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1. Horn’s problem, and Horn’s conjecture

A and B are n x n Hermitian matrices, and C = A + B.

Assume that the eigenvalues a; > -+ - > «, of A,

and the eigenvalues 81 > --- > (8, of B are known.

Horn’s problem : What can be said about the eigenvalues ;3 > -+ > v,
of C=A+B?

Weyl’s inequalities (1912)

Vi1 < o+ G fori+j<n+1,
>

Yitj—n aj+ B fori+j>n+1.



Horn’s problem and projection of orbital measures for unitary and pseudounitary groups

Lemma U, V, W subspaces of R". If
dimy + dimV +dim W > 2n+ 1,

then Y NV NW # {0}.

Proof of Weyl's inequalities

Eigenvectors uy,...,u, of A, vi,... vy of B, wq, ..., w, of C.
For i+ < n+1, define

u = Vect(uj, ..., up), dimU =n—i+1,
vV = Vect(vj, ..., Va), dimV =n—j+1,
W = Vect(wi, ..., Witj—1), dimW=i+j—1

Then dimU + dimV + dim W = 2n 4 1. By the lemma
UNVYNW #£{0}. Take xeUNVNW, ||x|]| =1. Then

(Ax | x) < ai, (Bx|x)< B, (Cx|x)>7igj-1-

Hence
Vitj—1 < (Cx | x) = (Ax | x) + (Bx | x) < o + 5;.
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Horn’s conjecture (1962)

The set of possible eigenvalues v; > --- > v, for C= A+ B is
determined by a family of inequalities of the form

Z’Yk S Zai+26j7

keK icl jed

for certain admissible triples (/, J, K) of subsets of {1, ..., n}.
Klyachko has proven Horn's conjecture,

and described these admissible triples (1998).

We will call this set Horn's set Horn(c, ().
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n=3 a=(3514-49), 3= (2 —0.86,—1.14).

Weyl'inequalities gives

aa < m<h
a2 < Mm<b
a3 < 73< b3

In the plane
X1 + X2 + X3 = O7

these inequalities determine a hexagon.
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We consider Horn's problem from a probabilistic viewpoint.

The set of Hermitian matrices X with spectrum {a,...,a,}

is an orbit O, for the natural action of the unitary group U(n):

X — UXU* (U € U(n)).

Assume that

the random Hermitian matrix X is uniformly distributed on the orbit O,
and the random Hermitian matrix Y uniformly distributed on Og.

What is the joint distribution of the eigenvalues of the sum Z =X +4+Y 7

This distribution is a probability measure on R” that we will determine
explicitly.
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Orbits for the action of U(n) on #,(C)

Spectral theorem : The eigenvalues of a matrix A € H,(C) are real
and the eigenspaces are orthogonal.
The unitary group U(n) acts on H,(C) by the transformations

X — UXU*
For A = diag(as, ..., a,), consider the orbit
O, ={UVAU" | U e U(n)}, a=(a,...,a, €R"
By the spectral theorem

On = {X € H,(C) | spectrum(X) = {ou, ..., an}}
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Orbital measures,
and radial part of an invariant measure

The orbit O, carries a natural probability measure:

the orbital measure pi,,

image of the normalized Haar measure w of the compact group U(n)
by the map U — UAU*. For a function f on O,

/ F(X )t (dX) = / F(UAU)w(dU),
Oa

U(n)

A U(n)-invariant measure i on H,(C) can be seen
as an integral of orbital measures:
it can be written

/n(@ F(X)u(dX) = /R (/U(n) f(Udiag(ty, ..., dt,,)U*)w(dU))y(dtL

where v is a G ,-invariant measure on R", called the radial part of .
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If 1 is a U(n)-invariant probability measure on H,(C),
and X a random Hermitian matrix with law g,

then the joint distribution of the eigenvalues of X

is the radial part v of p.

Assume that the random Hermitian matrix X is uniformly distributed

on the orbit O, i.e. with law i,

and Y uniformly distributed on Og, i.e. with law pg,

then the law of the sum Z = X + Y is the convolution product 1o * g,
and the joint distribution of the eigenvalues of Z

is the radial part v, g of the measure p1 = g * pig.

Hence the problem is to determine this radial part v, 5. Then Horn's set
is given by
Horn(c, 8) = support(va,z) N Gy,

where
Co={xeR"| x> > xy}.
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Fourier-Laplace transform
For a bounded measure p on H,(C),

Fu(Z) = / e (@) (dX).
H4(C)

If 11 is U(n)-invariant, then Fp is U(n)-invariant as well, and hence
determined by its restriction to the subspace D, of diagonal matrices.

For Z = diag(z,...,z,), T = diag(ty,...,t,), define
E(z,t) = / et (ZUTU) y(gU).
U(n)

Then Fua(Z) = E(z, ).
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If i is U(n)-invariant,
Fu(Z)= | &(z,t)v(dt),
]Rn
where v is the radial part of p.

Taking 1t = pio * g,

E(z,)E(z,8) = | &(z,t)va,p(dt).

Rn
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Harish-Chandra-ltzykson-Zuber formula

A is a Hermitian matrix with eigenvalues aq, ..., a,,
and B with eigenvalues (i,..., ).

/ et (AUBUY) (dU) = 6, det(ea'ﬂ/)
U(n)

1<ij<n

V() Vi (B)

V,, is the Vandermonde polynomial: for x = (xq,...,Xxp),

Val) = [Jtx = %)

and

dnh=((M-1,n-2,...,2,1,0), &!=(n—-1Y(n=-2)...2!
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Heckman’s measure

Consider the projection Proj : #,(C) — D, onto the subspace D, of real
diagonal matrices.

Horn's theorem The projection Proj(O,,) of the orbit O, is the convex
hull of the points o(«)

Proj(0,) := Conv({o(a) | o € &,})
(O’(Oz) = (aa(l), N ,Ozg(,,)))

Heckman's measure is the projection M, = Proj(uq)

of the orbital measure fi.

It is a probability measure on R”, symmetric, i.e. Gp-invariant,
with compact support: support(M,) = Conv(&,a).
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Fourier-Laplace transform of a bounded measure M on R":

M(z) = / n e M(dx)

The Fourier-Laplace transform of Heckman's measure M,
is the restriction to D, of the Fourier-Laplace transform
of the orbital measure pi,:

for Z = diag(z, ..., z,),

—

Ma(2) = Fra(Z)

Therefore W/I\a(z) =&(z, ),
and by the Harish-Chandra-ltzykson-Zuber formula,

Mo (2) = 6, v

@ Vi) )

1<ij<n
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Define the skew-symmetric measure

(e(o) is the signature of the permutation o).
Fourier-Laplace of 7,:

op! op!
n — n (z]o(a)) — n zjaj .
Na(2) V(o) E e(o)e V() det(e%)1<; j<n
ce6,

By the Harish-Chandra-ltzykson-Zuber formula

Ta(2) = Va(2)Mal(2).

Proposition
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Elementary solution of Vn(a—ax)

Proposition Define the distribution E, on R”
<En7‘P> = /n(n—l) QD(Z t,'jf:‘,'j) dt,-j
R, 2 =

(eij = e — €j) Then

0
Va5 ) En = do.
Ox 0
Proof: An elementary solution of the first order differential operator
2 — -2 is the Heaviside distribution
Yio) = [ eleeye
0
Hence

is an elementary solution of Vn(%).
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Theorem
Ma = En * Mo

(@(x) = o(=x), (En, ) = (En, ¢)
Heckman's measure M,, is supported by the hyperplane
X1+"'+X,7:CV1+"'+C¥,,.

Next figure is for n = 3,
drawn in the plane x; + x + x3 = a1 + an + as.
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(OQ,O[ ‘/\27043)

(C%17 ag, 042)

(a3, aq, az)

(043,&2,041) (0427@17043)



Horn’s problem and projection of orbital measures for unitary and pseudounitary groups

The radial part v, g

Recall

X is a random Hermitian matrix on O, with law pu,

and Y on Og with law pg.

The joint distribution of the eigenvalues of Z = X + Y is the radial part
Va,B of Ha * 13-

Theorem(J.F.,2019)

Va,g =

The sum has positive and negative terms.
However v,.5 is a probability measure on R".
The measure v, g is symmetric (invariant by &,).
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The set of possible systems of eigenvalues for the sum Z =X+ Y is
support(va,3)
The proof amounts to check that the measure
11
V= mé—n!vn(x)na * Mg
satisfies the relation

&z, t)v(dt) = E(z,0)&(z, B)

Rn

Next figure is for n =3, a = (3,0,-3), 5 =(1,0,-1)



Horn’s problem and projection of orbital measures for unitary and pseudounitary groups




Horn’s problem and projection of orbital measures for unitary and pseudounitary groups

Next figure is for n =3, a = (3,0,-3), 5 =(2,0,-2)
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In the first case the condition
sup [B; — B < inf|a; — oy
i#]
is satisfied, and, under that condition,

Horn(e, f) = a + Conv(G,5)

In the second case the condition is not satisfied. There are cancellations
and the situation is more complicated. We can only say

Horn(ce, 8) C a + Conv(&,5).
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2. Horn’s problem for pseudo-Hermitian matrices

We fix p,q, p+ q = n. Hp q(C) space of pseudo-Hermitian matrices: X
is a complex n x n matrix, X* = I, ¢ Xl, 4, with

b 0
ha= (¢ 1)

Note that LieU(p, q) = iHp,q(C).
Hermitian form: for u,v € C”

[, vl = tiVi + -+ 4 UpVp — Up41Vpi1 =+ — UpiqVpiq-
Convex cone Q in H,, ¢(C), U(p, g)-invariant:

Q={X € H,q(C)|[Xu,u] >0,Vus.t. [u,u] =0}.
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Spectral Theorem
For X € €, the eigenvalues A\1,..., A\, of X are real, and X is
diagonalizable in the following sense:

X = Udiag(A1, ..., \n)U*, with U € U(p, q).
Furthermore A\; > \j, (1<i<p, p+1<j<p+q).

Horn’s problem

For two pseudo-Hermitian matrices A, B € €2, what can be said about the
eigenvalues of the sum C=A+ B ?

In this case Horn's set is unbounded.
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For a diagonal matrix A = diag(ay,...,a,) in Q, the orbit O, is
contained in Q. One says that the orbit O, is of convex type.

Let Proj be the orthogonal projection of H, 4(C) on the space D, of
diagonal matrices.

Wy = 6, x G4 acting on D,.

C is the cone in D, >~ R" generated by the vectors e; — ¢;
(1<i<p, p+1<j<p+q)).

Non compact convexity theorem (Paneitz, 1982)
Proj(0,) = Conv(Wpar) + C.

This is the analogue of Horn's convexity theorem.
Note that
Conv(Wpa) = Conv(S,a’) x Conv(S,a”)

with o = (a1,...,ap), &' = (Apt1;s-- -, Uptq)-
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We fix a Haar measure w on U(p, q), and define the orbital measure p,
by
/ F(X) e (dX) = / F(UAU" o(dU).
Oa U(p,q)
The measure p,, is well defined since the isotropy subgroup of A is
compact. The measure p,, is unbounded. Therefore we cannot consider
the probabilistic point of view.
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Projection of the orbital measure

Let G be the measure on R" defined by

/ Gl /qu Xp: %7 t;( ))ﬁ Fﬁq dt;.

i=1 j=p+1 i=1 j=p+1

The support of G is equal to the cone C, and G has a density with
respect to the hyperplane with equation x; + - -- 4+ x, = 0, which is
piecewise polynomial.
Theorem

My = Proj(pe) = C G * (Mg x My).

(M, and M, are Heckman's measures.)
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For the proof one uses a formula established by Ben Said and @rsted
(2005) for the Laplace transform of the orbital measure pi,: for
ReZ € Q,

Lpa(Z) = /O &2, (dX).

o

Theorem For Z = diag(zy, ..., zn),

Lpa(Z) = det(e™*)1<ij<pdet(e™ ) p11<ij<pta-

<
V() Va(2)
This is an analogue of the Harish-Chandra-ltzykson-Zuber formula.

The Laplace transform, w. r. to D, of the projection 9, is equal to the
restriction to D, of the Laplace transform of p w. r. to H, 4. One
checks that, when restricted to D,

Lio(Z) = G(2)Mar (21, . . ., 20)Mar (Zps1, - - - Zpiq)-
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Similarly one proves

Theorem
Vo g = C Vy(t)ne * Mg,

where

Na = Z e(w)dwa-

wEeW,
It follows that

Horn(a, 8) C a + (conv(Wof3) +C).
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In the case of the space of real symmetric matrices Sym(n,R),

with the action of the orthogonal group O(n), for n > 3,

in general we don't know any explicit formula for Heckman's measure,
and for the measures v, g.

This setting is natural, however the problem is more difficult

than in the case of the space of Hermitian matrices,

and one should not expect any explicit formula.

The supports should be the same as in the case of H,(C)

with the action of the unitary group U(n), according to Fulton (1998).
However we know the measure v, g in the special case of B being of
rank one.
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3. Horn’s problem for real symmetric or Hermitian
matrices,
the case of B of rank one

Sym(n,R) ifF=R,

Hal(F) = {Herm(n,(C) ifF=C.

The group U,(FF) acts on the space H,(F): X — UXU*.

_fo(n) ifF=R,
U"(]F){U(n) ifF=C.

A = diag(aq,...,an), a1 > - > ap,
B

= diag(ﬁlv"'vﬁn)v 61225n
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The eigenvalues of Z = U; AUS + U, BU; (Us, Uy € U,(FF) are the zeros
of
det(zl — Uy AU — U BUS) = det(zl — A— UBU*) =0,

where U = Uy 'Us. With Y = UBU* € Og,
det(zl — A— Y) = det(zl — A)det(/ — (z1 — A)"'Y).

Consider the rational function

 det(zl —A-Y)

f(z) = det(al — A) =det(/ — (z2 = A)Y).

The eigenvalues \; of Z are the zeros of f, and the poles of f are the
eigenvalues «; of A.
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We assume now that B is of rank one:
B =diag(f1,...,6s), S1 >0, fo=---=3,=0.
Recall that, if the rank of the matrix T is equal to one, then
det(/ + T)=1+tr(T).

The matrix Y = UBU* is of rank one, and the matrix (z/ — A)~!Y as
well. Therefore
n Y.
flz)=1—tr((zl —A)'Y)=1— ’
(2) (@ =AY =1

i=1

with Y; = b|U,‘1|2 > 0.
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Interlacing property

Theorem (Fromkin-Goldberger, 2006) The set Horn(c, 8) of possible
eigenvalues \; > -+ > A, of the sum Z =X+ Y, with X € O,
Y € Og, is determined by

M > > > 2> A > ap,
AL+t An=ar+ e+ an+ b.

This last equality means simply tr(Z) = tr(X) + tr(Y).
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Heckman’s measure

For simplicity we assume b=1: 8 =(1,0,...,0). The orbit Og is the
set of the matrices

x = (uigj) (ueSE"),F=RorC).
The image of Op under the projection g of H,(F) on D, given by
x = (ui) = (luf, .. )
is the simplex

Y={w=(wy,...,wp) ER"|w; >0, vy +---+w, =1}



Horn’s problem and projection of orbital measures for unitary and pseudounitary groups

Recall that Heckman's measure is the image under the projection Proj of
the orbital measure Og. In the present case it is a Dirichlet distribution

/f w) Dy (dw) /f (waws . )9_1dW1/\-~-/\dW,,,17

where

1. 1
0= EdlmRIF =5 or 1, Gy(0) =
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We saw that the eigenvalues are the roots of the equation

n

f(z):zl—z Wi _o.

p zZ —Qj
i=1

We know the joint distribution of the random variables wy, ..., w,: this is
the Dirichlet distribution Dy. The equation above defines implicitely a
map

(A1se o An) = (wa, .o, wy).

It is possible to compute the Jacobian of this map by using the following
Cauchy identity

1 n
det(5) = Vol Aol

No—a;
ij=1"" !
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Theorem (Forrester-Zhang,2019) The joint distribution 1/;;75 of the
eigenvalues \; > -+ > A\, of the sum Z = X 4 Y is given by

1 1
FON T 5(dA =
/ ( )Va,,e( ) Cn(e) Vn(ala e a,,)29_1
/ IT 1N = il Vo, A)dA A Ad A
Horn(a,f) ij=1

Recall that Horn(c, ) is equal to the part of the hyperplane
M+ A d=ar 4+ Fa,+1
defined by the interlacing property

AMZar>X > > 2> A > .
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More generally one could consider Horn's problem

for the adjoint action of a compact Lie group on its Lie algebra.

The Fourier transform of an orbital measure is explicitely given

by the Harish-Chandra integral formula [1957].

Heckman's paper [1982] is written in this framework. One can expect
that there is an analogue of our result in this setting.

In particular one can consider the action of the orthogonal group

on the space of real skew-symmetric matrices, as Zuber did (2017).
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4. Relation to representation theory

my irreducible representation of U(n) with highest weight A,

Littlewood-Richardson coefficients ¢ 4:
Mo @ W5 = Z C;’VBWA,.
gl

Theorem ¢ ; # 0 if and only if 7 € Horn(a, );
i.e. there exist n x n Hermitian matrices A, B, C with C = A+ B, the o;
are the eigenvalues of A, the §; of B, the ~; of C.

(Klyachko, 1998; Knutson, Tao, 1999)
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A recent result by Coquereaux, McSwiggen, and Zuber.
(arXiv, 2019)

Following Berenstein and Zelevinsky (1992), for a triple (o, 8,7) € R3"
they consider a polytope H! g in RN, By a result of
Berenstein-Zelevinsky, for a triple (A, p,v),

cx . = ##{integer points in HY  }.

Coquereaux, McSwiggen and Zuber prove that the probability density
function for the Horn's problem is given by

) Va(7) ~
pla, Biv) = CWVOI(HQ,B)
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