 Definitions

Define a function sign by sign(z) = x/|z|. Define a function g on a triple of two nonintegral reals z; > x2

and a nonnegative integer & as follows:

If 0 > 21 > x5 then
g(xlax%k) = (_l)k

stora k) =sign ()]

Ifx1 >0,20 <0, 21+ 22 <0, then

Ifx1 >0,29 <0, 21 + 22 > 0then

(D" 0<h< (B
I b sl Y B
g(z1, 22, k) = (D)0 [mdadd] < ) < [ + 2]
1 [z +a]+1<k< ]
(_1)f9011+7€ ] +1<k
If 1 > 2o > 0, then

1 10 <k < |z
g(x1, w2 — 2[x2], k — [22]) t[zo] <k < max([z2], [21])

g(z1, 22, k) = g(z1, 22 — 2[22], k — [22])
+2|21 ] +2|xa] — 2|21 +x2] rmax([za], [z1]) +1 <k < [x1]+ [22]
(—1)k=feal=le] Sz ]+ (2] +1<k

B Proof of Theorem 3.2

Since every multiplicity space has dimension 1, every multiplicity space is definite. We just need to deter-
mine which spaces are positive definite and which are negative definite, which we do using the following
result (Lemma B):

Definition. Let 8, be 3, evaluated at s = —1.

Definition. Let sign be a function on the nonzero reals defined by sign(x) = z/|z|.

Lemma B.1. We have
et = B; - Sign(ﬂ)ﬁ;—z + (sign(1 — p) — 1)5;_2“,,1-
Proof. Write out expression on the right hand side for each of the intervals > 1,1 > > 0,and 0 > p. O

We divide into cases based on the number of positive highest weights.
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B PROOF OF THEOREM 3.2 B.1 Proof of Theorem B2 for p = 0

B.1 Proof of Theorem B2 forp = 0

This case is straightforward by the p = 0 classification already computed in Theorem Bl

B.2 Proof of Theorem B2 forp = 1

We only treat the case when |\ ] is even, as the | A; | odd case is almost identical. The decomposition for
the A\; + X2 < 0 follows easily from the relation e’8, = B4, for p < 0, ¢t + u < 0. The other case is that
A1 + A2 > 0. In this case, we have

5;15;2 = (€A1 FeMT2 g eMm2la] B)T1—2f>\1])5;2

= (MM penhge N g ()M
m>[A1]

where in the last line we have used the p = 0 classification. Expanding the product (e + e* ™2 + ... +
er 2] )8, We obtain

B = @b S B (DM
m= |—)\1+1]

Carefully rewriting the powers of e as signature characters using Lemma B gives the decomposition in
Theorem B2

B.3 Proof of Theorem B2 for p = 2

For any positive real ¢, write L; = ' + ¢!=2 + - .- 4 e!~2ltJ. We have

5}1 6;2 = (L)\l + /8;172(&})([/)\2 + 6;2,2[,\2])

= ﬂ;l/@;z—Q[)\Q] +/8;2BX_1—2")\1-‘ _5;1—2")\1-"6;2—2|—>\2-‘ +LA1L>‘2’

and

[Az]
L/\1L)\2 = Z (m + 1)6)\_2m

m=0
[A1]
+ [Agi‘eAizm
m=[Az]
AT+ A2]
+ D ()4 a] —m 4 1erm
m=[A1]

The classifications for p < 1 and n = 2 give a closed form for each of 8, 5;272[/\” By, [3;172[/\1}, and
By —2131Pr—2[,) @S @ sum of signature characters. Carefully rewriting the powers of e in Ly, Ly, as

signature characters using Lemma Bl gives the decomposition in Theorem B2.
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D PROOF OF THEOREM 3.4

C Proof of Theorem 3.3

Our strategy is to identify a finite range of possible definite spaces and examine the spaces in the range
using characters. We start with a lemma.

Lemma C.1. No space with level more than [4] is definite.
Proof (Lemma ). We address two cases, based on the sign of A.

Casel. A <0
We need to show that there are no definite spaces other than the level 0 positive definite space. Note
that 8y, - O, contains Sx,+x; + S8x,4+x;—2. Then from the n = 2 classification, it is clear from the
product Bx, (Bas+xs + SBrs+as—2), Which is contained in 3y, 81, 8x,, that no space other than the level
0 space is definite.

Case2. A >0
From the n = 2 classification, the product 3,08, contains ﬁ/\rﬂ 2 16,\3. Hence, i, B, fx; contains

B Bx,—2r2715x,- Since
A
>\1+/\2_2[§1 + A3 <0,

the same argument as the previous subcase shows that no space with level more than [3] is definite,

as desired.
O

From Lemma [T, the only possible definite spaces are those with level between 0 and [5] (inclusive).

Upon developing the product
6/\1 /Bkzﬁkg = B)\l ( Z 57”6)\2-1-/\3—2771)
m=0

with repeated use of the n = 2 classification, we obtain that the even-level spaces in our range are positive
definite and the odd-level spaces in our range are negative definite.

D Proof of Theorem 3.4

Our strategy is to identify a finite range of possible definite spaces and examine spaces in the range using
characters. We divide into cases based on the sign of A.

D.1 Proof of Theorem B4 for A < 0

Lemma D.1. No space with level greater than [y is definite.

Proof. Since A3 + A3 < 0, the closed form for two tensors gives that the product of 8, and ), contains the
product of 85, _21x,7 and By,. Hence, By, - B, - Bx, contains By, - Bx,—27x,7 - Bx;- By the partial closed form
for three tensors we get the claim. O

Lemma D.2. Every space with level at most [ 2] is positive definite.
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D PROOF OF THEOREM 3.4 D.2  Proof of Theorem B4 for A > 0

Proof. From the closed form for two tensors, we obtain that in the decomposition of My, ® M),, the spaces
with level at most [ 2] are all positive definite. Applying the closed form for two tensors again, we get that
if the following condition is satisfied for 0 < k < [\ —17:

/\1+)\2—2k—2|—)\1+>\2—2]€-‘ S)\1—|—/\2—2|—)\2-|
then the claim holds. This is equivalent to:
|—)\1 + )\2-| > 2|_/\2~| -1

which is true. O

Proof of A < 0 case of Theorem B4. Lemma D1 shows that there are no definite spaces with level more than
[A2]. Lemma 02 shows that all spaces with level at most [ A2 ] are positive definite. Thus, the A < 0 case of
Theorem B4 holds. O

D.2 Proof of Theorem B4 for A > 0

From the closed form for two tensors, the product 3y, - B, - 81, contains the product of 8y, _arx,7 - Bx, - Bas
if [\ + A3] < [A1], and it contains By, —arx,+17 - Bx, - Bas if [A1 + A3] = [A1]. From this we get that all
definite spaces have levels at most [A; + 1], so we only need to focus on this finite set of spaces. Our
strategy here is to write 5y, - 8», - B, as a sum of powers of e and use Lemma B (see Appendix B2) to
determine the definite spaces. We begin by writing out the e-decomposition for the first [A\; + 1] powers of

ein (B, Br,Bxs)

Lemma D.3. Ifk < [\;], then the coefficient of e =¥ in the (B, B, Bx,) ™ is [E2]. If [M1] > k > [A2], then the
coefficient of e* =% is [ if 2|(k — [A2]) and [551] — (k — [A2]) otherwise.

Proof. Use the fact that each term of e*~2¥ in the final product arises from a sum of products of e*1 =21 e*2=2i2 ¢

for iy + iy + i3 = k. There are (k;rz

are easy to analyze. If k£ > [A2], we must write out four cases based on the parities of £ and [A2]. After

) such products, and we can write them all out. If £ < [X2], these terms

writing down the answer in each case, it is easy to see that the description provided covers all cases. O

Corollary D.1. Define a function r by r(i) = 0if i is even and r(i) = 1 if i is odd. Define a function t by t(i) = 1 if

i positive and t(i) = 0 if i nonpositive. Define a function f by

kE+1
2

A1 A2, k) =T 1= (k= 1[X2]) - r(k = [A2]) - t(k = [A2])

if0 <k <A +1]and f(Ai, Ao, k) = 0 if k is not in that range. Then an equivalent statement of Lemma O3 is
that the coefficient of e*=2% in the (Bx, Bx,Brs )~ 18 f(A1, Mo, k) for 0 < k < [A\{].

Corollary D.2. Using the same logic as in the proof of Lemma 03, we get that the coefficient of e*~2*1+11 in the
(Bklﬁkzﬁks\)i is f(>‘1a A2, [)‘1 + 1—|) -2

We now have an explicit description of the original signature character product written as a sum of
powers of e. We will now find the definite spaces (which have levels k between 0 and [; + 1]), tackling the
k < TA]and k = [A; + 1] cases separately. We begin by solving the £ < [A;] case. Using Lemma B, the

22
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D PROOF OF THEOREM 3.4 D.2  Proof of Theorem B4 for A > 0

fact that the function x — x — 2[z] is cyclic, and a division of the interval [0, [A; + 1]] into several intervals
based on the signs of A — 2k and 2k + 1 — A, we get the following result (Lemma [O04):

Lemma D.4. We have the following results on the reqular signatures of the first [\1 + 1] spaces. (Checking posi-
tive/negative definiteness of each level k space is the same as checking when the reqular signature is k + 1 or —k —1.)

e [fO<Ek< [%], then the signature of the level k space is
FA1 A2, k) = f(A1, A2, k= 1),
o If[22] <k <min([\], [\]), then the signature of the level k space is
FO A2 k) + f(A, A2, b — 1) = 2f (A1, Ao, [A] — k).
o If [N+ 1] <k <[\, then the signature of the level k space is
FOA, A2, k) 4+ f(Ar, Az k= 1)

Lemma D.5. If1 < k < [\{], then the level k space is positive definite iff [\ + 1| < k < [Xo|. In particular if
[A1 + 1] > [Az], then the only positive definite space in the first [ A1 + 1] spaces is the level O space.

Proof. If [A+1] < k < [A2], then Corollary [ and Lemma D4 give that the level k space is definite. Now
we show that no other [A;] > k > 0 has level k space positive definite. If 1 < k < (%], then using Lemma

D3, the maximum possible value for the signature of the level k space is
1+ (k—1)— (M) <k+1.

If [22] < k < min()\;, A), then we must address several cases. If k > [A2], [AN]—k < [A2], or 2|[A]—k—[ 2],
then some bounding shows that the signature of the level k space is less than k& + 1. The other possibility
is that k > [A2], [A] — &k > [A2], and 2|[A] — k£ — [A2] — 1. In this case the signature of the level k space is

equal to

A—k+1
k+1—2(%} +2[X — k] — 2[ A2
This level k space is positive definite when
A—k+1
2[N— k] — Q[fW =2[A2].

Viewing the LHS as a function of k, we see that as k increases by 2, the LHS decreases by 2. Evaluating the
LHS at £ = 0 and k = 1 gives that the above equality holds only if % is equal to one of

or [)\721
S ).

But k& can’t equal either of these as k > % So there are no positive definite spaces of level k£ when
227 <k <min(\1, ).
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D PROOF OF THEOREM 3.4 D.2  Proof of Theorem B4 for A > 0

If [Aa + 1] < k < [A1], then the maximum possible value of the signature of the level k space is
k41— (k—|Aa)) <k+1

So, the only positive definite spaces are the ones in the given range. O
Lemma D.6. There are no negative definite spaces with level at most [A1].

Proof. Consider a level k space with 0 < k < [A;]. If k < [4], then the minimum possible signature of the
level k space is:
0—(k—[A])>—-k—1

If [232] < k < min([A], [A]), then the minimum possible value of the signature of the level k space is

(k+1)—2($}—k+p\2j S 1 A—k+2]
> k—1-[A]
> —k.

If [A+ 1] < k < [A1], then the minimum possible value of the signature of the level k space is
k+1—(k—[Xa)) > —k— 1.

So there are no negative definite spaces. O

Lemmas [DF and 08 classify definite spaces with level at most [A;]. All that remains is to determine
when the level [A; + 1] space is definite.

Lemma D.7. The only tensors with the level [ A1 + 1] space definite are tensors with explicit type (1,0,0,—1). In
this explicit type, the level 2 space is negative definite.

Proof. First we check when the [\; + 1] space is positive definite. As [A] — [A1] < [A2] the maximum
possible value of the signature of the level [\ ] space is:

f(/\l,/\g, |—/\1 + 1—|) -2+ f(/\l,/\g, |_/\-|) < |—)\1-| < |—)\1 + 2—|.

So this space can never be positive definite. For negative definiteness, we have that the minimum possible
value of the signature is:

AL A2, [Adr+11) = 2+ f(Ar, A2, [A]) = 2 (A, Az, [A] = [AL]),
which is at least [A;| — [A] — 2 + | A2]. For this space to be negative definite, then, we must have
—[A] = Al = [A]T+ [A2]

Rearranging and using [A] < [A1]4[A2]+1, we get that for this space to be negative definite, we must have
2 > [A1]. Checking the (finitely many) explicit types with this condition yields the given exception. O
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Proof of A > 0 subcase of Theorem B4. From initial observations, only spaces with level at most [A; + 1] can
be definite. Lemmas 5 and [ classify definite spaces with level at most [\, ], while Lemma [0 shows
when the level [A; + 1] is definite. Pulling this claims together gives the A > 0 subcase of Theorem B4. [

Subsections D1 and D7 together prove the classification in Theorem B4.

E Proof of Theorem 3.5

An easy corollary of the n = 2 classification is that the first [ A3 + 1] multiplicity spaces are indeed positive
definite. Thus, we need only classify multiplicity spaces with level greater than [A3], which we will call the
exceptional multiplicity spaces. To do this, we first determine all possible exceptional spaces in Subsections
ETl and EZ2. Then in Subsection [E3 we use character computations to determine which of those instances
actually produce exceptional spaces.

We begin with some notation. Write A = [A\1], a = A1 — [A\1], and similarly define B, b and C, ¢ for A2 and
As respectively. Define ¢ = a + b 4+ ¢. We divide into subcases based on the floor of ¢, which is between 0
and 2 (inclusive).

E.1 Possible exceptional multiplicity spaces when ¢ < 2

Lemma E.1. If the original tensor does not have explicit type (3d—1,d,d,d—1), (3d—2,d,d—1,d—1), (3d,d, d,d),
or (3d + 1,d,d,d), then it has no definite spaces with level more than [As]. If the original tensor has one of those
types, then the possible exceptional definite spaces have levels 2d + 1 (first type), 2d (second type), 2d + 1 and 2d + 2
(third type), and 2d + 2 (fourth type).

Proof. By "fudging” the fractional parts of Ai, A2, A3, we can ensure that b + ¢ < 1 while maintaining the
original tensor’s explicit type. If this condition is satisfied, than by the closed form for two tensors, the
signature character product 3y, - Bz, - B, contains 3y, - Bx, - Bx,—2[x,]- From the closed form of two positive
and one negative Vermas, we obtain that the only spaces with level more than [A3] that can be definite in
the original tensors are spaces with level k, where k satisfies

AL+ A2+ A3 = 2[A3] + 1] + [A3] <k < [A2] + [As].
This inequality is equivalent to
[A+ B—C+e—1]+[X3]| <kE<B+14[As].

Using some case analysis and bounding, we obtain that the only possible exceptional definite spaces occur
in types:

e Explicit type (3d — 1,d, d,d — 1), in which the level 2d + 1 space could be definite.

e Explicit type (3d — 2,d,d — 1,d — 1), in which the level 2d space could be definite.

e Explicit type (3d, d, d, d), in which the level 2d + 1 and 2d + 2 spaces could be definite.

e Explicit type (3d + 1, d, d, d), in which the level 2d + 2 space could be definite.
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E PROOF OF THEOREM 3.5 E.2 Possible exceptional multiplicity spaces when 2 < € < 3

E.2 Possible exceptional multiplicity spaces when 2 < e < 3

Lemma E.2. If the original tensor does not have explicit type (3d,d,d — 1,d — 1), (3d + 2,d,d,d), or (2d + d' +
2,d,d,d') for d > d', then it has no definite spaces with level more than [A3]. If the original tensor has one of those
types, then the possible exceptional definite spaces have levels 2d + 1 (first type), 2d + 2 and 2d + 3 (third type), and
d + d' + 3 (fourth type).

Proof. We divide into cases based on whether [A\s] = [A\2] or not.
Suppose | A2 | = [A3]. Then from the closed form of two tensors, the signature character product 8y, -5, - 8x,
contains 3y, - Bx,—2[x,]1—2 * Bxs- By the definite space classification for negative/positive/positive products,

the only possible exceptional definite spaces are those with level k£ where k satisfies
AL+ A2+ A3 =2[e] =24+ 11+ [Ag + 11 <k < [As] + [As + 11,
This inequality is equivalent to
A+ A+11<k<C+1+Ag+1].

Using some case analysis and bounding, we get that the only possible exceptional definite spaces occur in
e (3d,d,d —1,d — 1), in which the level 2d + 1 space could be definite.
e (3d+ 2,d,d,d), in which the level 2d + 2 and 2d + 3 spaces could be definite.

The other possibility is that [A3] < [A2]. Using the closed form for two tensors, the signature character
product By, - B, - B, contains By, - Bx,—21r,]1-1 - Brs+1. Using the definite space classification for nega-
tive/positive/positive products, we get that the only possible exceptional definite spaces are spaces with
level k where k satisfies

AL+ X2+ A3 —2[X] + 17+ [A2] €k < A3+ 1] 4 [A]

Using some case analysis and bounding, we get the only possible exceptional definite spaces occur in (2d +
d +2,d,d,d), in which the d + d’ 4 3 space could be definite. Here d > d'. O

E.3 Classification of exceptions

Here we will address the exceptions found in the previous two subsections and show that six of the seven
potential families of exceptions are always exceptional, and the seventh family is never exceptional. We

begin with the seventh family.
Lemma E.3. In explicit type (3d + 1,d,d, d), the level 2d + 2 space is nondefinite.

Proof. Fudge around the fractional parts of A1, A2, and A3, so thata + ¢ > 1 and b+ ¢ < 1. (We can do this
and maintain the explicit type of the original tensor.) By multiplying 8, - A3 and using the closed form for
two tensors, we get that the level 2d + 2 space is not positive definite. By multiplying the 3y, - 5, and using
the closed form for two tensors, we get that the level 2d + 2 space is not negative definite. We are done. [J

Now we will show that the other six exceptional families are always exceptional, and we will determine
the positivity /negativity of the exceptional definite spaces. Our strategy here is to write the signature
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E PROOF OF THEOREM 3.5 E.3 Classification of exceptions

character product as a sum of powers of e and use the following results along with Lemma BT to compute
the regular signatures of the multiplicity spaces:

Definition. Define a function f; on an integer j and a real = by

f2($7j) =0
if j < [z] and |
falw.j) = (G = [2] = | = T”J)(u 2= @WJ)

ifj > [z +1].

Lemma E4. For k < [Ao] + [A3] + 1, the coefficient of e =2 in the original signature character product (evaluated
ats=—1)is

k+2
( 9 ) = 2f2(A1, k) = 2f2(N2, k) — 2f2(As3, k)
Proof. Each term of e*~2* arises from a product of e’ =21, e’2=2i2 and e*s~2is, where i1 + ig + i3 = k. If

k42
2

some of the terms are —1. So if we can count the number of terms that are —1 and subtract twice that from

("3

A —1 arises as a product of —1-1-1or —1- —1- —1. But since k is bounded by [A3] 4+ [A2] + 1, the three
—1’s cannot happen. So we need only count the number of —1, 1,1 triples.

all of these terms were 1, then by a standard counting argument, the coefficient would be (*3?). However,

), we will be done.

We claim that the number of valid triples with a —1 coming from 8y, is f2(A1, k). To see this, count the
number of solutions to:
2iy iz +iz =k — [\ + 1]

using standard methods. By symmetry, the total number of valid triples is fa(A1, k) + fa(A2, k) + fa(As, k).
Subtracting twice this from our original count gives the result. O

Lemma E.5. We have the following exceptional definite spaces:
e For d > 0 and explicit type (3d,d, d, d), the level 2d + 1 and 2d + 2 spaces are positive definite.

e For d > 0 and explicit type (3d + 2, d, d, d), the level 2d + 2 and 2d + 3 spaces are negative definite.

(

(

For d > 1 and explicit type (3d — 1,d,d,d — 1), the level 2d + 1 space is positive definite.

e For d > 1 and explicit type (3d + 1,d,d, d — 1), the level 2d + 2 space is negative definite.
(

e For d > 1 and explicit type (3d — 2,d,d — 1,d — 1), the level 2d space is positive definite.
e For d > 1 and explicit type (3d,d,d — 1,d — 1), the level 2d + 1 space is negative definite.

Proof. We will outline the proof for (3d, d, d, d). The other cases are exactly the same.

For (3d,d, d, d), we know the only possible exceptional definite spaces are levels 2d + 1 and 2d + 2. We claim
that these are both positive definite. Based on whether d is odd or even, the claim that in (3d, d, d, d), levels
2d + 1 and 2d + 2 are positive definite is by Lemmas BI,E4 and the cyclicity of the map x — z — 2[z],
equivalent to two quadratic polynomials being identically 0. That is, if d = 2a (respectively d = 2a — 1),
then the statement that the level 2d + 1 and 2d + 2 spaces are positive definite is equivalent to a quadratic
in a being identically 0. To check that these quadratics are 0 everywhere, we only need to check that they
are 0 at three different points. Testing d = 2,4,6 and d = 1, 3, 5 verifies the claim. O
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F PROOF OF THEOREM 3.6

Lemma E.6. In explicit type (2d+d' +2,d,d, d’) where d > d’, the only potential exceptionally definite space (level
d + d' + 2) is definite exactly when d' = d — 1. If it is definite then it is negative definite.

Proof. Set a = [n/2] and b = [m/2]. Using Lemmas Bl and EZ we get that the signature of the level
d + d' + 2 space is negative, so we only need to check when it is equal to —d — d’ — 3. If d and d’ have
oppositive parities, than using Lemmas B and E3 gives that this happens exactly whend’ = d — 1. If d

and d’ have the same parity, this happens either when d = d’ (impossible) or never. O

From the classification of exceptional multiplicity spaces proved in Subsection [E3, we obtain Theorem
B3.

F Proof of Theorem 3.6

We start with some new definitions. Define a function Aby A(k) = Zle Ai- Let Ap = A(p)and A_ = A=A,

E1 Proof of Theorem B& forp = 1

The definite spaces in the decomposition of ), M), are exactly the same as the definite spaces in the de-
composition of My, @ My_ /o @ My_ 5. Applying the p = 1 and n = 3 classification proves the p = 1 case of
Theorem BA.

E2 Proof of TheoremB&forp >2,n—p>2

LemmakFEl. Ifp >2,n—p>2and |Ay| > |Apy1|, then there is exactly one definite space in the original tensor. It
is the level O space and it is positive definite.

Proof. When we multiply By, Bx,, .., Bx,, ., the product is:
e)\p+1+)\+ + (p + s)e/\p+1+/\+*2 — ﬂ)\p+1+)\+ —|— (p —_ 1 —|— S)ﬂAp+l+>\+72

Since the level 1 space is nondefinite, when we multiply by 3, _,, we get that all spaces with level at least 1

p+27
are nondefinite. Thus, in the original tensor product, all spaces with level at least 1 are nondefinite. In the

original tensor product, the level 0 space is positive definite. Our claim follows. O

LemmaFE2. Ifp>1,n—p > 2,and |A_| > |\,|, then there is exactly one definite space in the original tensor. It is
the level 0 space and it is positive definite.

Proof. The product of the n — p — 1 signature characters 3, ...y B, contains S ., 1a_. So the product

p+27
of Bx,,Bx,.15---Bx, contains the product of 8y, 8x,,,,6-x,,,+1_- From the classification for p = 1 and
n = 3 case, we deduce that there is exactly one definite space. That is the level 0 space which is positive

definite. O

Lemma E3. If p > 2 and n — p > 2, then there is exactly one definite space in the original tensor. It is the level 0

space and it is positive definite.

Proof. Assume the claim is false. Then by Lemma ET, A, 1 + A1 < 0. By Lemma E2, 0 < A\, + A_. Adding
these yields
Ar + )\p+1 < /\p + A
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F PROOF OF THEOREM 3.6 F.3 Proof of TheoremBAforp=n—1

or
dDa< >N
i<p i>p+1
which is a contradiction as the LHS is positive and the RHS is negative. So our assumption was false and
the claim holds. O

This proves the classification in Theorem B for the casep > 2and n — p > 2.

E3 Proof of TheoremB& forp=n—1

Lemma F4. If |A(p — 1)| > |\, |, then there is exactly one definite space in the original tensor. It is the level 0 space
and it is positive definite.

Proof. We know p > 3 since n > 4. By the same logic as in the proof of Lemma [ETl, in the tensor product of
My, ® ---® My, , ® My, the level 1 space is nondefinite. So when we tensor this with 1,,, all the spaces

with level at least 1 are nondefinite. The level 0 space is positive definite. The lemma follows. O
Lemma E5. If|A(p — 1)| < |A,|, then no space after the level [\,,] is definite in the original tensor.

Proof. The product of 35, and 3, contains the product of 85, _or,) and 8y, . Thus, the product of all our
n signature characters contains the product of 8, , ..., Bx,_,, Bx,—2[x,1> Br.- Applying Lemma [E2 gives that
in the original tensor product, no space after the level [\, ] space is definite. O

Lemma E6. If [A(p — 1)| < |A\n] < |A(p)], then there are exactly [\, — |\ definite spaces in the original tensor.
They are all positive definite; one of them is level 0 and the others are levels [\ + 1] through [A,].

Proof. When we multiply f,, ..., 8x,, its easy to see that the first [\, ] signature characters in the sum de-
composition are positive definite. (Use the fact that ss dont appear in the series for each §, until [z + 1]
when z is positive.) Using the fact that the product of 3y,, ..., 3\, contains 3\, and pS_z,,, along with
the classification for n = 2 and Lemma EJ, gives that the definite spaces in the original tensor product are
positive and have levels 0 and [A + 1] through [A,]. O

Lemma E7. If|\,| > A(p), then there are exactly [\, + 1] definite spaces in the original tensor. They are all positive
definite and they have levels 0 through [X,].

Proof. From Lemma ETF, its enough to show that spaces with level 0 to [\, ] are positive definite. When we
multiply By, ..., Bx,, its easy to see that the first [\, ] signature characters in the sum decomposition are
positive definite. (Use the fact that ss dont appear in the series for each §, until [z + 1] when z is positive.)
Using this, along with the closed form for two tensors, gives that the first [\, + 1] spaces are definite in the

original tensor product. O

Combining the results of this subsection gives the p = n — 1 case of Theorem BA. The form of the
p = n — 1 classification stated in Theorem B8 is slightly different than the form of the classification we have

proved here, but it can be shown to be equivalent.
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F4 Proof of Theorem B& forp =n

Lemma E.8. Suppose the original tensor does not satisfy either the following special conditions:
e p > 4, and the original tensor has implicit type either (1,0, ...,0) or (0,0, ..., 0).
o p =4, and the original tensor has | A1) € {0,1}.

Then the original tensor has exactly [\, + 1] definite spaces. They are all positive definite and they have levels 0
through [, ].

Proof. Since the original tensor contains My, ® My, ® M) as a sub-tensor product, the n = 3 classification
gives that the only possible implicit types with exceptional definite spaces are (0,0, ...,0), (1,1,...,1), and
(1,0, ...,0). None of the (finitely many) explicit types for n = 5 that have implicit type (1,1, ...,1) has

exceptional definite spaces, so the claim is proven. O

Lemma E9. Suppose p > 4 and the original tensor has explicit type (0,0, ...,0). Then it has exactly three definite
spaces.

Proof. Check that in a tensor of three Vermas of the original set of Vermas, the level 3 space has multiplicity
signature 1 + 3s. Thus no space after level 2 is definite in the original tensor. Check that levels 0,1,2 are
definite. O

Lemma F10. Suppose p > 4 and the original tensor has implicit type (0,0, ...,0). Then if \x < 1, the original
tensor has exactly 3 definite spaces: They are levels 0,1,2 and they are positive definite. If A, > 1, then the original
tensor has exactly 2 definite spaces: They are levels 0,1 and they are positive definite.

Proof. If A < 1, then the claim follows from Lemma EY. Otherwise suppose A, > 1. Let i be minimal such
that A(¢) > 1. From assumptions, 2 < i < p. If 2 < ¢ < p, then in the tensor of A,,,...Ay,, we can check that
the level 2 space is nondefinite, so our claim holds for the original tensor. Otherwise we have i = por i = 2.
If i = p, tensor the first p — 1 Vermas and apply Lemma 9 and the classification for n = 2 to get the claim.
If i = 2, check that all the (finitely many) explicit types of tensors for n = 5 which have A, > 1 and implicit
type (0,0,0,0,0) have two definite spaces. So in all cases the claim holds. O

Lemma F11. Suppose p > 4 and the original tensor has implicit type (1,0,...,0). Then if \x < 2, the original
tensor has exactly 3 definite spaces: They are levels 0,1,2 and they are positive definite. If A\, > 2, then the original
tensor has exactly 2 definite spaces: They are levels 0,1 and they are positive definite.

Proof. Check that the claim holds for all (finitely many) explicit types of tensors which have p = 5 and
implicit type (1,0, ..,0). For p > 5, tensoring the 5 Vermas with largest highest weights and using the result
in the last sentence gives that no space after level 3 can be definite. Check that if A\{ < 2 there are three

definite spaces and if A} > 2 there are two definite spaces as claimed. O

Lemma E12. Suppose p = 4. Then there are [\, + 1] definite spaces in the original tensor as described before except
for the following exceptions:

e Explicit type (0,0,0,0,0), in which level 0,1,2 spaces are positive definite.
e Explicit type (3,0,0,0,0), in which level 0,1 spaces are positive definite and level 3 space is negative definite.

e Explicit type (1,1,0,0,0), in which level 0,1,2 spaces are positive definite.

30



G PROOFS OF PRELIMINARY RESULTS IN SECTION 4

o Explicit type (4,1, 1,1,1), in which the level 0,1,2,4 spaces are positive definite.
Proof. From Lemma [E8, we only need to check the (finitely many) explicit types for which A\; < 2. O

Combining the results in this subsection gives the p = n case of Theorem B8.

G Proofs of preliminary results in Section 4

G.1 Proof of Lemma &1

We need to show that [h;, h;] = 0, where the bracket denotes the commutator map. We have

[h' h] _ Z Qig, ij2 - ij2Qikl
b (Z Zkl)( ZkQ)

k17t ka#j

Next, Qir, Lk, — i, ik, equals 0 unless ky =4, ko = j, or k1 = ko. It is easy to check that these three are
mutually exclusive. Thus, we have

o (2i — 2i) ([ik, x]) + (25 — 20) ([Qini5]) + (20 — 25) ([Qir, Ljre])
bl = 2 i = 22)(x — 4) s — 20)

Using the relation [Q,.,$,.] = > sgn(o)Ey1) ® Fy2) ® H,(3) (Where o runs over all six permutations of
(z,y, z)), we obtain [h;, h;j] = 0.

G.2 Proof of Lemma &2

By a combinatorial argument, we have

bg = Y. QFu (Z - za(a»)

aitaz+...tap=m i

where ¢ runs over all permuations of the list consisting of aj, k’s. Then applying £ = E; + E» + ...E,, to bg
and using the identity EF* = HF*~! + FHFk=2 + _ _FF1H gives

Bo= Y @pw- 3y D) )

a1+az+..+ap=m—1 1 i=1 o HJ 1 SJ_ZU(J))

where for each i, the sum over o runs over all distinguishable permutations of the list consisting of a;, ks
for k # i, and a; + 1 i’s. Fix an arbitrary n-tuple of nonnegative integers (a1, as, ..., a,) with sum m — 1.
Using the construction of a tensor product basis, we see that showing that the expression in equation (&)
equals 0 is equivalent to showing the inner sum

(a; + 1)(Ni — a;)
3
ZZHJ 1(sj — ©)

i=1 o Za(j))
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in () equals 0. Multiplying by a!as!...a,,! gives that (B) being equal to 0 is equivalent to

> DI N Pm— - PO Nrm—" @)
i= 1aesm o(4) =1 UeSm o(4)
where for each i, the permutation ¢ acts on the list {¢,1,1,..,1,2,2,..,2,...,n,n,..n}. We will separately

develop the LHS and RHS of (@) and show that they are equal, and then the theorem will be proven.
Start with the LHS. It is equal to

ZZ

i=1 o€ Sm

1
J T Fo( J) Z Hj#ﬁ 1(1)( ZU(J

€S, So=1(1)—z;

=1

Since (s1, S2, ..., Sm) is a critical point, we know that

whence

ZZ -y 1 S P—— )

- aeS,,L — Za(j)) €Sy, H j#o— 1(1)( Zo'(])) ito—1(1) So-1(1) — Si

Rewriting the RHS of (B) based on the value of k := 071(1), we get

S5 et B 5 et (Sat) o

i=1 cESm k=10c€Sm_-1 i#k

where o permutes all the z’s except one. Note that the term (Zl 4k bk%) in the sum in the RHS of (B) is
independent of everything else, so we can sum over expressions of the for

(B) becomes

@)

zzn

i=1 0€Sm 720(]))

1 1
_ - : 8
k;cQ Sk T Ska [(UG; e, (55 = Zo(j>)) (Ue%;l [T (55 20(;)))] ®
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. . 1 1
The permutations in the two sums (ZGE Sprs m) and (ZUE Sprs m) can be summed
in a way that allows for factorization and cancellation:

2 1 1
Z < — o Z H#kl( - Z )

W5, Sk T Sk i i~ Zo(j)) e Hj;ékg(sj = Zo(j))
B 2 - 1 1 1

- k;kz Sk, — Sky ; (sk2 — zj B Sky — Zj) .062_2 Hj;ekl,kQ (85 — Zo(5))
B 2 - Sky — Sky 1

B k; Sky — Sks ; ((5k2 — 2;)(8ky — Zj)) 'Ueszw L2k s (S5 — 20(3)

2 2 Z( Sky — 25)( klzj)) 2 Hj;ékl,kz(lsjza(j))

k1<ks j=1 oESm_2

>3 (ot :

k1<ko j=1 k _zJ > GESm_1 H];ﬁk( ZU(J))

22 (=), T

Si — Z5(5
ki,k2 j=1 oc€Sm_1,0(k2)=j J U(J))

S S

k1 j=1 k2 o0€Sm_1,0(k2)=j

Zo(j))

Since for every permutation o € S,,_1, there are exactly a; values of k; for which o(kz) = j, we get that the
LHS of (#) equals

T :1 <(5k11—%)> 2 2 T2, (5 ; — Zo(5))

k2 0€Sm_1,0(k2)=j

) %:zn: ((Sklajzy)) ae%;_ [T, (Sj — %)

1

Next, we tackle the RHS of (#). Since the ¢ in the RHS of (@) acts on {7,1,1,...1,2,2

ey 4,400,

SNy .y}, WE

can write

n

1 - a;
[ . IR 9)
;UEZSM Hj(sj - ZU(J) O’EZS H];éa'_l ( - ZU(])) (; So-1(1) — zz)

Breaking the RHS of (8) into cases based on k := 071(1), we get

m

> oo S Y (Zk—>

—Z
=5 LG~z = \,57 . o))

This is the same as the LHS of (@), so we are done.
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G.3 Proof of Lemma &34
Fix i = 1 (we can do this since the Y’s commute with each other), and write
[thlYQ---Y;n] = (h1Y1Y2~-~Ym) - (YI}/Q-"Y;nhl)

= (MY1Ya..Yy) — (Yih1Ya.. Vi) + (Vi Ya.. Vi) — (Y1Ya...Yiha)
= [h1, V1] (Ya-.Yin) + Yi[ha, YaY3.. Y]

R (22( L V1.5 Y

S1 — 21 Sj — 21

YV Ye. Y Zi + |71, YQ...Ym]) Vi, Yo... Yol

Next, we manipulate the expression [Z7, Ys...Y,,]

20, Y0 Vo] = = f — (= ¥)(15..,)
+ Yz(sl — 53)(Y1 = Y3)(Ys...Yy)
+ (VarY) () = Vo)
- (Z 81_—2Sj)(}/2 Ym)

= S1 — SJ
m 1
=2 (V1.V} Yo — V1Y5..Y3).
= 81 — 8y

We plug this back in to the relation for [hq, Y;...Y,,] and obtain

[h1, Y1 Ya... ;]
F m 1 . 5
— VY.V, Hy — (22 ( V1Y Y) 4+ Vi Yao Vi Zy
S1— 21 = S;— 21
m 1 . .
42 (Yl...Yj...Ym—YlYg...Ym))
= S1— 85

+ Yl[hla }/QKIL]
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Iterating this type of expression with Y7 [h1, ¥5...Y,,] until there are no commutators, we obtain in the end:

hi,Yi.. ( Y, H
[h1, Y1 21 Sk:_zl 1
F - 1
- 2> V1.V Vo)
S — 21 k1 S5 — 21
) n ’ m 1 .
YY) 3o () +2 3 o, e Yin - Vi, )])
=1 k+1
- 1
:Z( Y. Y, Hy
k=1 Ok T A
F - 1 .
__4 [2 3 V1. YY)
Sk — 21 = S5 — 21
j=k+1

. m 1 A .
+ (VY Y Ze) +2 3 (Vi YjoYon = Vi Yo Ya) | ).
=1 Ok T8

The coefficient of each operator Y; Yk ...Y,, in the above sum is

2
Z(( i — Sk)(sk — 21) +Z = sk)( —zl)+(sj—21)(sk—zl)):3k—zl (sj—sk)'

i>k i<k

Thus

k=1 #k
N |

-Ry V1. Vi Yo Zi
=15 T 71

We are now ready to compute [hq,Y7...Y,,]v. We have

[hl,yl <ZS — )”U
1 k 1

Y 2 1 Vi Y Y | v
il R v A
m 1 .
— (Flz Yl...Yk...YmZk> v
k=151 7 A1
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Finally, note that

AN NP
(Z ” _ZlYl...Ym> V= (Z o —121> v

k=1

while

T2 1 5
el D P RS AR I
k:1sk_zl j;éks]—s
m 1 R
+ Z V1.V szk> v
1 Sj — z1

Il
—
V2]
<
[\)
SN—
—
o,
i M:
V2]
ol
I |2
bN
[

as desired.

G.4 Proof of Lemma &4

First, by combinatorial argument similar to the one used in the beginning of Lemma B2, we have

) 1
bo = Z (®Faw,») 'H e

ay+az...+an=m % o Zo(j))

where ¢ runs over all distinguishable permuations consisting of a; i’s. By assumption, the coefficient of
each ®, F%v; is real. We show by induction on k that the k‘" derivative Q*(z;) (here 0 < k < m) is real for
each i, whence we will be done.

Step 1. Base cases
First we show Q(z;) and Q’(z;) are real. Consider the ordered partition py = (m,0, ...,0) of m. From
the coefficient of the term in by indexed by py, we obtain that Q(z1) is real, so by symmetry all Q(z;)’s
are real. Next, consider the ordered partition p; = (m — 1,1, ...,0) of m. From coefficient of the term
in bg indexed by p;, we obtain that

1 i tk — Z1
Q(z1) 2 te — 22

k=1
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Step 2.

is real, whence 3" | ¢ tk “L is real. Subtracting 1 from each fraction gives that

i zZ9 — 21
— tr — 2o
is real, whence Q’(z2) (and by symmetry, all Q'(z;)’s) is real.

Induction

Assume that Q(2;),Q’(z), ..., Q*(z;) are all real for each i. We show that Q*(z;) is real for each i.
Consider the ordered partition p, = (m — k,k,0,...,0) of m. From the coefficient of the term of bg
indexed by py, we obtain that

1 ) Hies(ti —21)
Q(21) 2 [Lics(ti — 22)

k-sets S of {1,2,...,m}

Define a polynomial associated to each k-set S by Rs(z) = [[;c5(ti — 2). We know that

Rs(z1)
k-sets S RS(ZQ)
is real. Using the relation
Rs(z1) — Rs(z2) _ 21— 20\ o
z1 — 22 = Rs(z2) + (T) s(z)+
we get that
Ri(22) + (2522) RY(22) z1 — 29 1
+
k-szet;s RS(ZQ) kszet;S; 2 ) z‘gj;s (ti — 22)(tj — 22)

isreal. When we sum over all k-sets S, by symmetry we get that for some positive integers ag, as, ..., ax,

the quantity
k

1
Zai ' Z Hies(ti — 22)

i=1 i-sets S of {1,2,...,m}

is an integer. The first kK — 1 summands in the sum are integer multiples of Q(22), Q' (22), ..., Q¥ 1(22),
while the last summand is an integer multiple of Q*(22). By the inductive hypothesis, we get that
Q"*(22) (and by symmetry, all Q*(z;)’s) is real. The inductive step is complete.

Since the first m derivatives of () evaluated at a real point (say, z1) are all real, we get that () has real

coefficients as desired.
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