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q = p°, F, is the finite field with g elements
s=1, F,is the integers modulo q

Rank of a matrix A is dimension of the row space of A
nxn matrix, det(A) # 0 iff rank of Ais n
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Finite fields and rank of a matrix
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Main counting problem: matrices over F, with restricted positions

For Sin [n] x [n], let

Mat,(n,S) := {A n x n matrix over F, | rank r,a;; = 0 for (i,j) € S}

Goal: Find #Mat (n, ) (i.e. support of matrices misses S )
Examples
1. ForS=@0,r=n=3 (invertible matrices)
#Mat3(3,0)) = #GL(3,q) d11 | @12 | A3
= (¢’ - 1)(¢’ - 9)(¢* - ¢*) 21 | 3y | 3
=(¢-1)’a*(a* +q+1)(qg+1) a3, | a3, | A3




Main counting problem: matrices over F, with restricted positions

For Sin [n] x [n], let

Mat,(n,S) = {A n x n matrix over F, | rank r,a;; = 0 for (i, j) € S}

Goal: Find #Mat (n, ) (i.e. support of matrices misses S )
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3. ForS ={(1,1), (2,2),....,(n,n)},r=n=3 (g-analogue of derangements)

#Mats(3,5) = (¢ — 1)°q(q® + 2q—1)



Main counting problem: matrices over F, with restricted positions

For Sin [n] x [n], let

Mat,(n,S) := {A n x n matrix over F, | rank r,a;; = 0 for (i,j) € S}

Goal: Find #Mat (n, ) (i.e. support of matrices misses S )

Examples
1. ForS=0,r=n=3 (invertible matrices)
#Maty(3,0) = #GL(3,q) 0 |ap, | ags

= - 1)(¢" -9’ - ¢°) 3y | 0 |ay

=(¢—-1)’q*(@®* +q+1)(q+1) ay |as, | O
3. ForS ={(1,1), (2,2),....,(n,n)},r=n=3 (g-analogue of derangements)
#Mats(3,5) = (¢ —1)°q(q® + 2q-1)
Questions

1. Is #Mat (n,S) really g-analogue of permutations with restricted positions ?
Yes: #Mat, (n,S)|,=1" = " #{permutations avoiding S}
(Liu-Lewis-Morales-Panova-Sam-Zhang 10)
2. How complicated is #Mat (n,S)? Is it a polynomial in g?



#Mat (n,S) is not necessarily a polynomial in g

Example
Let Sp65, in [7]x[7] be complement of support of the Fano plane PG(2,2)
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#Mat (n,S) is not necessarily a polynomial in g

Example
Let Sp65, in [7]x[7] be complement of support of the Fano plane PG(2,2)
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#S =28
Theorem (Stembridge 98) ree)

The # invertible matrices A is the quasi-polynomial:

#Mat7(7,Spaao)) = (1_1)7(13((111+"'_97q6+"'+1) if ¢ even,
o (q—1)7¢"(q° +---—98¢* +--- —6) if ¢ odd.

Spe(2,2) SMallest example with respect to n and #S



In general #Mat (n,S) can be very hard

Polynomiality of #Mat,(n,S) is related to a speculation of Kontsevich:

Conjecture (Kontsevich 97, Stanley’s reformulation 98)

Let G is simple connected graph on n vertices, Sc=1{ (i,j) | 1#], (i,]) in E(G)}
then #{A in Mat_(n,S.) and symmetric} is a polynomial in g.



In general #Mat (n,S) can be very hard

Polynomiality of #Mat,(n,S) is related to a speculation of Kontsevich:

Conjecture (Kontsevich 97, Stanley’s reformulation 98)

Let G is simple connected graph on n vertices, Sc=1{ (i,j) | 1#], (i,]) in E(G)}
then #{A in Mat_(n,S.) and symmetric} is a polynomial in g.

*Conjecture is false, #{A in Mat (n,S.) and symmetric} as (Belkale-Brosnan 00)
complicated as counting points over F, of any variety defined over Z
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*First counterexamples: G with E(G)=14. 0 ey (Schnetz 09)

#{A in Mat (n,S.) and symmetric} three =8
polynomials depending on ¢ = (), 1,2 (mod 3)

Goal: Find #Mat (n, )




In general #Mat (n,S) can be very hard

Polynomiality of #Mat,(n,S) is related to a speculation of Kontsevich:

Conjecture (Kontsevich 97, Stanley’s reformulation 98)

Let G is simple connected graph on n vertices, S.={(i,J)) | i#], (i,J) in E(G)}
then #{A in Mat_(n,S.) and symmetric} is a polynomial in g.

*Conjecture is false, #{A in Mat (n,S.) and symmetric} as (Belkale-Brosnan 00)
complicated as counting points over F, of any variety defined over Z

*First counterexamples: G with E(G)=14.

#{A in Mat (n,S;) and symmetric} three
polynomials depending on ¢ = (0, 1,2 (mod 3)

New goal: Find families of sets
where #Mat (n, )is nice

Goal: Find “iviat,(n, )




Straight and skew shapes

Straight shape or Young diagram — number of cells non-increasing, left-justified
Number of cells per row A (A, > A,, etc.), shape S,

A[4321] B[4422] C[3423] D

Skew shape or skew Young diagram
Take one straight shape S;,remove another straight shape S, from upper left

A[4321]/12] B[4 422]/[31] C




Rook placements and inversions

r-rook placement: r dots, “rooks”

No row or column has more than one rook
r=4 r=1 r=0

Inversions of a rook placement c: inv(c)
Number of cells in S that are not in line with any of the rooks in certain directions
Either NE-inversion or NW-inversion

NE NW

hi i Hii

_—

NE-inv(c) =0 NE-inv(c)=4 NW-inv(c) =2 NW-inv(c) =2



#Mat (S,q) for straight shapes S,

Theorem (Haglund 98)
For straight shapes S=5,

#Mat,(n,S) = (qg—1)"¢g"°" Z g~ (NW-inv(C,5))

rook placements

Example
r=4 r=4
° ° 00
e 0 O J 0 0
e 0 O O e 0 O 0O 0 O
(q_1)4q7(1+1/q) (q_l)oqllq-ll =1 (q_1)4q50 =0

Note: for straight shapes S, the sum of g"W-/m(C5) js
the same for NE-inversions and NW-inversions.
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Main Result: #Mat (S,q) for skew shapes S, ,

Haglund’s type formula holds for skew shapes with NE-inv rather than NW-inv

Theorem
For skew shapes S=5, ,

#Mat,.(n,S) = (¢g—1)

T, #S—r

q

2

rook placements C

—(NE-inv(C,5))

Example [4 4 32]/[2 1] rank 4
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H#T = (g-1)%q%(1+3/,+Y/,2) = (9-1)"q*(q*+3q+1)
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H#T = (g-1)39*(1+%/,) = (9-1)*q*(q+2)
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How many matrices correspond to each rook placement?
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How many matrices correspond to each rook placement?

(q_ 1)rq#S-r-inv(c)



Permuting rows and columnsin S

Recall: #Mat (n,S) is invariant under permuting rows and columns.

Example




Future work

1. Inverse skew-shapes: Haglund type formulas do not give #Mat (n,S)
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rank 2: (g-1)*(g3+6g%+3g-1)
rank 1: (g-1)(6q)

rank 0: 1
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Future work

1. Inverse skew-shapes: Haglund type formulas do not give #Mat (n,S)

Example

rank 3: (g-1)3(g3+2g%-q)
rank 2: (g-1)*(g3+6g%+3g-1)
rank 1: (g-1)(6q)

rank 0: 1

Conjectu re (LLMPSZ10) #Mat,(n, S,,) is a polynomial in q.

2. Rothe diagrams of permutations: S, for permutation w
Example w=315

To I

o

rank 5: (g-1)° (q+1)(g?+2g%+3q+1)

0
0

™

Conjecture #Mat (n, S_W) x (g-1)"is polynomial with non-negative coefficients.
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