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Abstract

Symmetric functions appear in many areas of mathematics and physics, including enumerative combi-
natorics, the representation theory of symmetric groups, statistical mechanics, and the quantum statis-
tics of ideal gases. In the commutative (or “even”) case of these symmetric functions, Kostant and
Kumar introduced a nilHecke algebra that categorifies the quantum group U, (sl2). This categorification
helps to better understand Khovanov homology, which has important applications in studying knot
polynomials and gauge theory. Recently, Ellis and Khovanov initiated the program of “oddification” as
an effort to create a representation theoretic understanding of a new “odd” Khovanov homology, which
often yields more powerful results than regular Khovanov homology. In this paper, we contribute to-
wards the project of oddification by studying the odd Dunkl operators of Khongsap and Wang in the
setting of the odd nilHecke algebra. Specifically, we show that odd divided difference operators can
be used to construct odd Dunkl operators, which we use to give a representation of sl; on the algebra
of skew polynomials and evaluate the odd Dunkl Laplacian. We then investigate g-analogs of divided
difference operators to introduce new algebras that are similar to the even and odd nilHecke algebras
and act on g-symmetric polynomials. We describe such algebras for all previously unstudied values of
q. We conclude by generalizing a diagrammatic method and developing the novel method of insertion
in order to study g-symmetric polynomials from the perspective of bialgebras.
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1 Introduction

1.1 The Commutative (“Even”) Case

Symmetric polynomials are polynomials in n independent, commutative variables x1, z2, ..., z, that are
invariant under the action of any permutation acting on the indices. They arise in enumerative com-
binatorics, algebraic combinatorics, Galois theory, quantum statistics, and the quantum mechanics of
identical particles [25, 27]. The even nilHecke algebra N H,, introduced by Kostant and Kumar in [15],
is important in studying these symmetric polynomials. NH,, is graded Morita equivalent to the sym-
metric polynomials in n variables, and is generated by n commuting variables z1, ..., z, and n divided
difference operators 0; = (x; — ziy1) N1 — s4), for 1 < i < n. Here, s; is the simple transposition in the
symmetric group that swaps z; and ;1.

Combining these divided differences with partial derivatives, one obtains a commuting family of
operators originally introduced by Dunkl [7]. These Dunkl operators, denoted 7;, have a major role in
mathematical physics and conformal field theory. In particular, they relate to the study of quantum
many-body problems in the Calogero-Moser-Sutherland model, which describes integrable systems of
one dimension [11, 24]. Dunkl operators can also be used to define three operators, which arise in
physics and harmonic analysis, that satisfy the defining relations of the Lie algebra s, [13]. These three
operators, found by Heckman and called an sly-triple, play a crucial role in studying Fischer decomposi-
tion, which has importance not only in representation theory but also in the algebraic Dirichlet problem
[1) 16} 23].

The Cherednik operators, denoted by Y;, are defined in terms of Dunkl operators and have important
applications in representation theory [2, 20]. They have non-degenerate simultaneous eigenfunctions,
known as Jack polynomials. These polynomials are a specific case of the well-known Macdonald poly-
nomials and contribute to representation theory, statistical mechanics, and the study of the quantum
fractional Hall problem, important in condensed matter physics [3} 20].

The diagram below depicts the relationship between the three operators discussed so far.

Divided Differences 9; — Dunkl Operators 1; — Cherednik Operators Y;

nilHecke Algebra sl triple Jack Polynomials
Schubert polynomials (harmonic analysis) Cherednik Algebras
Cohomology quantum CMS Model  Affine Hecke Algebras

“can be used to”
— “used to define”

Figure 1: Operators in the study of symmetric polynomials.

1.2 The “Odd” Case

The divided difference operators, Dunkl operators, and Cherednik operators all study the commutative
symmetric functions. Ellis and Khovanov, however, sought to study different kinds of symmetric func-
tions. They recently introduced the gquantum case of symmetric functions, where x;z; = qx;x; for j > i
[8]. In the “odd” case ¢ = —1, they describe the “odd symmetric polynomials”, which are polynomials
in the n variables 1, . .., z, where z;x; + z;2; = 0 for ¢ # j. This type of noncommutativity arises in the
study of exterior algebras and parastatistics.

The motivation for considering these odd symmetric polynomials and their corresponding odd nil-



Hecke algebra involves the categorification of quantum groups. Categorification, introduced by Crane
and Frenkel, is generally the process of replacing algebras and representations by categories and higher
categories in order to make quantum 3-manifold invariants into 4-manifold invariants [4]. In physics,
categorification corresponds to increasing dimensions, which allows one to understand symmetries in
lower dimensions and then use categorification to better understand higher dimensions. In mathemat-
ics, categorified quantum groups give a higher representation theoretic construction of link homologies,
which in turn categorify quantum link polynomials.

The original example of link homology is Khovanov homology, a bigraded abelian group which cat-
egorifies the well-known Jones polynomial. It has major applications in studying knot polynomials,
quantum field theory, and classical gauge theory [19, 28]. Since the quantum group U, (sl2) plays a role
in understanding the Jones polynomial, a categorification of U,(slz) would be useful in better under-
standing Khovanov homology. This precise categorification is achieved through the “even” nilHecke
algebra N H,, described in subsection

Recently, Ozsvath, Rasmussen, and Szab6 found an odd analog of Khovanov homology [22]. Their
odd Khovanov homology also categorifies the Jones polynomial, and agrees modulo 2 with Khovanov
homology. However, both theories can detect knots that the other theory cannot [26]. The subject of
odd Khovanov homology has yet to be fully understood, despite its crucial connections with Khovanov
homology.

Knowing this, Ellis, Lauda, and Khovanov developed the odd nilHecke algebra to provide an odd
categorification of Ug(slz) and give a construction of odd Khovanov homology from a representation
theoretic standpoint [9, 10]. In addition to being useful in the categorification of quantum groups, the
odd nilHecke algebra is also related to Hecke-Clifford superalgebras [16} 17] and has been used to con-
struct odd analogs of the cohomology groups of Springer varieties [21]].

The below diagram summarizes the categorifications that motivate the present work. NH stands
for nilHecke, Cat. stands for categorification, and KH stands for Khovanov homology.

Cat. of Uy (sly) —— KH Odd KH «—— Odd Cat. of Uy(sl2)

NH algebra odd NH algebra

U,(sly) ——— Jones Polynomial «———— U,(sl3)

“categorifies”
—>  “helps to explain”
“equivalent modulo 2”

Figure 2: Odd Khovanov Homology and Categorification

1.3 Outline of the Present Paper

The main goal of the present paper is to make progress towards giving a representation theoretic con-
struction of odd Khovanov homology. Despite being relatively new, odd Khovanov homology seems
to have great importance in knot theory. It has connections to Heegaard-Floer homology and yields
stronger results than Khovanov homology in bounding the Thurston-Bennequin number and detecting
quasi-alternating knots [26]. Odd Khovanov homology is also related to signed hyperplane arrange-
ments, which have many implications in graph theory and topology [5].

We study odd Khovanov homology by looking for new representation theoretic structures that arise



from identifying “odd” analogs of structures that play important algebraic roles in the even case. Ellis,
Khovanov, and Lauda started this program of “oddification” by finding an odd analog of N H,,, and
using it to categorify U, (sl). Searching for the geometry underlying these odd constructions would also
provide a very new approach to noncommutative geometry. For example, we study potential generators
of certain Cherednik algebras. Since spherical rational Cherednik algebras fit nicely into a family of
algebras from the geometry of symplectic resolutions, including Webster’s tensor product algebras and
cyclotomic KLR algebras, this project may be used in the context of “odd”, noncommutative geometry.

In Subsection we discussed the (even) divided difference operators, Dunkl operators, and Chered-
nik operators. Although analogs of Dunkl operators have been found in the odd case, they have not been
well-studied. Odd Cherednik operators have not even been defined.

As a result, the first goal of the present paper is to unify certain results in the odd case and to further
study the odd Dunkl operators of Khongsap and Wang. In Sect10n l we introduce an operator r; i,
related to the generalized odd divided difference operator 80 and study its properties. One of our
main results (Equation [2.6) is that the odd Dunkl operator i may be expressed in terms of the odd
divided difference operators of Ellis, Khovanov and Lauda:

odd_t5 +uz Ay Szk (1.1)
k#1

This result connects odd Dunkl operators and the odd nilHecke algebra, both of which play important
roles in the project of oddification.

In the even case, one can introduce an operator known as the Dunkl Laplacian, given by Y7, n?. This
operator has important applications in spherical harmonics and heat semigroups [24]. Our next goal in
the present paper is to express the Dunkl Laplacian in the odd case. In Section 3, we show that the
r; 1 satisfy the classical Yang-Baxter equation, and use this result to evaluate the odd Dunkl Laplacian.

Specifically, we show that
Z n; = t2 Z 1 —Ti).

1<i<n

In Section [, we find an odd analog of Heckman’s important slp-triple in [13] by showing that a
variant D; of the odd Dunkl operator can be used to construct three operators 72, E, and A that satisfy
the defining relations of the Lie algebra sl:

E—Z sz+ + Zszk

k;éz

=—(2t)7t Zn:DE.
=1

Since even Dunkl operators play an important role in the representation theory of symmetric groups,
our study of odd Dunkl operators should result in a better understanding of the representation theory
of odd symmetric functions, which correspondingly results in a better understanding of odd Khovanov
homology.

The second goal of this paper is to study a generalization of the odd symmetric functions known
as g-symmetric functions, for which z;z; = gz;x; when j > ¢. Previous authors have described a nil-
Hecke algebra structure only for the odd case ¢ = —1 and the even case ¢ = 1 [9] 15]. In Section
we find a g-divided difference operator for all previously unstudied values of ¢, and explore its properties.
We show, for example, that twisted elementary symmetric polynomials are in the kernel of g-divided
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difference operators, just as odd elementary symmetric functions are in the kernel of odd divided differ-
ence operators. We then use ¢-divided difference operators to construct algebras acting on ¢g-symmetric
polynomials that have many similarities to the even and odd nilHecke algebras. We call these g-nilHecke
algebras. These algebras are nontrivial generalizations of the even and odd nilHecke algebras because
the g-twist map introduced in Section is not its own inverse when ¢? # 1. In Section @ we present the
elementary g-symmetric polynomials using a generalization of a clever diagrammatic method arising
in the context of bialgebras. We use these diagrams to study relations between elementary g-symmetric
polynomials when ¢ is a root of unity. These methods can be combined with the algebras of Section5|in
order to continue studying ¢g-symmetric polynomials, including ¢g-Schur and ¢g-monomial functions.

In the conclusion, we also define the odd Cherednik operators and outline a procedure for finding
and studying odd analogs of Jack polynomials. This makes progress towards answering a question of
Ellis about the existence of Macdonald-like polynomials in the odd case. Since the Jack polynomials
have importance in representation theory, their study would enhance our knowledge about the odd
algebraic theory.

2 Odd Dunkl operators and the Odd nilHecke algebra

2.1 Preliminaries: Even Dunkl Operators

In the even case, we work with the ring C[z1, ..., z,] and a root system of type A,, where z;x; = z;x;
forall 1 <i,j <nand a € C. We first introduce some notation involving the symmetric group.

1. Let s; ;, be the simple transposition in S,, swapping x; and ;. We let s; = s; ;11.
2. Let s; j(k,¢) be the result of applying s; ; to the pair (k, ¢). Similarly define s; ;(k).

In [7], Dunkl introduced the remarkable operator

0
even even
T o +a Y o5
¢ ki

where % is the partial derivative with respect to z; and ;" is the even divided difference operator:
SR = (2 —xx) (1= sip).
Since x; — xy, always divides f — s; ;(f) for f € C[z1,..., 2y, 0k sends polynomials to polynomials.
These Dunkl operators have various important properties, one of which is that they commute (1;7; =
n;m;)- In [18], Khongsap and Wang introduced anti-commuting odd Dunkl operators on skew polynomi-
als. In Section 2, we will develop the connection between these operators and the odd nilHecke algebra

introduced in [9].
Returning to the even case, introduce operators r2, E (the Euler operator) and Ay:

1 n
T2 = 521'12
=1
n
9 p
E:;xiaxi +5

1 n
=1

where 1 is the Dunkl dimension, which is defined by the relation A|z|? = 2y as in [6].



Let [p,q] = pg — qp be the commutator. Heckman showed that 72, E, and Ay satisfy the defining
relations of the Lie algebra s, [13]:

[E,r?] = 2r°
(B, Ay] = —2A
[727 Ak} =FE.

Remark 2.1. If one were to replace A with the classical Laplacian on flat R" (replacing the Dunkl
operator with the partial derivative), these three operators still satisfy the sl, relations.

Remark 2.2. From now on, we will use 7; to denote the odd Dunkl operator of Khongsap and Wang,
defined in equation 2.5

In Section @, we will focus on finding analogous results in the odd case.

2.2 Introduction to the Odd nilHecke Algebra

We will now discuss operators with the algebra P~ = C(x1, ..., z,)/(zj2; + z;2; = 0 for i # j). We call
P~ the skew polynomial ring. We can define linear operators, called the odd divided difference operators,
as below:

Definition 2.3. Fori = 1,....n—1, the i-th odd divided difference operator 0; is the linear operator P~ — P~
defined by 81(332) =1, 8¢(a:i+1) =1, aZ(IL']) =0forj #i,i+1,and

0:(f9) = 0i(Hg + (=D lsi(£)di(g).
for all functions f,g € P~. We call this last relation the Leibniz rule.

It is shown in [9] that the odd divided difference operators can be used to construct an odd nilHecke
algebra, generated by x; and 0; for 1 < ¢ < n, subject to the following relations:

2. 81@ + 8381 =0 for |Z — ]| > 2 5. zz& + 8Z-xi+1 = 1, 81:1:1 + xi+18i =1
3. 81»8”1& = 8i+18@-8i+1 6. :Ciaj + 8]‘.% =0for: 75 j,j + 1.

Due to [14], we have the following explicit definition of the odd divided difference operator:

0i(f) = (@fiy — a3) M(wiva — 2a) f — () si(F) (@i — @4)). (2.1)

Although this formula a priori involves denominators, it does take skew polynomials to skew polyno-
mials. We extend this definition to non-consecutive indices by replacing ¢ + 1 with any index k # i, for
1 < k < n, and by replacing s; with s; ;. Equation[2.1|then becomes

8 (f) = (3 — aD) (g — @) f — (—=D)Vls; () (ap — 23))- (2.2)

This extended odd divided difference operator satisfies the Leibniz rule 8; . (fg) = 9; x(f)g+(—1)1s; £0; 1(g)
[



2.3 Some Operations on Skew Polynomials
First, we introduce a common operator in the study of Dunkl operators:

Definition 2.4. Let the (—1)-shift operator 7; be the automorphism of P~ which sends z; to —z; and z; to
xj for j # 1.

Suppose 1 <i # j <mand 1 < k # ¢ < n, where f is an element in C(z1,...,z,)/(ziz; + zj2; =
0 for i # j). Then one has

Si,jTkt = Ts; ;(k,£)Si,5
fai = (=D)Yaimi(f).
Remark 2.5. Since skew polynomials are not super-commutative, we cannot say that fg = (—1)/fl91gf.

But the operator 7; allows us to track the discrepancy from super-commutativity, since z; f = (—1) Iflz, (f)xi,
making it useful in this context.

We now introduce the operator 7;;, = 0;1s; 1 for k # i, which will serve as another odd divided
difference operator that we will use to study odd Dunkl operators. For simplicity, let 7; = r; ;1. In the
following lemma, we study the action of the transposition and (—1)-shift operator on ; j.

Lemma 2.6. The operators s; ;, and 7; act on 7; 5, as follows:

TijSke = Sk£Vsy o(i,5) (2.3)
We also have that
1. SiTik = Ti4+1,kSi ifk#£i+1 4. sip11m = Tii42Sit1
2. 8;r; =TS 5. sirj =rjs; for i — j| > 2
3. SiTit1 = Ti,i+25; 6. Tirj = rj7; for [i — j| > 2.

Proof. Recall the following relationship between 0; ; and s, ¢ for ¢ # j and k # ¢, from Lemma 2.19 (1) of
[9:
0,3 Skt = Sk,005, ,(i.j)- (2.4)

Multiplying both sides by s; ;, we obtain that

51,0538kt = 8151005, (0.9)
= SkeSk,e(4, )05y 4 (i,5)»
which implies the desired result since r; ; = 0; ;s; j = s;;0; ;. Properties 1-5 are special cases of equation
Property 6 follows from 7;s; = s;7; and the fact that 7;(z;) = z; for i # j.

Remark 2.7. Differences between our formulas and those of [9] are due to a difference of sign convention
in the action of s; ; on P~.

We now show that the properties of the r; j, are similar to those of the odd divided difference operator
al k-

Lemma 2.8. The following relations hold:



1L.r2=0 4 ri(f9) = rip(F)sik(g) + (=D fr (9)
2. Ty T = 0 for ‘Z — j‘ >2 5. riTip1 + Tip1mi = 1imi FTir = 85
3. T 1T = Tit1TiT 541 6. rixi + X1 = 0 for« 7& 7,9+ 1.

Proof. Since s;r; = r;s; and 1; = 9;s;, it follows that s;0; = 9;s;. Then, since 87 = 0, r? = 0 as well. Due
to Equation 5| from Lemma we have that s;7; = r;s; for |i — j| > 2, so s;0; = 0;s;. Thus, r; and
rj anti-commute since 9;0; + 0;0; = 0. The operators r; also satisfy braid relations, which we show by
inductively reducing to ¢ = 1, and then using2.4]and s;0; = 0;s; repeatedly:

rrery = 51812823181 = 515261,35181,381 = 51525182,381,381,2

ToT1T2 = 520251015202 = 52510135201 302 = 52515201201 3023.

Since 518281 = 828152 and 827381738172 = 8172317382’3 by symmetry, we conclude that T17r2r1 = roTr1ra. The
Leibniz rule for r; ;, (equation 4 of this lemma) follows immediately from the Leibniz rule for 9; ;.. Since
ri(x;) = ri(xig1) = 1 and ry(z;) = 0 for j # 4,7 + 1, equations [5|and @follow from the Leibniz rule for
Tk ]

We also desire an explicit definition of the 7; ;, analogous to that of the odd divided difference oper-
ator of [9]]. To find such an expression, we use a preparatory lemma.

Lemma 2.9. Forall f eP~ and 1 <i # k <n, we have

sipimi(f) = sipnmi(f) = (=) sin(F) (@i — ).

Ai Ak

’\1...901. T a;;\l”, where ¢ < k. We

Proof. 1t suffices to prove the result for a monomial 2* = 7
calculate that

(@) = (CLMF P N e e

Si,kLiTi i i
sikTETR(2) = (—1)MF e x?’ . xf""“ Lz
Si,k(x)‘)afi = (—1))"“+1+"'+)‘"$i‘1 . 1‘21 .. l‘;\k+l oz
siyk(aﬁ)‘)wk = (—1))‘i+1+"'+/\"af1\1 .. .332”1 ... xf"“ Lz,
Since |f| = A1 + ... + Ay, the desired result follows. O

Lemma 2.10. The operator r; ;, has explicit form r; ; = (27 — 23) " [(z; — 1) si % — T + T Tx)-

Proof. Follows from Lemma 2.9/and Equation[2.2] O

We will now connect the above results to the odd Dunkl operator introduced by Khongsap and Wang
in [18].

Definition 2.11. Define an operator §; by 6; = (22;)~1(1 — 7).

The above super-derivative can also be defined inductively, by imposing that §;(z;) = 1if i = j and
0 otherwise. We then extend the action to monomials as follows:

¢
0i(Zay Tay - - - Tq,) = Z(—l)kilxal o 0i(Tay ) Tay g -+ - Tay-
k=1



The operator J; is a priori from Laurent skew polynomials to Laurent skew polynomials, but it is easy to
check that it preserves the subalgebra of skew polynomials. Khongsap and Wang found an odd analog
of the Dunkl operator, given by

ni =10 +u 2(9512 — 27) M (@i — r)sik — 2T + TR, (2.5)
ket

where ¢, u € C*. Their operators anti-commute; 1;1; + 1;1; = 0 for ¢ # j.
By Lemma this odd Dunkl operator may be expressed as

n; =t6; +u Z ai’ksi,k. (2.6)
ki
By analogy with the commutative case, discussed in Section 2.1} the operator 7; ;. plays the same role in
the odd theory that the even divided difference operator plays in the even theory.

3 Classical Yang-Baxter Equation and the Dunkl Laplacian

Theorem 3.1. Let
Hios =[r12,713]+ +[r13,72,3]+ + [r1,2,72,3]+, 3.1)
where [p, ]+ = pg + ¢p is the anti-commutator. Then, the operators r; , satisfy the classical Yang-Baxter

equation
H17273 =0. (32)

Proof. To avoid a cumbersome direct calculation, we instead use an inductive approach. Namely, sup-
pose that H; 2 3(f) = 0 for some function f € P~. Then, we show that H; 5 3(x;f) = 0, for all integers
1 > 1. Note that, fori =1,

1,271,371 = T1,2(81,3 — T171,3)

=7r12513 — r1,2(T171,3)

(3.3)
=711,251,3 — (51,271,3 — £171,271,3)
=171,281,3 — 81,271,3 + £171,271,3,
where we have used Equation f twice. Similarly, we find that
T1,371,2T1 = T1,351,2 — S1,371,2 + T171,371,2 (3.4)
T2371 201 = T2351,2 + T1T2,371 2 (3.5)
7127231 = —S1,272,3 + T171,2723 (3.6)
71,372,371 = —81,3723 + T171,372;3 (3.7)
79,371,371 = T2,351,3 + T172,37'1 3. (3.8)

By our inductive hypothesis,
x1(ri2m,3 +ri3rie +resrie +rigres + 323 + r23r1,3) = 0.
Keeping this in mind, add Equations to show that
Hy2311 =112513 — 51271,3 +71,351,2 — S1,371,2 + 72,351,2 — S1,272,3 — 51,372,3 + 72,3513
=171,281,3 —72,351,2 + T1,351,2 — 72,351,3 + 2,351,2 — I'1,351,2 — I'1,251,3 + 7'2,351,3
= 0’

where we have repeatedly used Lemma 2.6|to slide r; ; past s, 4.
We can similarly show that Hy 2 300 = Hj 2323 = 0. Since 7 ,x; = x;r; for i > 3and j, k € (1,2,3),
it also follows that H; » 32; = 0 for ¢ > 3, proving the desired result. O



2
Corollary 3.2. The double summation ) ;" , (z kot ri,k) = 0.

Proof. The expansion of this double summation has n(n — 1) total terms. Since r? ;= 0,n(n—1) of these
terms are immediately zero, leaving n(n — 1)(n — 2) terms of the form ; ;71 ,, where i = kand j = /
are not both true. By Theorem the sum of all six terms of the form r; ;) o, where i, j, k, £ € a, b, c for
distinct integers 1 < a,b,c < n, ¢ # j, and k # ¢, is zero. There are (g) ways to choose integers a, b, c,
and for each choice of a, b, ¢, six terms of the form r; jr;, , vanish. This fact eliminates all the remaining
6(3) = n(n —1)(n — 2) terms of the double summation. O

As an application of the results in this section, we will compute the odd Dunkl Laplacian: 7, n?.
We will first require a lemma involving the commutator of 7; and r; .

Lemma 3.3. The equation a:i_l[ri’k, Ti] = (1:3 — x%)_l(s@k (1 +7%) — x;lxksi’k(n — 7k) — 2) holds.

Proof. By Lemma m

TikTi = (9512 - 55%)_1((3%‘ — TL)SikTi — SCiTiQ + Ty TRTi)
2
7

mirie = (@7 — ) TN (= (@i + @) i 0Tk + BT, + TRTITE).
Since 7;7 = 77; and 77 = 1, the result follows by subtraction. O

Now, define A; = (22;)"}(1 — ;) and B; = Dok 4 Ti ks SO that the odd Dunkl operator 7; of Khongsap
and Wang may be expressed as n; = tA; + uB;. Note that

1
A —4 ; (177'1) (177'1)
= a0 - )1 - ) 39)
ZZUZ-Q(l—Ti),

since 7'1‘(3?2-_1) = —xi_l and 71'2 =1.

Lemma 3.4. The relation )" ;(A;B; + B;A;) = 0 holds.

Proof. Due to the Leibniz Rule for r; j, (equatlon' we can find that 0 = 7; (z;z; ) = x;l — xri (),
so 7 k(x _1) =z 1%1 It follows that r; ; (x; 1) = ; 1:L'k sik(f) — z; 17"z,k(f) Usmg this fact,

ZBiAi:fZZTzkx (1—m)
i=1

i=1 k#i
1 n
= 3 > @ e sk (= ) — (1 = 7).
i=1 ki
By definition,
n
> AiBi= ZZJC” ik
i=1 i=1 ki
Adding the above two equations, we find that

n

1 — 1 _
>[4, By = 5 SO ey sip(l = ) 4 @ (rigm — Tiri k)

i=1 i=1 ki
= — ZZ zite s p(L— 1) + (2 — 23) HNsip(m + ) — 7 togsip(Ti — ) — 2)),

i=1 k#i
(3.10)

10



where we have used Lemma 3.3l
Each double summation repeats the pair of indices (p, ¢) twice when 1 < p,q < n, one time when
i = pand k = ¢ and once more when i = ¢ and k& = p. Note that

-1

(2F — 20) i+ ) = = (2 — @])spi(mi + 7).

As a result, the sum £ 3% | Zk#(:pf — 22)7Ls; 1 (7i + 1) = 0. Similarly,

LSS ey s = Oand £ Y0 Y ) (-2) =

i=1 ki i=1 ki

since z; ta; ! + x; ! = 0. Equation then becomes

i

n

Z(A ;B; + B; A;) Z Z —xz; xk lg, kTi — (w? — w%)_l(xi_lxksiyk(n —Tk))- (3.11)

=1 1=1 k#i

However, note that

a; g + oyt = — (2 — 2f)a; e
which implies
(CL‘Z2 — xi)_lzilxksi’k(Ti —T) + (wi - x%)_lxglxiskﬂ-(m —7) = fx;lxglsi’k(n — Tk). (3.12)
Similarly, we find that
:Ui_lxlzlsi,kn + x,;lxi_lsi,km = aci_lm,;lsiyk(n — Tk). (3.13)

As a result, equation becomes

n

1
Z(AZBZ -+ BZAZ) = —5 Z (:ci_lxlzlsi7k(7'i — Tk) — x;lslzlsi,k(n — Tk)) = 0.
=1 1<i<k<n

We are now equipped to compute the Dunkl Laplacian in the odd case.

Theorem 3.5. The equation Y i n? = 123", @7 2(1 — ;) holds.

Proof. Since n; = tA; + uB;, we have that

n n n n
i=1 =1 i=1 i=1

By Lemma[3.4] 3", (4;B; + B;A;) = 0. By Corollary 3.2} 31" | B? = 0. Therefore,

Zm?:ﬁzn:/ﬁ 2> 2’1 -m),

=1 i=1 1<i<n

by equation O
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4 A Variant of the Khongsap-Wang Odd Dunkl Operator

In this section, we will show that a close variant of the odd Dunkl operator introduced by Khongsap
and Wang can be used in the construction of three operators that satisfy the defining relations of the Lie
algebra sly. First, we will consider an operator p;, which is different from §; but plays a similar role.

Definition 4.1. The operator p; is a C-linear map P~ — P~, which acts on monomials as follows:

pi(xi\l . :UZAZ ) = N(= )Mt :L",f‘i_l Lz

Remark 4.2. One may also introduce p; by using a nice Leibniz-like expression involving 7;, by defining

pi(;) = 0ij
pi(£9) = pi(Hg + (=D m(f)pilg),
where f,g € P~ and §;; is the Kronecker delta. Now, note the analogous relationship between the

degree-preserving operators s; and 7; in their respective Leibniz rules for the (—1)-degree operators 0;
and p;. This provides motivation for the definition of p; and suggests its natural role in our theory.

Now consider a modified version of #;.

Definition 4.3. Let
D;=tp;+u Z Tk (41)
ki

Definition 4.4. Introduce the odd 2, Euler, and A operators as below:

r? = (2t)7! Z 7 4.2)
i=1
= nou
E= Z Zipi + 3 + 7 Z Sik (4.3)
i=1 k#i
A=—(2t)"'> D} (4.4)
i=1

Remark 4.5. Heckman, who used the even Dunkl operators to find a sl-triple useful in harmonic anal-
ysis, uses the convention ¢ = 1 [13]. For now, we will consider ¢ to be a fixed constant in C*.

Remark 4.6. The commutator in the setting of superalgebras is usually defined as [a, b] = ab—(—1)l*/lpq,
where |a| and |b| are the degrees of a and b, respectively. However, since all of the operators we will be
considering in this section have even degree, there is no need to distinguish between commutators and
super-commutators.

To construct an sl action from these operators, we will require a series of lemmas regarding the
action of portions of the odd Euler operator E. In the next lemma, we investigate the action of the first
term of the odd Euler operator on skew polynomials.

Lemma 4.7. The operator ) ;" | z;p; acts by multiplication by | f| on the space of homogenous functions
feP .
Proof. Tt suffices to show the result for a monomial z* = z7" .. x;\’ ... a". Note that

xz’pi(w)‘) = )\i$i(—1)>‘1+"‘+)"3—1xi‘1 Tl =

K3 n

12



By summing over all indices i, we obtain that
- () = A
szpz(a; )=+ A+ ...+ )2,
i=1

which implies the desired result. O

The above lemma holds true in the even case as well, where p; is replaced by the partial derivative
with respect to z;. We now prove some properties about the action of the third term of the odd Euler
operator on r? and A.

Lemma 4.8. The commutation relation [Ek 2i Sk A} = 0 holds.

Proof. Note that s;yp; = pjsjrifi =k, sjppi = prsjrifi = j, and s;xp; = pis;j i otherwise. Indeed,

these relations can be verified by checking if they are true for xf:v;’xz, a,b,c € Z,, and then extending

by linearity. We prove that s; 1p; = p;s; if i = k, and the other two cases are similar. Without loss of
generality, let j < k, and observe that

skpi(t§2k) = b(=1) sk (2§ ay ") = b(—1)"afal™t = b(—1)x; af

pisik(afey) = (=1)pj(ajaf) = b(=1) Pz af.
By our work in Lemma one can deduce that s; ;7¢,m = T, (¢,m)Si;- AS a consequence, we find that
sjrD; = Dsj «())S4.k- By an easy induction, we now have that s; ;A = As; ;. Using the above equation
multiple times proves the desired result. O

Lemma 4.9. The commutation relation [Zk £ Siyks r2| = 0 holds.

Proof. Follows since s ,xj = T15;k, 5jkTk = Tj5;k and s; 0 = x;5; ) if @ # j, k. O
We are now ready to obtain two commutativity relations involving the odd Euler operator E.

Theorem 4.10. The odd Euler operator and r? satisfy the following commutation relations:

[E,7?] = 2r? (4.5)
[E,A] = —2A. (4.6)

Proof. Since r? has degree 2 and A has degree —2, the theorem follows from Lemmas[4.7}[4.8) andd.9] O

We also need to investigate what the third commutativity relation [r?, A] turns out to be. We will
prove one lemma before doing so.
Lemma 4.11. For ¢ = 1 to n, the equation x; D; + D;z; = 2tz;p; + 1t +u Zk# si 1 holds.
Proof. Recall that

D; =tp; + uZ(xf — xi)fl[(wz — xk)si,k —x;7; + kak].
ki
Therefore, since p;x; = x;p; + 1,

Dz = trip; +t + UZ(JC? — ) N(wiwy, — 2})sip + Z(%Q — )i — wiwgmy)

ki ki
x; Dy = txip; +u Z(l’? — o) Na? — mzy)sip + Z(mf — 22) Y —atr 4z
ki ki
Adding, we obtain the desired result. O
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We now have the tools to find the third relation between 72, E, and A:

Theorem 4.12. The commutation relation [r?, A] = E holds.

Proof. We will first find [72, D;]. The derivative p;, much like the partial derivative in the even case,
satisfies the properties p;z; = —x;p; for i # j and p;z; = z;p; + 1. Now, suppose that i # j. Then,

Dix? = tpl-xf + ux? Z Tik + :B,%(:v? — xi)_l[—xﬂi + xpTE] + mf(:v? — xi)_l[(gjz — ) Si k]

oy
= tx?pi + ux? Zrm + (zi — xj)si
kti

Now, we will find D;x?:

D;x? = tpx? + Z vy (27 — x3) " Nwy — ap)sip + 27 Z(m? — 22—y + 7]
k#i k#i
= t.r?pi + 2t55i + $12 Z Tik — Z(l’l - :L‘k)S@k.
ki ki

Therefore, [Z?:l z2 Di] = —2tx;. This implies that

1
7“2Di — Z)Z"I“2 = —X;. (4.7)

As a result, we find that

P?, Al = —(2t)"' > [, D} = —(2t)"" ) _(+*D} — Djr?)
=1 i=1
= —(20)7" Y _[(Djr*D; — x;D;) — (Djr*D; + Dj;)]
=1

= (2t)71 Z($2Dl + Dll‘l),
=1

where we have used [4.7] Now, by Lemma
T ST o PR
[T 7A] — Z .szz + 2 + t Z SZJC — E,
i=1 k#1
as desired. ]

To summarize, we have found operators E 2, and A, similar to their even counterparts, which
satisfy the defining relations of the Lie algebra sly:

[E,r?] = 2r°
[E,A] = —2A
2, Al=E

Remark 4.13. If one uses the odd Dunkl operator 7; as found in [18] instead of the D; introduced here,
the 2, F, and A operators do not generate sls.

Remark 4.14. Although our results hold true for all ¢t and u in C, one typically sets t = 1 and u = ™!

for some a € C*, since without loss of generality one of ¢ and u may equal 1.
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Remark 4.15. In the even case, let X be a Euclidean vector space with dimension n and let C[X| be the
algebra of C-valued functions on X. Then, this result about sy plays a major role in the study of higher
differential operators on C[X]. This is because the representation theory of sl; allows for the reduction
of degree to the second order [13]. As a result, our results in this section should correspondingly have a
role in further studying differential operators in the odd case.

5 ¢-nilHecke Algebras

Until now, we have been concerned with the odd symmetric polynomials in variables x1,z2, ..., y,
where z;2; = (—1)zjz; for 1 <i # j < n. This immediately suggests the question: what if one replaces
the —1 by any constant ¢ € C*? Specifically, we ask the following questions:

Question 5.1. Is it possible to study g-symmetric polynomials, for which z;x; = gz jx; when i > j?

Question 5.2. Are there g-analogs of even/odd divided difference operators and nilHecke algebras? So
tar, such structures are known only for the even case (¢ = 1) and the odd case (¢ = —1).

In this section, we answer both questions in the affirmative.

We work in the Z-graded, ¢-braided setting throughout. Let C be a commutative ring and let ¢ € C*
be a unit. If V,W are graded C-modules and v € V, w € W are homogeneous, the braiding is the
“q-twist”:

T, VoW =WeV

|vfwl]

(5.1)

VRwWq w R,

where | - | is the degree function. By g-algebra we mean an algebra object in the category of graded
C-modules equipped with this braided monoidal structure; likewise for g-bialgebras, ¢-Hopf algebras,
and so forth.

Remark 5.3. Note that the g-twist described above is its own inverse only when ¢> = 1, which correlates
to the even and odd cases. When ¢* # 1, the corresponding theory becomes more complex. There-
fore, the g-nilHecke algebras that we introduce later in this section are nontrivial generalizations of the
previously studied even and odd nilHecke algebras.

Definition 5.4. The g-algebra Py is defined to be
Pl =C(x1,...,zn)/(xjr; — qrixy; = 0if i < j), (5.2)

n

where |z;| =1fori=1,...,n.

Note that P} = ®7 | P{. There are two interesting subalgebras of P! that can be thought of as ¢-
analogs of the symmetric polynomials. Define the k-th elementary q-symmetric polynomial to be

ek(xl,...,xn): E iy * T4y,
1<ir<..<ip<n
and define the k-th twisted elementary q-symmetric polynomial to be
Ek(xl,...,xn): E fil---fin,
1<i1<...<ix<n
T. =i 1.
where 7; = ¢/~ z;.

Definition 5.5. The g-algebra of g-symmetric polynomials in n variables, denoted Aj, is the subalgebra of

P generated by ey, ..., e,. Likewise for the twisted g-symmetric polynomials, K%, and ey, ..., e,.

The type A braid group on n strands acts on P! by setting

15



1. oi(z;) = quip1ifj =1 3. oi(xj) =qzjifj >i+1
2. O'Z'(xj) = q_lwi ifj=i+1 4. O'Z'(a}j) = q_laﬁj if j <i

and extending multiplicatively.
Definition 5.6. Fori = 1,...,n — 1, the i-th g-divided difference operator 9; is the linear operator Py — P!
defined by 8,(.%) =gq, ai(xz‘_;,_l) = -1, 81(33]) =0forj+#1i,i+1,and

9i(fg) = 0i(f)g + oi(f)di(9), (5.3)

for all functions f, g € P;l. We call Equation the ¢-Leibniz rule.

Lemma 5.7. For every i and every j < k, 0;(xrx; — qxjzi) = 0.

Proof. Since 0;(x;) = 0for j > i+1, one may reduce the lemma to having to prove that 0 (xox1 —qz122) =
0, O1(z3w1 — qr1w3) = 0, and 01 (322 — qrows) = 0. These statements follow from the ¢-Leibniz rule. [

Therefore, 9; is a well-defined operator on Pj..
Lemma 5.8. The following relations hold:

9 (2 = Gh—2j =524k g d o k—1=]
i(@7) = 'Zoq TiTitq
]:

k—1—
a( z+1)__zq sz Tiy1 ]'

Proof. We induct on k. The base case (k = 1) follows from the definition of the 9;, and the powers of ¢
arise mostly from z7', 2" = ¢""x{"z}, | forallm,n € Z,. O

Our ¢-divided difference operators also annihilate the twisted elementary g-symmetric polynomials,
just as the even divided difference operators annihilate the elementary symmetric functions.

Lemma 5.9. Foreveryi =1,...,n — 1 and every k, 9;(ex) = 0. Hence Al C Ny ! ker(8;).

Proof. We can express €, as

Fik) Jik) =
= > @+ Y, dYPE@ i)+ D PP Ema,
gk gk 3l=k -2

1,i+1¢J i,i+1¢J i,i+1¢J
for certain Z-valued functions f, g. The result then follows from 0;(z; + gx;+1) = Oi(zizi+1) = 0 and the
g-Leibniz rule. O

Having discussed g¢-divided difference operators, we can now construct algebras for every ¢ #
0,1, —1 that have many similarities to the even and odd nilHecke algebras. For every such ¢, we de-
tine a g-nilHecke algebra generated by z; and 0; for 1 < i < n, subject to the relations found in the
following two lemmas (5.10|and [5.11).

Lemma 5.10. The following relations hold among the operators 0; and z; (left multiplication by x;):

1. 812:() 5. q(“)ixj—:z:j8i:0forj<z’
2. 838, — qaiaj =0 fOI‘j >i+1 6. Oix; — q$i+1ai —q
3. zjz; = quizjfori < j

7. i0; — q0;iTit1 = q.
4. 8ixj—qxj8i:0forj>i+1 iAot =4
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Proof. To show that 9 = 0, note that we can reduce to i = 1 and proceed by induction. Since 9;(1) = 0,
the base case follows. Suppose that 9?(f) = 0. Then, note that

0t (x1f) = Bu(af + qu201(f)) = a01(f) — 4B (f) +:107(f) = 0
O (waf) = O1(—f +q '2101(f)) = —0u(f) + O1(f) + 2207 (f) =0
0% (x3f) = 01(qu301(f)) = ¢*x307 (f) =0,

which completes the proof of the first statement in the lemma.

Statement [3| follows by definition. Statements [4} [5} [} and [7] follow from a suitable application of the
¢-Leibniz rule. Statement [2| follows from an inductive argument. We can reduce to¢ = 1 and j = 3.
Suppose that 0,;0; = ¢0;0; if j > i + 1. Then,

9301 (21 f) — qO03(w1f) = (q03(f) + 220301 (f)) — q(03(f) + 220105(f)) = 0O

9301 (x2f) — q0105(22f) = (—03(f) + ¢ 210301(f)) — a(—q ' 03(f) + ¢ *x10195(f)) = 0.
(
(

)

0301 (3 f) — q0103(x3f) = (°OL(f) + *x40301(f)) — q(qdL(f) + ¢*240105(f)) = 0

9301 (x4f) — g O3(waf) = (—=qO1(f) + 230501 (f)) — q(—01(f) + 230105(f)) = 0
D300 (25 f) — q0103(x5 ) = ¢*250301(f) — a(P50105(f)) = 0,

thereby completing the induction. O

Lemma 5.11. 0;0;410;0;+10;0;+1 + 0;4+10;0;+10;0;4+10; = 0.

Proof. This result follows from an inductive argument; we reduce to i = 1 and assume that the braid
relation holds true for some function f. Then, we check that the braid relation is true for x1 f, zo f, z3f,
and x4 f (since the behavior of z; f for j > 4 is the same as that of x4 f). For brevity, we will show the
argument for s f only:

0102(22f) = qO1(f) + ¢°230102(f) 0201 (x2f) = —0a(f) + ¢ 2210201 (f)
D12(22f) = q0201(f) — q23132(f) +qu20212(f)  qOi21(22f) = —q0102(f) + 0201 (f) + O121(f)
O212(z2f) = qO121(f) — qO212(f) + 2101212(f)  Om21(w2f) = —022(f) + 21 (f) + 2302121 (f)
Onzn2(z2f) = qd2121(f) + ¢~ 22021212(f) O2121(x2f) = —Oh212(f) + qz3012121(f)-

We continue the above calculations to find that

O121212(22 f) = 012121 (f) + O21212(f) + 220121212(f)
O212121(22f) = —qO12121(f) — O21212(f) + 20121212 f ),

and the braid relation for 5 f follows from the inductive hypothesis. O

6 A Diagrammatic Approach to ¢-Symmetric Polynomials

6.1 Introduction to a ¢-Bialgebra

In the previous section, we answered Question 5.1 in an algebraic way by defining g-analogs of the
classical elementary and complete symmetric functions. In this section, we generalize the diagrammatic
method used in [8] in order to study this question from the perspective of bialgebras.

Let NAY be a free, associative, Z-graded C-algebra with generators h,, for m > 0. We define hg = 1
and h,, = 0 for m < 0, and let ¢ € C*. The homogenous part of NA? of degree ¢ has a basis {hq }ark,
where

ha = hq, - - - hq, for a composition a = (o, ..., a;) of £.
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Define a multiplication for homogenous x and y on NAY®? as follows, where deg(z) denotes the degree
of z:
(w® z)(y @ z) = ¢te8@eeW) (yy @ 12).

We can make NA? into a g-bialgebra by letting the comultiplication on generators be

= Z hy @ by,
k=0

and by letting the counit be ¢(x) = 0 if = is homogenous and deg(z)> 0.
We can impose, through the braiding structure, that:

a b

a b
A(hghy) = Z i ® ha—j)(hi & hp—p) Z Z qk(a_J)(hjhk ® ha—jhp—1)-
=0 k=0 =0 k=0

For any partitions A and y of n, consider the set of double cosets of subroups Sy and S, of S,,: Sx\Sn/S,.
For every C in this set, let wc be the minimal length representative of C' and let /(wc) be the length of
this minimal length representative. We will now attribute a bilinear form to VA¢:

(hah) = Y. g

CeSA\\Sn/Su

This bilinear form admits a diagrammatic description. Let h, be an orange platform with n non-
intersecting strands coming out of it. When computing (hy, h,), with £(\) = z and /() = y, draw
z orange platforms at the top of the diagram, representing A, A2, --,\,. Draw y orange platforms at
the bottom of the diagram, representative of ju1, p2, -+, py. We require that |A| = ||, so that the top
platforms and bottom platforms have the same number of strands.

Consider the example (hi21, h22). In the following diagram, snippets of the strands from each plat-

form are shown.
M E—

[l

Every strand must start at one platform at the top and end on another platform at the bottom. No
strands that have originated from one platform may intersect. The strands themselves have no critical
points with respect to the height function, no two strands ever intersect more than once, and there are no
triple-intersections where three strands are concurrent. Diagrams are considered up to isotopy. Without
any restrictions, there would be n! such diagrams if |A\| = n, since there would be no limitations on
the ordering of the strands. However, due to the above rules, there are only 4 possible diagrams in the
computation of (hi21, ha2), shown below.

LS X

( hy, h,u) — Z q number of of crossings in D ) (61)

all diagrams D representing (hy,h.)

Define

In the above example, (hi21, ho2) =1+ 29 + ¢>.
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We can extend the bilinear form to NAY®? by stating that any diagram in which strands from distinct
tensor factors intersect contributes 0 to the bilinear form:

(wez,y®2) = (w,y)(z,2).

Let I be the radical of the bilinear form in NAY. In [8], the authors prove for any ¢ that multiplication
and comultiplication are adjoint. In other words, for all z,y1, y2 in NAY,

(11 @ y2, A(2)) = (Y192, ). (6.2)

6.2 The Elementary ¢-Symmetric Functions

We now use the bilinear form of g-symmetric functions to study one of their important bases: the ele-
mentary g-symmetric functions.
Define elements e, € NAYby e, =0fork <0, ey =1, and

k .
S (~1)iqeshy_; =0 for k > 1. (6.3)
i=0
Equivalently, let
en=q ()3 (1)@ p,, (6.4)
aFn
Lemma 6.1.

n
1. The coproduct of an elementary function is given by A(e,,) = Z ek @ ep_k.
k=0

1 ifa=(1,...,1)

2.If A E n, then (hy,e,) = )
0 otherwise.

Proof. We begin by demonstrating (2), from which (1) will follow. To show (2), it suffices to show that

_ (xven—l) if m =1
(hm, en) = { 0 otherwise.

We will utilize strong induction on n in order to find (A2, exh,—k). The base cases n = 0, 1 are easy
to show. There are two cases to consider by the inductive hypothesis applied to £ < n. Either there is
a strand connecting h,, and ey, or there is not. Just as we used an orange platform to denote h,, we
will use a blue platform to denote e;. The rules of the diagrammatic notation are the same for the blue
platforms as they are for the orange platforms.

m T
) 3k ok ok ok

n—k—m

k n—=k

If there is not a strand connecting h,, and e, the configuration contributes "™ (x, exPn—_g—m) -
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If a stand connects h,,, and ey, this configuration contributes glk—D(m—1) (2, ex—1hn—k—m+1). We have thus
shown that (hy,z, exhn—i) = ¢"™(z, exhp_t—m) + ¢* D" D(x er_1hy_j_mi1). Now we are equipped
to consider (h,,x, ex).

n—1
(1)) (hyw, e0) = S (=1)Fq) (A, exhn i)

k=0
n—1 . n—1 X

= S (- 1F g by ) + (1) IED ey )
k=0 k=0
n—1 . n—2 .

=S (-1 (@ ephy ) + 3 (~1)E U DE g )
k=0 k=0

= (—1)n_1q(n51)+nm(3«",€n—1h1—m)

+km k+1)+k(m—1)

k
Corresponding terms from the two sums cancel in pairs, since q(2) = q( 2
k = n — 1 term in the first sum. The second statement of the lemma thus follows.

We will now use (2) to prove (1). This follows from equation [6.2}

, leaving only the

1 A=(1%p=01P),l+p=k,

A Jha®hy) = s hohy) =
(A(ex), ha @ hy) = (ex, hahy) {0 otherwise.

We now calculate the sign incurred when strands connect two blue (ej) platforms:

n

(—1)”+1q(2)(en,en) = (_1)kq(2) (ens exhn—k)

n

= (_1)n—1q(”;1) Z(ek R en—k,n-1& hl)
k=0

n—1

= (1) 1" ) (en_1, en1).

One may solve this recursion to find that (e, e,) = q*(g) .Here, the second equality follows from not-
ing that at most one strand can connect h,,_j and e, (so that & = n — 1), the third equality follows
from adjointness, and the fourth and fifth equalities follow from the diagrammatic considerations of the
previous lemma.

To summarize the diagrammatics of the bilinear form thus developed:
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1. For each crossing, there is a factor of ¢ in the bilinear form.

2. If two blue platforms are connected by n strands, there is a factor of q—(’;‘)

3. At most one strand can connect a blue platform to an orange one.

6.3 Relations Between Elementary ¢-Symmetric Polynomials

In this subsection, we apply the diagrammatic method in order to study relations between g-elementary
symmetric polynomials.
Define Sym? = NAY/R, where R is the radical of our bilinear form.

Lemma 6.2. If ¢" = 1, then A7 is in the center of N A4,

Proof. First, suppose ¢ is a primitive n'" root of unity. Construct all ordered k + 1-tuples of nonnegative
integers that sum to n — k. Let R}gf be the set of all such k + 1-tuples. For any tuple (a1, a2, -, ag+1),
let |(a1, az,- -, art+1)| be the sum of the entries of the tuple.

For these tuples, (a1, a2, - - , ag+1), define the map f as follows:

f(alaa27 te 7ak+l) = (kalv (k - 1)(12, (k - 2)@3,' o >ak10)'

Define
P(n,k) = Z M lavsazyarin)],
Ry
Example 6.3.

P(7,2) =1+ q+2¢> +2¢° + 3¢* + 3¢° + 3¢5 + 2¢" 4+ 2¢° + ¢° + ¢'°

Consider the above diagram, representative of (h{hm, exx). In the diagram, n = 7 and m = 3. The
three strands from e3 ”“split” the seven h;’s into groups of 1, 2, 1, and 0. This is a 3 + 1-tuple that sums to
7—3 = n—k = 4. Numbering the h’s from left to right, note that the first 4; contributes ¢" intersections,
the third and fourth h;’s contribute ¢* ! intersections, and so on. In general, the diagrams in which no
strand connects ., and e, contribute P(n, k)(h} ¥ hy,, ) to (W} hm, exx).

If a strand connects e, to h,,, then it intersects the other n — (k — 1) strands connecting some h; to z,
contributing a factor of ¢"~*+1.The other intersections contribute P(n, k — 1). Putting this case and the
previous case together, we obtain that

(W hums ex) = P(n, k) (WY Fhy, 2) + ¢ * T P(n, k — 1) (B " hyy, ). (6.5)
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Similarly, the above two diagrams show that
(hmht, ext) = ¢ P(n, k) (hmh}™F, 2) + " DE VP (0 k — 1) (A1 BT 2). (6.6)

Now, consider the case when k£ = n + 1. In this case, there is only one diagram for the bilinear form,

and it can be shown that
(h?hma €n+1x) = (hm—b :E)
(hmh?u €n+1x) = qn(m_l)(hm—lv IL'),

which are equal since ¢" = 1. Now, if k¥ < n, we claim that P(n, k) = 0 for all n # k. This follows from
the fact that ¢" = 1, that ¢" %) # 1 for £ € (1,2,3,--- ,n — 1), and the fact that

P(n,k) = (Z)q

The above statement follows from a bijection establishing P(n, k) as the Gaussian binomial coeffi-
cient (Z)q. It is known that the coefficient of ¢’ in (Z)q is the number of partitions of j into k or fewer

parts, with each part less than or equal to k. P(n, k) yields the same result since f takes every k + 1-tuple
to a k + 1-tuple with last term 0. Each term must be less than or equal to n — & since we have imposed
that the sum of all the terms is n — k.

We substitute P(n,k) = 0 in and to find that both products (h}hy,, exx) and (h,hY, exx)
are 0 unlessn = k or n = k — 1 (already addressed). If n = k, then

(AW hm, enx) = (hm, z) + ¢P(n,n — 1)(h1hm—1, )
(hmhl, enz) = ¢"" (hm, z) + ¢ V=P, n —1)(hm_1h1, ).

Since ¢™" = 1 and P(n,n — 1) = 0, the above two expressions are equal. We therefore have the desired
result when ¢ is a primitive root of unity. By using some basic number theory and the recursive property

of the Gaussian polynomials that
(n) J (n — 1> (n — 1>
k), k/, k—=1))

one may extend the result to any root of unity. O
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6.4 Insertion

In this subsection, we develop the novel idea of insertion as a method for developing further relations
in NAY. Note from the previous arguments in this section that many diagrammatic relations between
elementary symmetric functions involve evaluating the bilinear form (h), exz), for some A, k, and = €
NA?. The insertion method aids in the general computation of this bilinear form.

Let A and ;2 be compositions such that A = (Ay, Ao, -+, A;) and p = (p1, 2, - - , f12). The length of A
and g, which will be denoted by ¢()\) and ¢(y), is z. Define [A| = A1 + A2 + -+ - + A,. Let o be a binary
sequence of 0’s and 1’s with k total elements, £ of which are 1. Let O} be the set of all o} for given k and
(. The size of the set Of is (}).

Define subtraction and multiplication of compositions in a component-wise manner

A== (A1 — p1, Ao — pay oy Ap — puz)

A= (A1pn, Aopta, -+ 5 Azpz).

Let 7]" be the composition with m elements, all of which are n. Let A = (Mpg1, Mis2, - -+ 5 A.) and let
)\ﬁ = (A1, A2, - -+, Ag). Further, let (\) denote the composition (A1, A1 + A2, A1+ + Az, -+, A1+ -+ A,).
Define (hy, exx)n, to be the result when computing (h,, ew), but with h;, appended to the beginning of
hq all bilinear forms (hq, ). We call this process insertion.

Example 6.4.
(hahs,e12)n, = (hihihs, ) + ¢*(hihoha, x)

We now show some applications of insertion. The first is a result that simplifies the computation of
a specific bilinear form.

Lemma 6.5. The equation (h,hy, exz) = ¢* D=V (hy e 12)n, _, + ¢ (hy, expx)n, holds.

Proof. We utilize casework and the diagrammatic approach. There are two cases; either there exists a
strand connecting h,, and ey, or there is not.

If there exists a strand connecting h,, to ey, then summing across all possible diagrams, we obtain
(hx, ex—1%)p, _,. The insertion of h,,_; is due to the fact that n — 1 strands from h,, intersect x, and must
be accounted for when summing. However, each of the n — 1 strands from the h,, platform intersects
each of the k — 1 strands from e, to h). This case contributes q(k_l)("_l)(hA, ek—1%)h,, ;-

If no strand connects h,, to e, then summing across all possible diagrams, we obtain (hy, exx)p, . The
insertion of h,, is due to the fact that n strands from h,, intersect x, which must be accounted for in the
summation. However, each of the n strands from the h,, platform intersects each of the k strands from
ex to hy, so this case contributes ¢*" (hy, exz)p,, -

These are the only two possible cases and putting the two cases together yields the desired result. [
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Also note that

(hp,x) ifk=0
(hp,exx) =< (hp—1,2) ifk=1
0 ifk<Oork>1,
since at most one strand can connect h,, and ey. ]

We can now compute the general bilinear form (hy, e;z), thereby facilitating the discovery of further
relations between elementary symmetric functions.

Lemma 6.6. We have that

m
(hasexe) = D 3 g On o= Ry ey )y,
1=0 O T
Proof. We induct on m. If m = 1, then the proposition becomes:
(ha,exz) = ZZ(] (=) (k=r(} m(h)\c €k—1T)h 1 (6.7)
=0 01 A l

which reduces to Proposition 1.2.
Now assume that the result holds for m. Then,

(h, exz) = ZZQ —eIE O (e epa)n,,

=0 O e
= qu T (e )>|q(kfr1)“m“*1)(hA,C;;H’ek—l—lw)hxgl-a;”hxmﬂfl
=0 O
L m
OSSO A O g h
0 m
We therefore have

(hvera) =35> ¥ b= OE Dl Do ee izl m , (68)
=1 O m m—oL m
S 3 gl M=ot ()] k=) 1)
; OZ 1 +1 (h)‘gl+l’ek_l,zv)h)\’,lhfdimhkmﬁ»l‘ (69)

Let ;" denote a composition in O} that ends in a 0. Let b]" denote a composition in O;" that ends in
a 1. Let A" and B" be the set of all ;" and b, respectively. Now, consider the terms indexed only by
1<li<m:

m
AL —pmhy (e pmt
Z Z q|( ma1—bp (T, (& ))I(h)\ﬂci L , €— lx)h WL _pymtl

— Bm+1 m+1 l
m+1 m—+1 m+1
+ q m+1_al )(Tk _T(al ))l(hAG ek; l"r)h AL 'm+1
; 1: A:m+:1 m+1 4
l
m+1 11 +1 +1
—g™ T —r(o]™
— E E q\ ol (T (e ))‘(h)\c 1,€k;—l$)hAL m+l
o — m+ m+1"7]
= Ol
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The terms indexed by 1 < [ < m match their corresponding terms in the Proposition. It remains to
consider the cases | = 0 and | = m. For | = 0, note that there does not exist a b0}, and for! = m + 1,
note that there does not exist an a;:. From here, it is easy to see that these terms satisfy the proposition
as well (the [ = 0 term can be found in the second sum of and the [ = m + 1 term can be found in
the first term of (6.8)). O

Therefore, an explicit formula for the bilinear form can be given by:

0 ifk>z2+1
k—1 k—1 k—1
q|(/\£—1_‘7k—1)(Tk —T(O'k—1))|(h}\éil_gllz:ih/\kil) ifk =z
(has exz) = oyt e

O LRI IJ(U’“*%))I(hngl—agjh)\z—l)

Oi1

+ 3 q\(z\zL,l—ngl)(T;fl_r(aZ*))\(h)\L _oe-1hy,) itk <z

Oz_l z—1 k

7 Conclusion and Further Research

Through this work, we have contributed towards the program of oddification by studying properties
of odd Dunkl operators in relation to diverse ideas in mathematics; namely, we connected odd Dunkl
operators to odd divided difference operators, the classical Yang-Baxter equation, and the important Lie
algebra sl;. We used inductive arguments and introduced refinements of the odd divided difference
operators and the odd Dunkl operators in order to prove our main results. By discovering odd versions
of the Dunkl Laplacian and sly-triples, which play important roles in the representation theory of even
symmetric polynomials, we have strengthened the odd theory and provided new areas of investigation
for future researchers.

In Section 4, we gave an action of sl on skew polynomials through a variant of the Khongsap-Wang
odd Dunkl operator. In the future, we will try to describe the weight spaces and isotypic decomposition
of this representation. We could also apply our results by studying higher degree differential operators
in the odd case, since the representation theory of sl; allows us to conveniently reduce degree to second
order [13].

Ellis, one of the authors who introduced the odd nilHecke algebra, asked if there were odd analogs
of other symmetric polynomials, such as Jack polynomials or Macdonald polynomials. Here, we outline
a procedure for answering his question and making progress towards finding odd Jack polynomials.
We first introduce the odd Cherednik operators

Yi = —axzn + Zsi,k —(n—1). (7.1)
k<i

Applying arguments similar to those used by Khongsap and Wang in [18]], we can find that
L YY) =YY, 3. siYiq1 =Yisi +1
2. 5, =Yi118 —1 4. Sin = Yjsi forj #i,i+ 1.

The next step would be to find a scalar product for which the odd Cherednik operators are self-
adjoint. One can then define the odd Jack polynomials as eigenfunctions of the odd Cherednik opera-
tors and study their properties as in [20]. Since the odd Cherednik operators are closely related to the
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odd Dunkl operators and the 7; ;;, we introduced in Section |2} the work in this paper would contribute
significantly towards the study of odd Jack polynomials.

Factorization entails yet another problem of interest in the odd theory. For example, one can use the
method of undetermined coefficients to show that, for odd n,

n—1
] —xy = (21 + axg) g vpaf et Rk,
k=0

where v,_1a"™ = —1, and v}, is defined as follows:

1  k=0,3(mod4)
’U g
*T1-1 k=1,2@mod4).

Such identities arise in subtle ways in the action of operators on P and the study of these kinds of
noncommutative factorizations have separate combinatorial interests as well.

In Section we introduced g-nilHecke algebras for all ¢ # 0,1, —1. It would be interesting to study if
the ¢g-nilHecke algebras categorify an interesting Lie theoretic algebra, and whether they can be used to
construct invariants of links or other geometric structures. One could also begin a diagrammatic study
of the ¢g-nilHecke algebras as in [9].

In the same section, we defined elementary g-symmetric functions, which brings up the problem of
finding relations between these generators and further studying the structure of A%. We introduced a
method for solving this problem using diagrams in Section[6] and found some of these relations. How-
ever, the remaining relations between the e; are much more complex than their even or odd counterparts,
and merit further study. When ¢ = 1, for example, the following degree 6 relation holds:

U1 = e11211 + €12111 + €21111
U2 = e1122 — 2€1221 + 3€2112 + €2211
v3 = 2e1131 — 2e114 + 2e1311 — 2e141 + 3e222 + 2e1113 — 2ea11

v1 + ¢z + quz = 0,

where EXN=€EXN; ---C) for A = ()\1, )\2, ey /\k)

We also conjecture that our results, and especially the definition of odd Cherednik operators, have
connections to recent geometric work of Braden, Licata, Proudfoot, and Webster, who have constructed
category O for certain Cherednik algebras. As a result, we believe that the ideas in this paper will
further develop the program of oddification and also create a more thorough understanding of higher
representation theoretic structures.
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