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Introduction

@ Motivation: Generalization of the basic representation theory of
different algebras, including Us(, and Usp,, x Ap.

@ Main objects: Infinitesimal Cherednik algebras H,(gl,,) and
Ha(5p2n)'
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Introduction

@ Motivation: Generalization of the basic representation theory of
different algebras, including Us(, and Usp,, x Ap.

@ Main objects: Infinitesimal Cherednik algebras H,(gl,,) and
Ha(5p2n)'

@ Work from last year:

@ Computation of entire center for the case Ha(gl,).
@ Computation of the Shapovalov determinant.
@ Classification of finite-dimensional irreducible representations.
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Introduction

@ Motivation: Generalization of the basic representation theory of
different algebras, including Us(, and Usp,, x Ap.

@ Main objects: Infinitesimal Cherednik algebras H,(gl,,) and
Ha(5p2n)'
@ Work from last year:

@ Computation of entire center for the case Ha(gl,).

@ Computation of the Shapovalov determinant.

@ Classification of finite-dimensional irreducible representations.
@ New results:

@ Proof of the formula for the first central element of H, (gl,,).

@ Conjecture regarding the entire center for all H, (gl,,).

© Computation of Poisson center for H,(gl,,) and Ha (sp,,)-

David Ding, Sasha Tsymbaliuk Infinitesimal Cherednik Algebras



Definition
Central Element
Ha (s p2n)
Summary

Definition of Infinitesimal Cherednik Algebras

Definition

Let V be the standard n-dimensional column representation of gl,,,
and V* be the row representation, o : V x V* — Lgl,..

The infinitesimal Cherednik algebra H, is defined as the quotient
of Ugl, x T(V & V*) by the relations:

[y,X] :a(y7x)7 [X7X/] = [y7y/] =0

forall x,x’ € V* and y, y’ € V. In addition, H, must satisfy the PBW
property.
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Acceptable deformations «

@ Etingof, Gan, and Ginzburg proved that « is given by Z};O a;f
where r; is the coefficient of 2/ in the expansion of

tr(x(1 — zA)~y) det(1 — zA)™"
@ We can naturally consider the o; as coefficients of a polynomial

a(z) =3 a2,

@ If a(z2) is a linear polynomial, H, = U(slp11).
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Center is Polynomial Algebra

@ Let f, b, ..., t, be the generators for the center of Hy:

n
ti = ij[ﬁlay]]v
j=1
where 3; is defined by Y"1 (—1)'8;z' = det(1 — zA).
@ Tikaradze proved that there exist unique (up to constant)
C1,C2,...,Cn € 3(4g) such that
3(Ha):k t+c,b+Co,...,.0h+Cp

t ¢
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Poisson infinitesimal Cherednik algebra

@ A Poisson algebra is a commutative algebra with a Poisson
bracket that satisfies

{ab, c} = b{a,c} + a{b, c}.

Note that the Lie bracket satisfies [ab,c]=a[b,c]+[a,c]b.

@ We can study the Poisson analogue of infinitesimal Cherednik
algebras, defined as S(gl,,) x S(V @ V*) with {a, b} = [a, b] for
abegl,x (Vo V*).
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Poisson infinitesimal Cherednik algebra

@ A Poisson algebra is a commutative algebra with a Poisson
bracket that satisfies

{ab, c} = b{a,c} + a{b, c}.

Note that the Lie bracket satisfies [ab,c]=a[b,c]+[a,c]b.

@ We can study the Poisson analogue of infinitesimal Cherednik
algebras, defined as S(gl,,) x S(V @ V*) with {a, b} = [a, b] for
abegl,x (Vo V*).

@ The Poisson center consists of elements c that satisfy {¢,a} =0
for all a.
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Poisson infinitesimal Cherednik algebra

@ A Poisson algebra is a commutative algebra with a Poisson
bracket that satisfies

{ab, c} = b{a,c} + a{b, c}.

Note that the Lie bracket satisfies [ab,c]=a[b,c]+[a,c]b.

@ We can study the Poisson analogue of infinitesimal Cherednik
algebras, defined as S(gl,,) x S(V @ V*) with {a, b} = [a, b] for
abegl,x (Vo V*).

@ The Poisson center consists of elements c that satisfy {¢,a} =0
for all a.

@ The Poisson bracket approximates its corresponding Lie bracket.
Our Goal: to obtain information about the Lie bracket from
the Poisson bracket.
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o

@ Letg e Ugl, Then, {g,y} =37, gg,j{e,-,, y}.

n

{t,yt =) (Reszon(z h

tr(x;(1 — zA)'y) .
B, Vit.
o zdet(1 — zA) dz | {5 ¥i}
@ Thus, if {fk + ck,y} =0,
n ~ n
¢, tr(x;(1 — zA)~*
Z;)é{ey.y}z<Reszo<x(z1) (( )" Y)
ij=1 Jj=1
Q

zdet(1 — ZA) dz) {8y

«0O0>» «F» «E)» « Q>

i
v



Definition
Central Element
Ha (s p2p)
Summary

Computation of Poisson Center

@ Letg e tgl,. Then, {g.y} = 7, 52 {ej. ¥}
2]

n (1 _ —1
{tk,y} = Z <ReSzo a(Z_1)tr(;]c§;t(1ZA)zA)y) dZ) {B;ﬁy/}

=1
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Computation of Poisson Center

Q Letg € Ugl,. Then, {g,y} =37, g—%{e,-/,y}.
o

{tk,y} = 121 <ReSzo Oz(Z_1)tr(;]c§;t(1ZA)zA)y) dZ) {B;ﬁy/}

Q Thus, if {tk + Ck,y} =0,

n

n
ko 1 o tr(g(1 = zA)1y) |
= 8eﬁ{ellvy} - 12_1: <ReSz_O OZ(Z ) Zdet(1 — ZA) dZ {ﬁk,y/}

© Key idea: since all terms above are GL,-invariant and
diagonalizable matrices are dense in gl,, we can assume A is
diagonal.
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The Poisson Cent

Definition

Let c(t) be the generating function of ¢;: c(t) = >_7_,(—t) ci.
Theorem

_i\det(l —tA) z®
¢(f) = — Resz—p oz 1)det((1 — zA)) 1-tz

[m]

=)

dz

12N Ge



Case ¢ :

¢i = Res,_ga(z7 ") det(1 — zA) 'z 2dz = Zo‘itr SHA.
i
Case ¢, :

co =Res,oa(z7 ") det(1 —zA) 'z 2 (rA-z7") dz
= Z ai (Bitr STA—tr ST2A).
i

«0O0>» «F» «E)» « o

i
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Poisson to non-Poisson

Theorem

k—1 1
(B, ¥l = {/—0 <H_ 1) — nﬂk—i,}’}~

Theorem

k—1

X B 1 k+n+1 i
[thA,Y]—{Z—k+n+1 ; (—1)'tr KAy 5.
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@ Let f(z) be the polynomial satisfying

f(z) — f(z—1) =9"(2"(2)), and g(z) = z' "
@ Note that if g(z) = zk+1,

k—1
_ 1 k+n+1 i k=i
a(2>—i§_;k+n+1( i )(_1)2 '

i
v

«0O0>» «F» «E)» « Q>
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Change of basis

@ Let f(z) be the polynomial satisfying
f(z) — f(z—1) = 98"(z2"o(2)), and g(2) = Z2' "5+ f(2).
@ Note that if g(z) = zK*1,

k—1

“(z)—§/<+n+1< )y

@ Thus, Y giitrSHA y] = {> o;tr SH1A y1.
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@ Conclusion:

[t y] = vl = > Xy}
i=1 i=1

= —{Res,—ga(z ") det(1 — zA) "'z 2dz,y}

[Res,—o g(z ") det(1 — zA) 'z dz, y].
Hence, ¢; = Res,—o g(z~')det(1 — zA)"'z7"dz .

«40>» «F)>r «=) « > = Q>
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The General Formula for the Central Element

Conjecture

Let c(t) be the generating function of the c;, i.e., c(t) = >, t'ci. Let

.2y — -0 2504 "y 1\ "
o ) 1+ 1tz \ 2sinh § ’

tdet(1 + tA)
=0 Zdet(1 — zA)

Then,

c(t) = Res h(t,z=")dz.
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Casec; :

Res;—og1(z ") det(1 — zA) 'z 'dz
where g1(2) = s—5—f(2).
Case ¢, :

e = Res,_odet(1 — zA) " (g1(z7 )trA—go(z7")) z a2z
where gx(z) = W (zf(z) + et 73 f(z))

«0O0>» «F» «E)» « > Q>
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Infinitesimal Cherednik algebras of sp,,

Definition

Let V be the standard 2n-dimensional representation of sp,, with
symplectic form w, andlet a : V x V — Usp,,,.

The infinitesimal Cherednik algebra H, is defined as the quotient
of Usp,, x T(V) by the relations:

[x,y] = a(x,y)
for all x, y € V. In addition, H,, must satisfy the PBW property.
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PBW pairings

@ Etingof, Gan, and Ginzburg proved that « is given by Z,"(:o Qi
where r; is the coefficient of 2 in the expansion of

w(x, (1 = 22A2)y)det(1 — zA) ™" = n(X, ¥) + ra(X, y) 2% + - -

Note that since A € sp,,,, the expansion det(1 — zA)~" only
contains even powers of z.
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Center for H,(sps,,)

@ Let .
= [8i vV},
j=1

where f3; is defined by Y7, ;2% = det(1 — zA). By v, we mean
the element of V that satisfies w(v;, v;") = dj.

@ These {; generate the center of Hy(sp,,)-

@ We conjecture that 3(H,) = k[t + ¢1,. .., t, + ¢p], where
¢i € 3(LUsp,,) are unique up to a constant.
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Poisson Center for H,(sp5,)

Theorem
Let c(t) be the generating function for the c;:

c(t) = zn:(—1 )+ leiz?
i=1

Then,
det(1 —tA) z78

C(t) =2 Resz:O a(271)det(1 _ ZA) 1 — 22t2

az.
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Summary

@ Last year, we studied H,(gl,). We conjectured the formula for
the first central element’s action on the Verma module.

@ Using this conjecture, we calculated the Shapovalov form and
determined the finite dimensional irreducible representations.

@ We proved this conjecture earlier this year, thereby proving all
aforementioned results.

@ Currently, we are trying to find the other central elements. To do
this, we pass to the Poisson algebra, which is easier to handle.

@ Also, we are trying to extend results from H,(gl,) to Ha(sps,),
such as Kostant’s theorem and the classification of finite
dimensional representations.
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